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NPEAMCIIOBME ANA YYMTENA

YueBHO-MeTOAMYECKHI KOMMANEKT AN u3yyeHus Kypca anrebpbl B 7-m
knacce obuieobpasoBaTenbHOM LKONLI, BbINYCKaeMbIM M3AaTenscTBom «MHe-
MO3MHa», COCTOMUT M3 CNEAYIOLMX INEMEHTOB:

A. . Mopgkosuy. Anrebpa—7. Yacts 1. Yuebhux.

A. . Mopagkosuy, Jl. A. Anekcangposa, T. H. Muwycruna, E. E. Tyns-
yuHcKan. Anrebpa—7. HYacts 2. 3agauHmK.

A. . Mopgkosny. Anrebpa—7. Metoguuyeckoe nocobue ans yumtens.

J1. A. Anekcargposa. Anrebpa—7. Kontponbtbie pabotel / Mop pep.
A. . MopgxoBuya.

J1. A. AnekcaHgpoBa. Anrebpa—-7. CamocTtostencHole pabotel / lMopg
pen. A. . Mopakosuua.

E. E. TynsunHckas. Anrebpa—7. Bnuuonpoc.

B. B. LllenomoBckuii. IneKTpOHHOE conpoBoXpaeHue Kypca «Anrebpa—7» /
Mop pea. A. I. MopaxoBuua.

Ona n3yyenun Kypca anrebpbi B 7-m Knacce y4eHuKH AOMKHLI MMETb ase
KHUru: y4eBHMK 1 33a4HMK. XOpOLUMM MOMOLLIHMKOM KaK Anf yuuTenem, TaK 1
ANS YYEHMKOB CTaHET COBPEMEHHOE MYNbTumeauiHoe cpefcTso obyuerus
(komnbroTepHbin amck), cospanHoe B. B. LLlenomosckum.

Y Bac B pyKax nepBas KHWra yKa3aHHOro Kommnnekra — y4ebHuk. AsTop
HafieeTca, 4TO ero ByayT YMTaTb M YHUUTENs, M yHYEHUKKn, 1 POBRMTENH, NOCKOTb-
KY CTMNb M3NOXEeHus OOCTYNHbIM, BO MHOrOM PAacLBEHEHHbIN HEMPUBBIMHBLIMK
ANS MaTeMaTHYECKOM PYTHHHOM NeKcukn obopoTtamu. B 1o e spems sbigens-
I0TCH OCHOBHbIE 3Tanb! PACcCyMAEHMN € (PMKCAUMEN BHUMAHMA YMTATENA HA Bbl-
AenexHbix atanax. Hanpumep, pelueHne NPaKTMY4eCKM BCEX TEKCTOBLIX 33Aa4
0hOpMnEHO B BUAE TPEX 3TaNOB: COCTABNEHUE MATEMaTHUECKONH MOAEnH; pa-
6071a ¢ cocTaBneHHONH MOAENLIO; OTBET Ha BONPOC 3a/akM.

Ha ypokax matematuku yuutens Bcerna coyetaer obbigeHHbin a3biK (A3bIK
oBLieHms, A3bIK NUTEPaTYPHOrO NOBECTBOBAHMA) C MPEAMETHBIM S3LIKOM —
CTPOrMM, CYXmum, NAKOHMYHBIM, CTPOALLMMCSA NO NPMHATLIM B Maremartuke 3a-
KoHam. Tak HanucaH u 3toT yuebHuk, npeactaensowmii cO6OM KHUry He ans
33y4YMBaHMA, @ ANA M3YHEHHN, T. €. ANA HTEHUA U NOHUMAaHKA.

Orupascek Ha yuebHuk, yuuTens npekpacHo pasbepercs B Tom, 4TO Hapo
P3ccKasath yuawmmen Ha ypOKe, HTO NPEANIONHUTL MM 3aMOMHMTB, @ HTO NPo-
€TO npountaTte goma (n, Bo3MONKHO, 06cyp.u1'b B Knacce Ha cnegyrowem ypo-
Ke B )xaHpe Beceppi).

Beropy, rpe sosmoHo, aBTop crapancs cnepoeats upesm npobnemHoro
06yuenms. Mpobnema (no GonbLuOMY CueTy) — 3TO TO, YTO Mbl CETOHA PELUMTb
HE MOXem u 3aBTpa He pellMm; 3TO TO, HTO MyHaeT Hac NPOAOMKMTENnsHoe
Bpems, 3to To, K peLUeHUIO Hero mbl NOCTENeHHo Npubnuxaemcs, OLLyLLan
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3TO NpuBnUKEHUE; 3T0 TO, HAKOHeL, 4TO, Byayum pelieHo, 0AeT 3MOLMOHANb-
HbIi 3aPAA, NPMAOCKHT PARoCTh. MMmeHHO Takoe (He nokaneHoe, a rnoGansHoe)
noHumanmne npobnemHoro obydeHus pyKoBOOMNO aBTopom e paboTe Hag yueb-
HUHOM. [IPHMEDPOE MOMKHO NPMBECTH ONMEHE MHOTO, BHUMATENbHBIM UMTATENb
(Npemae BCero, KOHEYHO, YHMTENE MATEMATUKI] BCE YBUAMT M NOIMMET,

Juwis NpocTenLUmMe NOHATHA [AKOTCA CPa3y B rOTOROM EMAE, OCTaNbHbIe Xe
BEOASTCA NOCTENEHHO, € YTOUHEHMAMM M KOPPEKTHPORKOH, a8 HEKOTopbIE BOOG-
e OCTAKTCA HA MHTYUTHBHOM YPOBHE BOCMIPUMATHR A0 TEX NopP, NOKa HE HacTy-
AMT BNAronpPUATHBIM MOMEHT BNR X TONHOTO onpegenenus. K dueny Takmx no-
HETHI OTHOCMTCSH, HANPUMER, NOHATHE (hyHKUMM, KOTOpoe, No rnyBoKomy
yBesKaeHMIo aBTOPaE, HE HYMHO BBOOWTb € CAMOrG Ha4ana, oHO OOKHO «CO-
3petb». Bo BcAkom cnydae, B 31om yuebHure cTpororo onpenenerns thyHk-
LM HeT, oHo GyfeT seeaeHo Nuluk B Kypce anrebpbl 9-ro knacca.,

PaBotan Hap yuebrnKom, aBTOP NOHUMAaN, YTO €ro rnagHan 3a0aqa 3aknko-
YaeTcs HE B CYXOM CooDLLeHMM maTemaTuyeckux hakToB, 3 B Pa3BWMTMM
YHaLLXCA NOCPENCTEOM NPOOBMKEHHA B npegmeTe. MHbimKn CnoBamu, npuopm-
TETHBIM ABNASTCA HE michOpMALMOHHOE, 38 pa3BMEaIOLLEE NCne Kypca, B yueb-
HMKe npaKTHHECKM peaﬂM3OEath l'lpMHLl.Ml'Ibl pa3shsa|ou.|,er0 QﬁyquMﬂ,
cchopmynmposanHeie J1. B. 3aHKoBRIM: 0ByyeHMe HA BbICOKOM YPOBHE TpYOHO-
CTH; NPOXOMAEHWE TEM NPOTPamMbl DCCTATOMHO BBICTPEIM TEMAOM; BEYLL AN
poONb TEOPETHUYECKMX 3HAaHMW; OCMmbiCNedne npouecca obydeHwa (yuenmk
OOMIMEH BUOAETE, KAK OH ymHeeT E NpoOLecce MIydeHus maTepuana — 3to
AocTuraetcs nNpobneminim obyuernem); pa3sBuTMe BCEX YYAWMKCA
(ecTecTBeHHO, YHMTBIBaR, YTO ¥ KAWAOIO M2 HUX CBON NPEOEn BO3MOMHOCTEM).

Kaxmpas rnaea 2akaHumeaeTtcs pazgencm «OcHoBHLIe pesynbTatbi». 3To
cBoe0BpPAa3HbIM CMOTP ACCTHIKEHMM, «CYXOH CCTATOK», NOAEBEAEHWE WTOTOR,
47O ana YCr‘IELUHOCTM npou,ecca 06Y'—|EHMH QYeHE BAXHG.

QObpaulaem BHAMBEHME HMTATENS HA TG, YTC 3TC n3paHue yqebHnka cywe-
CTBEHHC OTAMHABTCA OT naganuin 1997—2006 rr. npexpe BCcero tem, 4TO M3~
MESMICA NOPAROK XOQ0R: rMasbl & u 8 (MMHENHan BYHKLMA M CUCTEMBI NUHER-
HbiX ypPaBHEHUM) NEPEOBMHYTEI B Ha4ano Kypca {Teneps ato rnasel 2 v 3). 3mn
U3MEHEHUE OTPAMEHBI M B METOAHHECKUX NOCODMaX,
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Yuntecb paborars ¢ KHMIOH

B yueGHHMKe HCHOJIB3YIOTCH HA IOJIAX 3HAKH-CHMBOJIEL.

Ilesb BBEJIEHUS CHMBOJIOB COCTOMT B TOM, YTOOLI IOMOYb yYaIIMMCH
yCBOMTh ¥ 3aKDEnHTh yuebHEIH# MaTepHay; mobyAuTh yduTeleHd K
BOCIHUTAHHIO ¥ IIKOJBHUKOB HaBBIKOB OBICTPOM OPHMEHTALH B U3y4ae-
MOM MaTepHaje; IOMO4Yb POAHUTEJIAM IPABHIJIBHO IPOKOHTPOJHPOBATDH
3HAHMA JeTeil.

Or pepaxoun

aonpoc

— OKOHYaHHe pelleHHudA npuMepa
(upu oTCYTCTBHM PYOGPHKH «OTBET»).



rNABA 5
1 MATEMATHUHECKUMU A3bIK.

MATEMATHYECKAA MOJZEIJb

§ 1. Yucnossie n anrebpanyeckme sbiparkeHns
§2. Yro Takoe MaremMarM4ecKHi A3bIK

§ 3. Yro rakoe maremarnyeckas mogens

§ 4. JlnneriHoe ypasHeHmne ¢ O4HOH NepemeHHOH
§ 5. KoopguHarHas npsmas

§ 1. YMCNOBLIE U ANFEEPAMHECKME
BbIP AXKEHMS

B Mmuaammx Kjaccax Bl VUHINCH OIEPHPOBATEH € LEJIEIMH
¥ ApoOHBIMM YHCJIAMH, PEIIANH YPABHEHHHA, 3HAKOMUJIHCE C T€OMET-
pHYECKHMMH (DHUrypaMH, ¢ KOOPDAMHATHOM NpPAMON M KOODAWHATHOM
IIOCKOCTEIO. Bee 3To cocTaBiAno copepskaHWe OJHOrO IIKOJLHOrO
npeamera «Maremaruka». B felicTBUTEIEHOCTH TaKas Ba)KHAA 00J1aCTh
HAYKH, KAK MATEMATHKA, IIOAPASIEISeTCS HA OrPOMHOE YHCJIO CAMOCTO-
ATeJBHBIX UCOUILIHH: anre0py, reOMeTpHIO, TEOPHIO BEPOATHOCTEMH,
MAaTEeMATHYECKHI AHAJNHS3, MATEMATHYECKYIO JIOTHKY, MATEMATHYECKYIO
CTATHCTHKY, TEOPHIO UI'D H T. . ¥ Ka)KJ0i JUCIHILINHEI — CBOH 00BEK-
THI H3Y4YEHMs, CBOH METOAR! IIO3HAHUSA PEeaIbHOM NeiCTBUTENILHOCTH.

Anrebpa, ¥ M3y4eHHIO KOTOPOH MBI IPHCTYIaeM, JA€T YEJOBEKY
BO3MOXKHOCTE HE€ TOJIBKO BBINIOJIHATE Pa3JIMUYHEIEC BEMYUHMCJI€EHHUSA, HO H
YYHUT ero [eJIaTh 3TO KaK MOXKHO OBICTpee, paniOHaJIbHee. JeNoBeK,
BJISJICIOIIMH airebpandecKNMy METOAAMH, UMeeT IPEMMYIIECTBO epes
TEMH, KTO He BJIAJIeeT STHMH METOAAMH: OH GhICTpee CUNTAeT, yCIeIIHee
OPHEHTHDYETCH B YKM3HEHHEIX CHTYAIIMAX, YeT4e OIPHHUMAeT pelleHns,
Jydme Meicant. Hama safaua — nmoMo4Ys BaM OBIafeTh aidrebpanye-
CKMMH MeTOAiaMH, Ballia 38/a4Ya — He IPOTHBHTHECH 00y4eHHIO, ¢ IOTOB-
HOCTBIO CJIEIOBATH 38 HAMH, IIPE0J0JIEBAs BOSHUKAIOIINE TPYIHOCTH.

Ha camom neste B Miammx KJaccax BaM yKe IPHOTKPBLIA OKHO B
BOJIIEOHBIN MUp anre6pel, Beanh aarebpa B NEPBYIO OYEpeNb H3ydaeT
YHCJIOBEIE ¥ ajrefpandyecKHe BEIDAYKEHHA.
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1_ || MATEMATHMHECKMA 93bIK. MATEMATHMYECKAS MORENb

HanoMHMM, YTO YHCAOBBIM BIpasKeHMeM HA3hIBa-
JOT BCAKYIO 3aIIMCh, COCTABJIEHHYIO M3 YHces U 3HAKOB
apudMeTHYeCKHX JelcTBHIi (cocTaBleHHyI0, pasyme-
ercs, CO CMEICIIOM: Hanpumep, 3 + 5 - 7 — 4yucIoBOe

BEIpaKeHue, TOrfla Kak 3 + ! — He YHCJIOBOE BHIpAXe-
4HCNIOBOE HMe, a 6eccMEIcIeHHEINH Habop cumBonos). Ilo HEKOTO-
BLIPAMEHHE PbIM IpUYMHAM (0 HUX MBI 6yieM roBOpUTE B JajbHEH-
anrebpawseckoe  11€M) YACTO BMECTO KOHKPETHBIX YHCEN YIOTPeGIAI0T-
BLIpaEHHE ca OYyKBel (ODpeMMYINECTBEHHO M3 JIATHHCKOTO

ayaBuTa), TOTAA NOJy4daeTcs aarefpandecKoe BeIpa-
skeHHe. JTH BHIDAYKEHHSA MOryT GHITE OYeHBb rpomMosgxumu. Anrebpa
yUMT YOPOINATh UX, MCIOJbL3yHA PasHble NPaBUJIa, 3aKOHBI, CBOMCTBA,
hopMyIEL.

Ipumep 1. HaiiTu 3HaYeHHEe YHCIOBOrO BRIPAYKEHU A

2 14
(2,73 + 4,81 + 3,27 - 2,81): (_ = —]

5 15
25-37-04

P em e H 1 e. Celiuac MBI BMeCTe C BAMH KOe-4YTO BCIOMHHM, H BhI
YBHUTE, KAK MHOr0 ajnredpan4ecKuXx (GaKTOB BH y2Ke 3HAeTe.

IIpexxe Bcero HY)XHO BHIpPaGoTaTh NJIAH OCYIECTBIEHUS BBIYHC-
nenunit. [Ina ynobersa BBefieM cienyiomue obosHaueHnsa. Yucautens
AaHHOrO Apo6HOro BHIpa)keHHs ofosHauumm GyxkBoil A, a 3HaMeHa-
Tens — OykBoii B:

2 14]; B=25-37-0,4.

A=(2,73+4,81+3,27-2,81): [5 15

B Bripaskenun A obosHaumm nenumoe 6yksoi C, a JeIuTeIb —
Gyxeoit D. Torga miaH HAIIKMX AelcTBUM GyAeT BRITIAAETD TAK:

1) Baiifem snauenue c Beipaxenus C;

2) nafipem sHauenue d Beipaskenns D;

3) paspenus c Ha d, HaiizieM 3HAYEHUE a BEIpasKeHud A;

4) naiinem snauenue b Brpaxcenus B;

5) pasgenus a Ha b, HalifleM 3HaYeHUe 33AHHOTO YHCJIOBOTO BHI-
PaiKenus.

Urak, nnan BHEIYHMCJIEHHH ecTh (2 HaJnyue NJIAHA — IOJIOBHHA
yenexal), npucerynum K ero peasusanuu.



1 ¥ MATEMATUHECKMIA S3bIK. MATEMATHMHECKAS MOLENb

1)C=2,73 + 4,81 + 3,27 — 2,81. KoHe4HO, MOKHO
CYHMTATDL NOAPAJN WIM, KAK MHOTAA I'OBOPAT, «B JI0D»:
2,73 + 4,81, sarem K aTOMy uMciy npubasuts 3,27, 3a-
TeM BhyecTs 2,81. Ho KyJIbLTYpHEIA YelOBEK TAK BEI-
4YUCNATEL He Oyaer. OH BCIOMHUT IepeMeCTUTENbHBINA 1
COUYETATENIBHEIA 3aKOHEB! CJIOMKEHHA (BIIpOYeM, eMy MX M He Haji0 BCIIO-
MHHATH, OHH Y HETr'o BCET/IA B roJioBe) ¥ OyIeT BLIYHCIIATE TAK:
(2,73+3,27) + (4,81 - 2,81)=6+2=8.

Hrak, c = 8.
2 14
2)D= 5 15" 31eck HAM NPUAETCH BCIOMHUTE, KaK AeifiCTBOBATEL

¢ 0ORIKHOBEHHBIMH Apobamu. CHavana Hajo npuBecTH Apobu K obmge-
My 3HameHaTtemo. Hanmensmum o6mumM kKpatHeIM 5 1 15 aBnsaercs

2
yucyo 15, oHo u Gyzer obimuM 3HamMeHaTeneMm. Jlia gpo6u — moJy-

15
.2_23_ 6 )
qaeM: 553 15 . Tanee Haxomum:

2_14_6 14 _s1_ 8

5 15 15 15 15 15
HUrax, =—£.

15
3) Pasgenum ¢ Ha d:

8 15 8-15

8'[_E)_8 (?)— T 15.

Hrak, a = —135.

4) B = 25 - 37 - 0,4. OnATH-TAKU MOYKHO IPOBOJHTEL BBIYHCJIE-
HUAA «B n06», T.e. BRIYHCAUTEL 25 - 37, 3arem TO, YTO IOJYYHUTCH,
yMHOXUTE Ha 0,4. Ho aymMaromuii yesoBek (& TAKHM Bcerga SBIAETCA
KYJBTYPHHH YEJOBEK) BOCIIOJIB3YETCH IIE€PEMECTHTEJLHBEIM U cOYeTa-
TeJbHLIM 3aKOHAMY YMHOMKEeHUA U OyeT BEIYHCIATH TaK:

25-37-0,4=(25-0,4) -37=10-37=370.

Urak, b= 370.

5) Ocranoch pasfieTMTh YHUCJIUTENb @ Ha 3HaMeHaTens b. ITomyunm:

15
370 = “% (pasmenuiy YUCIUTENH U 3HAMeHaTeNIb Apobu Ha 5, T. e.
COKPaTHJIH Apobs).

- §
OTBerT: 74"



1 MATEMATUYECKMMA A3bIK. MATEMATHMHECKAS MOQENb

A Temepb BMeCTe IPOAHAIH3UPYEM, KaKWe CBeleHHA U3 MaTeMa-
rUKJA HaM OPHUINJIOEh BCIOMHUTE B IIpoLiecce PelieHus npumepa (npu-
yeMm He IIPOCTO BCIIOMHHUTDb, HO ¥ MCIOJIL30BATS).

1. ITopazok apudMeTHYECKUX AeHCTBHI.

2. IlepeMecTUTENLHELA 3aKO0H clnoXxeHuaA: a +b=>b + a.

3. IlepemecTHTENLHEIH 3aK0H YMHOXeHUA: ab = ba.

4. CodyeTaTeIbHEIN 3aK0H CJIOKEHHA:

at+b+c=@+b)+c=a+({b+c)

5. CoueTaTeJIbHEI 3aK0H yMHOXKeHus: abe = (ab)c = a(be).

6. ITouaTHA OGLIKHOBEHHOMH ApobH, HecATHYHOMH Apobu,

OTPHLATEILHOI'O YHCJIA.
7. ApudmeTHyecKHe OIEpalliy ¢ AeCATHYHBIMHY APOOAMH.
8. ApudmMeTHYeCcKHe Onepanui ¢ 0OOLIKHOBEHHBIMU APOGAMH.

9. OcHOBHOE CBOMCTBO OGEIKHOBEHHOI Apobu: % = % (sEauyeHHe

,[l,pOﬁH He M3MEeHHTCH, eCJIH ee YHCJINTeJNlb H 3HAMeHaTeJIb OJHOBpe-
MEHHO YMHOMHTH Ha OJTHO M TO K€ YHCJIO UJIH pa3feiuTh Ha OMHO B
TO e YHCJIO, OTJINYHOE OT HYJIH). 3To cBOICTBO MO3BOJIMJIO HAM ope-

2 6 2
obpasoBaTh Apobb 5 KBHAY 7o (4ucauTeNIb ¥ 3BHAMEHATENb APOOH 5

ONHOBPEMEHHO YMHOMKHIIM HA OTHO H TO e 4ucyo 3). OHo e mo3Bo-

15
JINJIO HaM COKPATHTH Apo0B 370 (4ucnIuTENs W 3HAMEHATENb Apobu

15 3
370 OAHOBDEMEHHO PA3/ieIMIi Ha OHO U TO e YHMCIIO 5).

10. IlpaBuna geficTBHil C NMOJOKUTEILHEIMM ¥ OTPHLATENILHBIMU
YUCIaMH.

Bce 370 BEI 3HaeTe, HO Belb Bce 3T0 — anrebpauyeckue QaKThi.
Taxum obpasomM, HEKOTOPOe 3HAKOMCTBO ¢ anrebpoli y Bac yxe co-
CTOAJMOCk B MaaAmuXx Kiaaccax. OcHOBHas TPYAHOCTh, KAK BHUAHO
Yie us npumepa 1, 3aka09aeTcsa B TOM, YTO TAKHX (HAKTOB AOBOJIb-
HO MHOTO, NpryeM UX HAJO He TOJIBLKO 3HATH, HO H YMETh HCIOJbL30-
BaTh, Kax roBOPAT, «B HY)XHOe BpeMs M B HYKHOM MecTe». Bor
9TOMy u Gyzem yuuThCH.



MATEMATUHECKUM $3bIK. MATEMATHMYECKAS MOLE/Nb

3Ha4YeHMe
YHCNOBOro
BbipAXEeHnA

nepemeHHas

3HaYeHHe
anrebpanveckoro
BLIPAMEHNS

H nocnepnHee, 4TOOLI 3aKOHYHTE 00CYKIeHHE IIPH-
mepa 1. To ynci0, KOTOPOE HMONYyYaeTCHa B Pe3yJbTaTe

VIPOILIeHU# YHCIIOBOrO BHIpaXkeHHs (B JaHHOM NpH-

3
Mepe 310 6BII0 YHCIIOo _ﬁ)’ HA3BLIBAIOT 3HAYEHHEeM
YHCJIOBOI0 BLIPAYKEHMA.

Ecym paso anrefpamyecKoe BEIpaK€HHE, TO MOYKHO
TOBOPHTE O 3HAYEHHH ajlrefpaHyecKoro BhIpaMkeHHA,
HO TOJIBKO IPH KOHKPETHHRIX 3HAYEHHUAX BXOAAINUX B
Hero Oyke. Hanpumep, ajsrebpandecKoe BhHIpaXKeHUE
a+ bupua = 5, b= T nmeer 3Hauerne 12 (MOCKONBKY
a+b=5+T7=12); npu a =-16, b = —14 onO UMeeT
sHadeHne —30 (Tak Kak a + b =-16 + (—14)=-16 —14=
= —30). Anre6panyeckoe BrIpaxkenue a> — 3b (uro Ta-
Koe a?, nomauTe? — 310 @ - @) iput @ = —2, b = 0,4 npu-

HUMaeT BUA YucIoBoro Beipaxkenus (—2)2 — 3 - 0,4; ynpomias, nonyua-
eM: 4 — 1,2 = 2,8 — 370 ¥ ecTh 3HaUYEHHe AJire6paudyecKoro BeIpae-
guaa’—3bmpua=-2,b=0,4.

ITockonpKy OyxkBaM, BXOAAINMM B COCTAB airedOpanyecKoro BhIpa-
JKeHHHA, MOXXHO IPDHAABATL PA3JIMYHEIe YHCJIOBbIE 3HAYEHHA (T. €. MOXM-
HO MEHATH 3HaYeHUHA GYKB), 5TH GYKBBI HASHIBAIOT IePeMEeHHBIMH.

IIpumep 2. HaiiTu 3sHaYeHNe anreOpan4ecKoro BeIpaXKeHud

ecau:a)a=1,

a’+ 2ab + b?
@+b)(a-b)’

o

3
b=2; 6)a=3,7,b=-1,7; B)a= ,b=—5-.

Pemenmue.

a) Cobmogas mopAafoK AeHcTBHIA, IOCIeNOBATEIEHO HAXOOUM:
1)a®+2ab+b*=12+2-1-2+22=1+4+4=9;
2)a+b=1+2=3;
3)a-b=1-2=-1;
4)(a+b)(a—-b)=3 -(-1)=-3;

a®+ 2ab + b* 9

5) (@+d)(@a-b) -3

10

-3.



1 2 MATEMATHMHECKUI A3bIK. MATEMATHMHECKAS MOQDENb

6) AHanoru4yHo, coba0AasA NOPAAOK JAeHCTBHIA, TOCIeN0BATEILHO
HaXOAUM:
1)a’+2ab+b*=3,72+2-3,7-(-1,1)+ (- 1,72 =
=13,69-12,58 + 2,89 = 4;
2)a+b=3,7T+(-1,7)=2;
3)a-b=3,7-(-1,7)=5,4;
4)(a+b)(a—-b)=2-5,4=10,8;
a®+ 2ab + b* 4 4-10 40 10
) @+b)@a-b 108 ~ 10810 ~ 108 _ 27

40
(paszenuau YUCIATENb X 3HAMEHATEb Jpo6H Tog H& 4, T. €. COKpa-

THJIH APOOH).
B) CHOBa, cobuiofad NOPAACK AeHCTBHI, MOCIEAOBATEILHO HAXO-
JHM:

3)2 3 38 3)2
2 2 | = W—n = _ =
1)a +2ab+b-[ } +IFE 5+{5]

5
2)a+b=§+§=%;
3)a- =§—%=0;

4)(a +b)(a - b) = g -0=0.

A Ha Hyav denumdb Heavb3sa! UTo 3TO 3HAYMT B NaH-
HOM ciy4yae (K B APDYrUX aHAJOTMYHEIX cay4asx)? 91o

3 3
3HAYMT, YTO P @ = ¢, b= 5 3aAaHHOe anrebpanye-

CKO€ BhIpasKeHHe He UMeem CMbicaa. (m

Hcnonpsyercs Taxas TePMHUHOJIOTHA: €CJIU IDU KOHKPETHHIX 3Ha-
4YeHHsax GyKB (mepeMeHHEIX) airefpandyecKoe BRIpaXKeHre HMeeT YHc-
JIOBOe 3HAYEHME, TO YKA3AHHLIC 3HAYCHUA NTepeMeHHBIX HA3LIBAIOT 0-
NyCTMMBIMH; €CJIH JKe IIPH KOHKPeTHHIX 3HAYeHHAX OykB (mepemen-
HBIX) anre6pandecKoe BHIpaX(eHHe He MMEET CMEICIA, TO YKasaHHEIe

11
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AONyCcTHmble
3HavYeHMa

3HAYEHHUA NEPEMEHHBIX HA3KIBAIOT HEXOIYCTHMBIMH.
Tak, B npumvepe 2 spaueana a = 1lub=2,a=3,Tn

3
b=-1,7 — ponycTHMBIE, TOT/la KAK 3HAYEHHUA 4 = FH

3
b= 5 — HemomycTHMble (6onee TOYHO: NEpPBHE JBe

napel 3Ha4eHW — JONyCTHMEIE, & TDEThA Iapa 3Hade-

nepemeHHos HUl — He#oNMycTHMAs).

HegonyCTHMBIE Boobme, B npumMepe 2 HeLONYCTUMEIMH GYAyT
3HAYEHHS TaKHe 3HaYeHUA IIePpeMEeHHRIX @, b, npu KoTophIX 160
nepemerHos a+b=0,mm60a—b=0. Hanpumep,a =T, b=—T unn

a = 28,3, b = 28,3 — HemonmycTHMEIE IAPE] 3HAYEHMI;

B IIepBoM caydae a + b = 0, a Bo BTopom cayuae a — b = 0. B oGoux
ciay4yadax 3HaMeHAaTeNb 3aJaHHOTO B 3TOM IIPHMepe BRIpaXkeHUs obpa-
IaeTcA B HyJb, 4 HA HYJb, IOBTOPHUM €Ille pa3s, AeJUTh Henb3sa. Te-
Iepb, HABEPHOE, BBl M CAMH CMOJKETe NPHAYMAaTh KaK JONYCTHMEIE
Tapel 3HaYeHUH AJiA MepeMeHHHX 4, b, TaK ¥ HeJONyCTUMEIE Iaphl
3HAaYeHMi 3TUX nepeMeHHEIX B npuMepe 2. Ilonpobyiitel

12

3ameuarne 1. MNpumep 28) Ha cCamom Aene Mol peLany nno-
X0 (HEKYNbTYPHO), NOCKONLKY CAenany Paa, MULLHKX, HEHYMHBIX

- 3 3
Bbtumucnenmi. Hapo 6bino cpasy sameTuTs, 4To Npu @ = " b =3
3HameHarens obpallaercs B Hynb, M O6bABUTL: BhIpaXKEHHE He
umeert cmeicnal Ho, kak rosopurca, cpasy 3ameuaer TOT, KTO

3H3EeT, YTO HaAO 3ameuarb. JTOMY M yumt anrebpa.

3ameyanrme 2. Ecnu 6u1 Mbl ¢ BaMM peluanu npumep 2 nosa-
Hee, TO caenanu 6ei 310 Nyuwe. Msi 661 cmornu npeobpaszo-

a+b
BaTkb BbipaXkeHue Kk Bonee npoctomy Buay , a Torga, co-

a-b

rnacurecs, ropasgo npotue 6eino 6l M BeMMCNATL. A BOT NOve-
a’+2ab+b>  a+b

MY BEPHO PaBEHCTBO CinE-b = 4 p ' N1OKa Mbl CkasaTh

He moxem. Ha ator eonpoc oreetum nosgree (8 § 35).




1 . “ MATEMATHUYECKMM A3bIK. MATEMATUMYECKAS MOIESb

§ 2. 4TO TAKOE MATEMATHYECKMHM A3bIK

Ha maTeMaTH4eCKOM A3EIKE€ MHOTHE YTBEPIKAEHUSA BBITJIA-
AT ACHee W NMpo3padyHee, yeM Ha o6bidHOM. Hanpumep, Ha OGEIYHOM
a3bIKe roBopaT: «0T mepeMeHB! MECT CJIATAEMEIX CyMMAa He MeHAeT-
ca». Caplla 370, MATEMATHUK MUINET (MJIM FOBOPHUT):

a+b=>b+a.

OH nepeBOAUT BEICKA3AHHOE YTBEPXKIeHNE HA MATEMATHYECKUI ASHIK,
B KOTOPOM MCIOJIB3YIOTCS pasHble YHcia, 6yKBe (mepeMeHHEIE), 3HA-
KM apu(MeTHYeCKHX AelicTBHIl, HHBEIE CHMBOJH. 3anuck a +b=5b+a
3KOHOMHA M yA00HA A/ TpUMEeHEeHU A,

Bossmem apyroit npumep. Ha o6bluHOM A3bike roBopaT: «YToObI
CJIO}KHUTEH ABe OOBIKHOBEHHEIE APO6H ¢ OAMHAKOBLIMY 3HAMEHATEJIAMH,
HYJKHO CJIOMKHTBL UX YHCJIATENH, 8 3HAMEHATENb OCTABUTEL 0Oe3 M3MeHe-
Hus». MaTeMaTUK OCYLIECTBIIAET «CHHXPOHHLIN IIePeBO/» HA CBOM A3BIK:

a c a+c

b b b
A Bor npumep ofpaTHoro nepesoga. Ha maremaTu4eckoM A3bIKe
3aIMCaH pacupeie/INTebHEII 3aK0H!:

a(d+c)=ab+ac.

OcyimecTBiAA mepeBo] HA OOBIYHEIN A3HIK, HOJYYHM AJHHHOE
npeayoxKenne: «YTo6H YMHOMHTE YHMCJIO @ Ha cyMmy 4ucen b u c,
HaJ0 YHCJIO @ YMHOMHTH IIOOYEPENHO Ha KajJoe cjlaraeMoe u IoJy-
4YeHHbIe IPDOH3BeJeHHA CIOXHTEY .

Bo BCAKOM fA3BIKE €CTh NUCBMEHHAS W YCTHAA peyb. Brimre mMul
TFOBOPDHJIA O THChMEHHOI peud B MaTeMaTHYeCKOM A3BIKe. A yCTHAsA
pedr — 3TO0 ymoTpebiieHHe CrIenUaJbHBIX TEPMHUHOB («ciaraemoes,
«yPaBHEHHE?», «HEPABEHCTBO», «rpaduK», «KOOPAUHATA» M T. I1.), & TAK-
e paa.mtmue MAaTeMATHYeCKHe YTBePyKAeHHUA, BEIDAXKEHHEIE CJIOBAMH.

: Yrobul OBJaAEeTE HOBEIM A3BIKOM, HeoOxomgumo
U3YYHUTH ero GYKBEI, CJIOTH, CJIOBA, NPEeAJIOKeH s, Ipa-
BHJIA, FPAMMATHUKY. JTO He CaMO€ BeceJjioe 3aHATHe,
UHTepecHee cpasy 4uTarh U roBoputh. Ho Tak He GHI-
BaeT, npuaercsa HabpaThcA TePIEHHA W CHAYAJa HU3y-
YUTh OCHOBHI. B peayssTaTe TAKOro MsydeHHHA BAIllH NPeCTaBIeHUSA
0 MaTeMaTH4YeCKOM A3LIKe OYAYT MOCTeIeHHO PACIIMPATHCH.

13



1 . MATEMATUHECKMIA 93bIK. MATEMATUYECKAS MOLENb

§ 3. UTO TAKOE MATEMATHYECKAS
MOJENb

IIpeacrasbTe cefe TAKYIO CUTYAIHIO: B IIKOJIE YETHIPE CEAb-
MEIx Kiaacca. B TA yuaresa 15 pesouexk u 13 mansuuxos, B 7B — 12
ZeBo4ueK U 12 ManbuukoB, B 7B — 9 feBouek u 18 mansuukos, B 7T —
20 peBouek u 10 manpuukos. Ecau HaM HY»XHO OTBETHTH Ha BOIIPOC,
CKOJIBKO YUYEHHKOB B Ka)KJIOM M3 CeJbMBIX KJIACCOB, TO HaM 4 pasa
OPHAETCH OCYINECTBIATE OFHY U TY e ONEePAIlHIO CIIOMKeHUA:

BTA 15 + 13 = 28 yueHMKOB;
B 7B 12 + 12 = 24 yuenuKa;

B7B 9+ 18 = 27 yueHHUKOB;
BTl 20 + 10 = 30 yueHHNKOB.

Hcnonesaysa MareMaTHU4YeCKHi ASBIK, MOMKHO BCe
9TH 4YeThIpe PasHble CUTYauuu o0befHHUThL: B KJacce
yyaTrcs a AeBodeK u b MajbYMKOB, 3HAYHUT, BCEIO yye-
HHUKOB a + b. TakoBa mamemamuieckas mModensv
JaHHOH peasibHO# cuTyanuu. Anrebpa, B 4aCTHOCTH,
maremarnyeckas 3aHHMAeETCH TeM, YTO ONMCHEIBAET Pa3JIMYHbIe PeaJIbHbIe
Mmogens CHUTyallUM HA MaTeMaTHYEeCKOM fA3BIKe B BHJe MaTe-
MATHYeCKHX MoJeJieil, a 3aTeM HMeeT HeJ0 yiKe He
C peajJlbHBIMH CHTYALIUAMH, & C 3TUMH MOJEIAMH, 1C-
IOJIL3YA pasHble NMpPaBHJIa, CBOMCTBA, 3aKOHEI, BHIpA-
GoTaHHEIE B aiaredpe.

B crnenyromeii Tabnune npuBeeHb PAa3IMYHEIE peaJIbHEIE CHTYa-
OUH U UX MATEeMATHYECKHEe MOJeJH; NP 3TOM @ — YHCJIO JIeBOYEeK
B KJlacce, b — 9HCJIO MATBYUKOB B TOM JKe KJIacce.

Ne Peansuan curyaums MartemaTnueckas MoIelh

1 | B Kiacce eBOYEeK U MaJIbYHKOB a=b
nopoBHY (kak B 7B)

2 | HeBouek Ha 2 Gonkie, a-b=2
YeM MaJIbYMKOB (KaK B TA) uu a=b+2
um a—-2=5%

14
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Ne PeanbHas curyauus MaTeMaTH4YeCcKas MOIeJsb
3 | leBouek Ha 9 MeHbIIe, YeM b—-a=9
Mans4YuKOB (Kak B 7B) wm b=a+9

wim a=b-9

4 | Nesouex B 2 pasza Gonslite, a=2bwuub =%

YeM MaJIbuHuKOB (Kak B 7T)

b

5 | JdeBouex B 2 pasa MeHblIIe, a=3

4yeM MaJbYHKOB (Kak B TB) wia b=2a
6 | Ecinu B faHHBIM KJacc IPHAYT

eme OZHa AeBOYKAa B TPH MAJIb-

YHKA, TO IeBOYEK U MAILYHKOB

CTaHeT MOpPOBHY (Kak B TA) a+1=b+3
7 | Ecnu us Knacca yidnyT tpu

JE€BOYKH, TO MAJILYHKOB CTAHET

B 3 pasa Goabmre (Kak B 7B) b=3(a—3)

CocraBnaa oty TabnuIy, MBI IIIM OT PeaJibHOH CUTyaOUH K ee
MaTemaTHdecKoil Mogenu. Ho Hazmo yMeTs ABHraThCH H B oOpaTHOM
HaIpasJIeHUH, T. €. 110 3aJaHHON MaTeMaTH4YeCcKO! MOZIeJ M ONTMCHIBATh
CJIOBAMH peasibHYIO cuTyanuio. Hanpumep, uro osHavaer (IIpH Tex xe
0003HAYEHNAX, YTO M B Hamell Tabjuue) Takas MaTeMaTH4YeCcKas
Momenb: a — 5 = b + 57 OHa o3HAYaeT, YTO €CJIH M3 Kjaacca yiayr
5 feBoueK W NpUAYT 5 MAJBYHKOB, TO AEBOYEK U MAJBYHUKOB B KJacce
CTaHeT NOPOBHY (3Ta CUTYaAlMs UMeeT MecTO B 71' M3 DACCMOTPEHHOTrO
npumMepa).

HagepHoe, y Bac BO3HHK BOIIPOC: a 3a4eM HY)KHA MaTeMaTHYeCKas
MOZieJIb peaJibHOM CUTYaIlMH, YTO OHA HAM JlaeT, KPOMe KPaTKoil BEIpa-
8uTenbHOM 3anucu? YTo6rI OTBETUTH HA STOT BOIPOC, PEIHM CIeAYI0-
my:o 3agagy.

15
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IIpumep 1. B xnacce gesouex BABOe GoJibille, yeM MaJILYMKOB.
Ecau u3 sTOoro Kiacca yiayT TpH AeBOYKH W NIPHUAYT TPH MaJBLYHKA,
TO meBouyeK Gyaer Ha 4 Goybie, yeM MANBYHKOB. CKOJIBKO YUEHHKOB
B IaHHOM KJacce?

P e e H u e. IlycTh x — yHesI0 MAJTLYMKOB B KJjacce, Toraa 2x —
uncino gesodek. Ecau yiinyT Tpu meBouku, To ocTanercH (2x — 3) meBo-
yek. Ecam npuayT TpM MaibuHMKa, TO cTaHeT (x + 3) mansumnkos. Ilo
VCJIOBHIO ieBoYeK OyzeT Toraa Ha 4 6ojbiile, 4eM MaJbYHMKOB; HA MaTe-
MaTH4YeCKOM A3BIKe 3TO sanuchiBaeTcs Tak: (2x — 3) — (x + 3) = 4.

910 ypaBHeHHe — MaTeMaTHYecKas Mojesb 3anaun. Hcmonsaysa us-
BECTHEIE IPABUJIA PeIlleHUsA YPABHEHUIl, ITIOCIEI0BATEILHO IIOIYyYaeM:

2x — 3 — x — 3 = 4 (pacKpuLIH CKOOKH);
x — 6 = 4 (mpuBenu nofo6HEIE CIaraeMble);
x=6+4;
x=10.
Temeps MBI MOXX€M OTBeTHTH Ha Bompoc 3agauyu. B kiacce 10
MaJb4YUKOB, a 3HauuT, 20 meBoYeK (BBl MIOMHHUTE, UX IO YCJIOBHIO

6r1710 B 2 pasa Gosbie).
O T B e T: Bcero B Knacce 30 yueHHUKOB.

HHTepecHO, 3aMETHJIM JIX BEl, UTO B XOJ/le pellleHuA GbLIO YeTKoe
pasfeneHHe paccy:kAeHui Ha Tpu srana? [laBaiiTe mOCMOTPUM BMeECTe.

Ha nepBoM aTane, BBefisi IePeEMEHHYIO X H IepeBe-
A TEKCT 3a1a4Yy HA MATEMATHYEeCKHIi A3BIK, MBI COCTAa-
= BHJIM MATEeMATHYECKYIO MOJZieJIb — B BHE YpaBHEHHSA
OUpm—=—: 2x-38)—(x+3)=4.

Hﬂ BTOPDOM 3TAalle, HMCIOOJIb3y#A Hall¥ 3HAaHHUA H3
Kypca MaTeMaTHKH 5—6-ro KiaaccoB, MBI 3TO YPABHEeHHE PemIujIu:
x = 10. Ha sToM 3Tane ME He JYMAJH HH OpPO AeBOYeK, HU IIPO MAJb-
YHMKOB, & 3aHHMAJIHUCH «YHUCTOM» MaTeMaTHKO#, paGoTaiu TOJIBKO
C MaTeMaTHYeCcKOoil MoZieNbIo.

Ha TpeTheM 3Tane MhbI HCIOJL30BAIH MOJYYEHHOE PelleHHe, YTO-
GBI OTBETUTH Ha Bompoc 3a7a4yu. Ha aToM 3Tane MBI CHOBA BePHYJIUCH K
JeBOYKAM, MaJIbYHKaM M MHTEPeCYIOIeMy Hac KJaccy.

IlopBenem umToru. B npomecce pemeHHs 3afadu GHIIM YETKO
BEIIeJICHBI TDH 3TAIa:

16
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Ilepeniii sTaun. Cocmasaernue mamemamuyeckoii modenu.

Bropoii atan. PaGoma ¢ mamemamuieckoil modenvio.

Tpetunii aran. Omeem Ha éonpoc 3adayu.

Bor Tak 06EIYHO IPHMEHAETCHA MAaTEMATHKA K PeaJIbHOH JNelcTBU-
TenpHOCTH. IloCNe paccMOTPEeHHOTO MPUMepAa IOBTOPHM BOIPOC: HYMK-
HBI JII MaTeMaTH4YeCKHe MOJeNH W Hajo JIH YMeTh paboTaTh ¢ HUMH?
Hy»xuui! Pasymeetcd, 4eM cJI03KHee MOJieNIb, TeM Gosbine (GakToB, mpa-
BHJI, CBOMCTB IPHXOAUTCS NIPUMEHATH AJA paboThl ¢ Heil. 3TH GaKTHI,
paBuUiia, CBOMCTBA HANO U3YYHUTh, UTO MH U GyZeM ¢ BaMH AesaTh HA
NPOTHXEHUHM BCEX JIeT U3y4YeHHs aareOphl B IIKOJIE.

MaremMaTHYecKHe MoJieny OBIBAIOT HE TOJBEKO anrebpandeckue (B
BHJI€ PABEHCTBA C IEPEMEHHBIMH, KaK B Tabiune Ha c. 18, unu B Buge
ypaBHeHHdA, Kak Obsio B mpumepe 1). Jlna sHaKoMCTBA elne ¢ OAHUM
BHIOM MaTeMaTH4YeCKOH MOJeJIM BO3BMEM 3afauy M3 yueOHHKA MaTe-
MaTHKH A 6-ro Knacca (comenuanbsHO Oepem 3afady, ¢ KOTOPOH BHI,
MOXKeT OBITh, BCTPEYAJIHCE).

IIpumep 2. IlocTpouTh rpadMK TeMIepaTypH BO3AyXa, €CIH H3-
BECTHO, 4TO TeMIepPaTypy M3MepAJIH B TeUeHHEe CYTOK H IO Pe3yJbTa-
TaM U3MepPEHUA COCTABUIIM CIEAYIOMYIO Tabauny:

Bpemsicyrok,u |0 (2 |4 6| 8 (10 |11 |14 |16 |18 |22 (24

Temneparypa,°C|5 |0 (0|-3|-4(-2| 0| 6| 8| 5| 3| 3

Pem e s ue. [locTpouM npAMOYroJLHYIO CHCTEMY KOODAMHAT.
Ilo ropuzonTanbHOM ocu (ocu abeuucce) GyAeM OTKIAABIBATE 3HAYEHUA
BpeMeHH, a 10 BePTHKAJIbLHOH ocH (OCH OpAMHAT) — 3HAYEHHS TeMmIle-
patyphl. ITocTporM Ha KOOPAMHATHOH MJIOCKOCTH TOYKH, KOODAMHA-
TAMH KOTOPHIX SBAAIOTCA COOTBETCTBYIONIME YHcaa U3 Tabnunel. Beero
nonyuaercs 12 Touek (puc. 1). CoequHUB UX MJIABHOM JIMHMEH, mOIy-
YUM OAHH K3 BO3MOXKHEIX I'padMKOB TeMnepaTypHI (puc. 2). (m|

IlocTpoeHHBIH rpadMK eCTh MATEMATHYECKAA MOJENb, ONMHCHIBAIO-
jas 3aBHCHMOCTH TEMIEPATYPELI OT BpeMeHH. AHAIU3HPYSA 3TOT Ipa-
MK, MOMKHO ONMHMCATH CJIOBAMHM, UTO IMPOHMCXOAUJIO C TEMIEPATYDPOM
BO3/lyxa B TedeHue cyToK. Houro ¢ 0 u 70 8 ¥ yTpa CTAHOBHJIOCH BCE
xonoguee (ot 5° B 0 4 1o —4° B 8 u yrpa). IloTOM, BUAMMO, BRITJIAHYJIO
COJIHBIIIIKO ¥ CTAJIO TeILIeTh, TaK 4To B 11 4 TemnepaTypa 6bliia yake He
OTpHUaTeNLHOM, a Hyaesoii (0°). o 16 4 Teneno, mpuyem B 16 4 65110
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Puc. 2
Temnsee Bcero (8°). A saTeMm cTajo TeMHeTh, TeMIepaTypa Hadaja Io-
CTeNeHHO CHM3XKaThea M noHusunack a0 3° B 22 4. 'naas Ha rpadpux

TeMIIePATYPEI, MOXHO DpUOIMKEHHO ONpeNeNIuThL, Kakad Onljia Hau-
MeHBIIaA Temneparypa (—4° B 8 4 yTpa), kaxada 6uina HaubGonbmas



1 3 MATEMATUHECKMA A3bIK. MATEMATHUHECKAS MOQDEND

remueparypa (8° B 16 4), rme Temmeparypa MeHAJACh OwICTpee, rie
Me[lJIeHHee, a rae Boobme He MeHanach (oT 2 10 4 4 HOYBIO M OT
22 5o 24 4 Beuepom). PaccMOTpEeHHAA MaTeMaTHYeCKasa MOJENb ABJIS-
eTcsl NpUMePOM rpadudecKoil MoeH.

HUrak, HAM HY)KHO YVYHUTHCA ONHMCHIBATH PEASIbHBIE
CUTyanuH CJIOBaMH (croeéecHas modenw), anrebpamde-
cku (anzebpauueckan modenv), rpadpudecku (zpagu-
yeckas modenv). BEIBaIOT elnie zeomempuueckue mode-
JU peajibHBIX CUTYyaluidl — OHHM M3Yy4yalOTCHA B Kypce

cnoBecHas reomerpu. Bupouem, rpadudyecKkue MoOfenH TaKKe
Mmofens HHOIZla HA3BIBAIOT I'eOMETPHYECKHMH, 8 BMECTO Tep-
anrebpawveckan ~ MAHA ¢AJT eGpairdeckas MOZeNIb» YIOTPeOIAI0OT TEPMUH
MOAENs «aHAJIUTHYECKad MoZenb». Bece 3T0 — BHABI MaTema-
THYECKHX MOJeJIei.

rpachuyeckas

Y1068 cBOOOAHO OIIEPHPOBATH C JIOOKIMH BHIAMHU
Mmojgens

MaTeMaTHYEeCKHUX Mojeseil, Hy:KHO HAYYHUTHCA Iepe-
XOAUTH OT OJHOIO M3 HUX K Apyromy. Tak, Bmme, B
npumMepe 1 HaMm yAasock mepedTH OT CIOBECHOH MOJeNH K aHAIHUTH-
yeckoil. B mpumepe 2 yaanock mepeiiTH OT cjioBecHO# (TouHee, Tab-
JUYHOI) MoJeNu K rpadudecKoii, YTO MO3BOJIHJIO BHOBb BEPHYTHCHA K
CJIOBECHOMY OIIMCAHHIO PACCMATPHBAEMOM CUTYaLMH, HO VoKe Ha Gosee
coflepaKaTeIbHOM YpoBHe. ByieM yYHTECA 3THM IIepexoaaM.

§ 4. NMHEMHOE YPABHEHME C OQJHOWM
NMEPEMEHHOM

OpEMM 13 caMBIX ODPOCTHIX U B TO )K€ BpeM#A OYeHb BAXKHBEIX BHUJIOB
MaTeMaTHYeCKHX MOZeJiel peaJbHBIX CUTYal Ui ABIAIOTCA H3BECTHEIE
BaM M3 Kypca MaTeMaTHKu 5—6-ro kiaccos aunellnble YypasneHus
¢ 00noil nepemernoii. IlpuBeieM npuMepH JUHEHHBIX YPaBHeHUIA:
3x=12,5y-10=0, 2a + 7T =0 u 1. a. Pewwums auneii-
HOe YpasHeHue — 3TO 3HAYWT HAWTH BCE Te 3HAYEHUHA
TIepeMeHHOl, TPH KaK/J0M U3 KOTOPEIX YPaBHEHHe o0pa-
maeTcs B BepHOe YHcioBoe paBeHcTBO. Kaxaoe Takoe
SHaYeHHE NEepPeMEHHOH Has3hIBAIOT KOPHEM ypaBHEHHMA.
KOpeHs Takx, ypaBHeEHe 3x = 12 umeeT KOpeHb X = 4, mo-
YPasHenus CKONBKY 3 - 4 = 12 — BepHOe PaBeHCTBO, IPUYEM JPYTUX
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KOpHeill HeT; ypaBHeHHe 5y — 10 = 0 uMeeT KOpeHB
Y = 2, mockoneKy 5 - 2 — 10 = 0 — BepHoe paBeHCTEO,
npuYeM APYrux KopHell HeT; ypasHeHue 2a + 7=0
HMeeT KOpeHb a = —3,5, mocKoueKy 2 - (-3,5) + T=0 —
BEpPHOE PaBeHCTEBO, IPUYeM JPYIUX KOpHeH Her.

nHHeKHHoe

i Boobme, aHHEeHHNIM YpPaBHeHHeM C OJHOMH mepe-
Z ’Z ::’;:H MEHHOM X HA3LIBAIOT ypaBHeHHe BuAaax +b =0, rae a
PapeneNiOR u b — mob6ble yucna (Koagpuyuenmut). Eciin a = 0 u
b= 0, T. e. ypaBHenue umeer Bug 0 - x + 0 =0, 10

Ko uynenT

KOpHEM YPaBHEHHA ABJIAeTcA Jo6oe ynucio (beckoHey-
HOe MHOecTBO KopHei#i). Ecoim a = 0 u b # 0, T. e. ypaBHEeHHE HMEET
BuA 0 - x + b =0, To HU OZIHO YMCJIO 3TOMY YPABHEHUIO HE YAOBJIETBO-
P#AeT; TOBOPAT, YTO YPaBHEeHHe He HMeeT KOpHeii.

PaccmoTpum HauGoJiee 4acTo BeTpedalwInuiica caydail, Korga
a # 0. Paccy»xaem Tak:

1) ax + b =0, srauur, ax = — b (mockoneky (—b) + b = 0); paxTu-
YecKH ciiaraemMoe b nmepeHecyH M3 JIeBOI YaCcTH YpaBHEHHA B NPABYIO C
IIPOTHEBOMNOJIONCHBIM 3HAKOM;

2) ax = — b, T. e. HpoU3BeieHHe YHCEJ 4 U X PaBHO — b; HO Torma
MHOXXHUTEJNb X PaBeH YaCTHOMY OT JieJleHHuA IpousBefieHus — b Ha BTO-
poii MHOXKHTeNb, 3HAYUT, X = (— ) : a. BMecTo 3HaKa eJIeHUs MOYKHO

b
HCIIOJIL30BATH YepTy Apobu: x = 2"

DaKTHYEeCKH MBI BHIpAaGOTany OmpefesIeHHYI0 IpOrpaMmy neii-
CTBHI, ONIpefie/ICHHBIH IOPAAOK XO[0B — B MATEMATHKE B TAKUX CJIY-
YaAx HCIOOJIL3YeTCA TEPMHUH aJzopumM — JJf PellleHUuA JHHEHHOro
YDaBHEeHHUS.
£ i’
ANroput™M pemeHHHA JHMHEHHOr0O yparHEHHHA

ax+b=0 B cayuae, xorna a#0

1. IIpeo6pasoBaTs ypaBHeHMNEe K BHAY ax = —b.
2. BanmcaTh KOpeHb ypaBHEHUA B Buze X = (— b) : a, niaun, 4To To 3Ke

b
camoe, X =="_.
3 o 4

A xax 6uITh, ec/IM ypaBHeHHe BaIHUCaHO B GoJiee CJIOKHOM BHUJE,
HanpuMep:
2x—-2=10-x?
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Paccyxpnaem Tak. J[Ba BHIpaKeHMA PaBHEI TOTAAa M TOJNBKO TOrja,
Korja UX pasHOCThH paBHa Hymo: (2x — 2) — (10 — x) = 0. Bocnous-
3yeMcH U3BECTHBIMH H3 Kypca MaTeMaTUKH 5—6-ro Kiaccos nmpaBuia-
MH PACKPEITHA CcKOOOK H INpHBEOEHHA HO,I[OBHHX YJIeHOB:

2x—-2-10+x=0;

3x—-12=0;
3x=12;
x=4.

Taxue ypaBHEHHS BH YK€ pelllajid B Kypce MaTeMaTuKu 5—6-ro
kjaaccoB. 0606muM TpoBeZleHHBIE PACCYIKeHNA, 0DOPDMHUB HX B BHUIE
e1re OQHOIO TOJIE3HOTO AJITOPUTMA.

A B
AJNTOPHTM pellleHHA yPaBHEHHA
ax+b=cx+d(a#c)

1. IlepeHecTH Bce 4ideHH YPaBHEHHMA M3 IPABOM YACTH B JIEBYIO
C IPOTHBOIOJOMHBIMY 3HAKAMH.

2. IlpuBecTn B JIeBOM 4acTH NOJ00HEIE claraeMele, B Pe3yJILTaTe
Yero HOJIYUYNTCA ypaBHeHMe Buaa kx +m =0, rme k # 0.

3. Ilpeo6pasoBaTsr ypaBHeHHe K BHAY kX = —m H 3aIMCATH €ro

KOpPeHb: X = —% .

- -
HMmenHO Tak GBLIO pelIieHO YPaBHEHHE, KOTOPOe IMOJIVYMIOCE B IIpe-

AeIayIneM naparpade B mpumepe 1.

IIpumep 1. Pemiute ypaBHEeHHE §y+%=%y—i.
P e m1 e H u e. IlepBhlii cnocob6. Bocmoss3yeMcs aIropuTMOM:
10Py
* S
) ] 2_5 1)
(3 6)y+(8+4) 0
1 9
—~y+-=0;
6/ 8™
ol IO
6Y="8’

21



1 i ll“ MATEMATUYECKUH A3bIK. MATEMATUHECKAS MOLESD

Bropoii cioco6. Ilpexcae yem NpUMEHATE AJITOPATM, YMHOMXKHUM 06e
YACTH YPaBHEHHUA HA 24 — 3T0 HanMeHbIIHH 001muil 3HaMeHaTe b HMe-
romuxca gpobeit. IIpu sToM MBI MOJBE3yeMCHA TeM, YTO ecIit A = B, To
24A = 24B u obparHo. ITomxyunm:

2 7\ _o.(5 1

YT VRPYRLN PYIE. | MDY 2
3 8 6 4

16y + 21 = 20y — 6.

A 5jasiee BOCTIIONIb3YeMCH aJITOPUTMOM:
16y +21-20y + 6 =0;

rry -4y +27=0;
o’EQZ’; 4y =27;
P 27 3
y—T,T.e. y—ﬁz.
3
OteT: y = 61.
IIpumep 2. Perunth ypaBHeHHE 325_4 = 22;1

P e n1 e H 1 e. Bocniosrb30BaBIINCH OCHOBHEIM CBOMCTBOM IpPOIOP-
OUH (IpoM3BefeHHe KPailHHX 4JIeHOB IIPONOPLH#A PABHO NMpOH3Bee-
HHIO CPeAHHUX YJIEHOB), IOJYIHM:

2(3z—-4)=5(2z + 1).
JansHelmuil Xof pelieHus, HaleeMcs, yiKe He TpebyeT KOMMeH-

Tapues:
62—8-10z-5=0;
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-4z-13=0;
-4z=13;

13 1
z= T ,T.e.z=—3z.

Orser:z=-3,
4

IIpumep 3. Kynuin HECKOJBKO KHUT M ILITAIOTCA PA3MECTHTH
¥X Ha OIHHAKOBEIX IOJKAX B KHHXXHOM mKady. CHayasa MOCTaBUIH
no 20 KHUAr Ha KaXAYI0 NOJKY. B pesyabTaTe ABe MOMKH OKA3AJIUCH
NyCTEIMH, & OCTAJbHBIE 3anoJHeHHBMH (10 20 kHMT). 3aTeM pemuIn
cTaBuTh 00 15 kaur Ha nosnky. IlonkiTka OKazanace yaadyHoMH: BCe OJ-
KH 3anoJHuIHNCch (mo 15 KHUr Ha Kax o). CKONMBKO KHUT GRIJIO KYII-
JeHo?

IlepBriii sTan. Cocmaenernue mamemamuueckoil Modenu.

OGosHayum OYKBOHM X YHCJIO IOJIOK B KHU»KHOM mikady. Korga sa
KaXKAYIO MOJKY TOCTABMIIM 0 20 KHUT, TO 3aII0JJTHEHHEIMH OKAa3aJIHCh
(x — 2) nonku. 3HAYNT, 06IIjee YUCIIO KYIJIEHHBIX KHUT BHIPAYKAETCHA
¢opmymnoii 20(x — 2). Janee B 3aa4ye CKA38HO, YTO KOTa HA KAXKAYIO
MOJIKY IOCTABHJIM MO 15 KHHUT, TO BCe X IOJIOK OKA3AJHChH 3AII0JIHEH-
HBIMH CIILJIOIIb. Snaqm', oﬁmee YHCJIO KYILIEHHBIX KHHUI' BEIDAXXaeTcHa
dopmynoii 15x. OcTaeTrca NPUPABHATE ABa MOJYYEHHBIX BBIPDAYKEHUHA
YHCA KYIJIEHHBIX KHHT:

20(x — 2) = 15x.

9T0 ypaBHEHHME — MaTEeMaTHYeCKas MOJEIb 3aJayuH.

Bropoii aran. PaGoma ¢ cocrmasniennoii mamemamuiecioil mode-
AbI0.

Pemaem ypaBHeHUe:

20(x—-2)—-15x=0;
20x—-40-15x=0;

5x—-40=0;
5x = 40;
x=8.

Tperuit aran. Omeem Ha eonpoc 3adauu.

Ms! BHIACHHIIM, YTO B KHIMKHOM mKady 8 nosok. Bee kynuennbie
KHUTYM pasMeCTHJIMCh Ha 3TUX MOJKax mo 15 mrTyk Ha Kaxnaoi. 3Ha-
4MT, Bcero Gb110 KymieHo 15 - 8 = 120 xrur.

O r B e T: Bcero 6b110 KymIeHo 120 kHur.
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§ 5. KOOPAMHATHAS NPAMAS

B koHue § 3 MBI rOBOpMJIHM, YTO HYKHO YMeTh CBOGOITHO

NEePEexXOAuTHL OT OXHOIO BHAA MaTeMaTHYEeCKOIl MOJIeJIH K JPYyroMy, BEI-
6upaTh TO, 4To yaoOHee. B 3Toit cBA3H BechMa MOJIe3HA U3BECTHAS U3
Kypca MaTeMaTHKH 5—6-ro KiaccoB Takasa rpadudecKas MOJENb, KAK
KOODAVHATHAA IPAMAadA.

HOOpAHHaTHas
npsamas

HOOpAMHaTa
TOYKH

IIpsamyzo I, Ha KoTOpOIi BEIOpaHa HayaJLHaA TouKka O
(sauyaiio oTcuera), MmaciuTab (eIMHUYHEIH OTPE3OK, T. €.
OTPE30K, AJIMHA KOTOPOIro CYHTaeTCH paBHO# 1) 1 moJo-
JKHUTEJbHOE HanpasjieHHe, HA3LIBAIOT KOOPAMHATHOM
NpAMOH MJM KOOPOAHMHATHOH ocki0 (puc. 3); ymo-
TpeGJIAIOT TAK)Ke TEPMHH «OCh X» («OCh lY», «OChb 2»
HT.O.).

KaxaomMy 4HCIIy COOTBETCTBYET eJHHCTBEHHAS TOY-
Ka KOOpAHHATHOI mpamoii. Hanmpumep, yucay 3,5 co-
oTBeTcTBYeT ToukKa M (pmc. 4), KoTopasa yaajieHa OT
HAYaJa oTcYeTa, T. €. OT Touku O, Ha paccTOsHKe, PasB-
Hoe 3,5 (B 3amarHOM MaciTabe), B OTJI0MKeHa OT ToOUKH O
B 33JJaHHOM (IIOJIO’KHTEJILHOM) HanpaBneHuu. Yucoy —4

cooTBeTCTBYeT TouKa P (cM. puc. 4), Koropasa yzajieHa oT ToukH O Ha
paccrosiHde, paBHOe 4, U OTJIO}KeHa oT ToYKH O B OTpHUIATE]LHOM
HANPABJIEHWH, T. €. B HAPABJIECHHH, IPOTUBOIIOJIOKHOM 3aJaHHOMY.
Mo3HO rOBOPUTE U 0 pelieHUH o6paTHO# sagaun. Hanpumep, Tou-
ka K, yananesHas ot Touku O Ha paccTosaHuEe 5,4 B IOJIOKUTEILHOM
(3amaHHOM) HANpaBJIEHMH, COOTBETCTBYeT 4YHcay 5,4, a Toura N,
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ynanesHas or Touku O Ha paccTosHHe 2,1 B oTpHIATeNBLHOM Ha-
npaBJIeHUH, COOTBETCTBYeT Yuciay —2,1 (cm. puc. 4).

VKazaHHEIE YMCJIA HA3EIBAIOT KOOPIHHATAMM COOTBETCTBYIOIIMX TOYEK.,
Tak, Ha pucyHKe 4 Touka K umeer koopauHaTty 5,4; Touxka P — Koop-
puHaTy —4; Touka M — KoopauHaty 3,5; Touka N — KoopauHary —2,1;
Touka O — xoopauHaTty 0 (xyis). OTCI0a ¥ MPOHCXOAUT HA3BAHUE — «KO-
opAuHATHaA npamasa». O0pasHO BHIpaKasch, KOOPAWHATHAA IPAMAA —
9TO I'yCTO 3aceIeHHHIA 0M, KHIJIBLIEL 3TOr0 A0MA — TOYKH, & KOOPAXHA-
THI TOYEK — 3TO HOMepa KBAPTHD, B KOTOPHIX >KHUBYT TOYKH-KHJIBIBI.

3auyeM HY)XKHA KOODAHHATHAA NpaMasa? 3adyeM XapaKTePH30BATh

TOYKY YHCJIOM, a 4YHucyio — To4Koii? EcTes ju B 3TOM

i e kaxasa-nubo monbsa? Ila, ecTh.
ﬂn IlycTs, Hanpumep, HA KOOPAMHATHON NIpaAMOMH
e JaHEI IBe TOYKH: A — ¢ KOOpAMHATOH a 1 B — ¢ Koop-
(HReem

puHaTOM b (0OGEIYHO B TAKHX CHYYAAX MUINYT KOpode:
A(a), B(b)). Ilycrs Ham Hazgo HaliTH paccrosHMe d
Mexay TodkaMu A 1 B. OxkaseiBaeTcd, BMECTO TOrO 4YTOOBI eNaTh reo-
MeTpPHYeCcKHe H3MEpPeHHs, AOCTATOYHO BOCIOJIL30BATHCA IOTOBOH (op-
myJoit p (4, B) =|a — b| (p — «po» — GykBa rpedeckoro andaBuTa;
BIIpo4YeM, BMecTO p (4, B) MoxxHO nucaTsk npocto AB).
Tak, Ha pHCYHKe 4 UMeeM:
KM=|5,4-38,5|=|1,9|=1,9;
PM =|-4-3,5|=|-7,5|=17,5;
PN=|-4-(-2,1)|=|-4+2,1|=|-1,9|=1,9.

Crpemsch K JJAKOHHYHOCTH PACCYKAEHUI, MATEMATHKH JOTrOBOPH-
JIMCh BMECTO JAJIMHHOH ¢paskl «TOYKa A KOODAWHATHON NpAMOM, UMelo-
1as KOOPAUHATY G», HCIOJB30BATE KOPOTKYIO (bpasy: «TOYKa a», ¥ Ha
YepTerKke pacCMaTpPUBAEMYIO0 TOYKY 0003HauaTs ee KoopauHaroii. Taxk,
Ha pucyHKe 5 n3o6paskeHa KOOpDAMHATHASA NpPAMAS, HA KOTOPOH OTMe-
yeHk! TOuky —4; -2,1; 0; 1; 3,5; 5,4.

KoopaurarHas npaMasi 1aeT HAM BO3MOXXHOCTH CBOGOIHO nepexo-
AUTH ¢ anrefpaMyecKoro sAs3hKa Ha reoMeTpHYecKHil M obparHO.

PEEEE smERAK

0 3,5 5,4

Puc. 5
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Ilycts, Hanpumep, 4ucio a messmre ynucia b. Ha anre6panueckom A3knl-
Ke 3TO 3aIHCHIBAIOT TaK: @ < b; Ha reOMeTPUYECKOM A3LIKE 3TO 03HAYALT,
YTO TOYKA ¢ PacroioXKeHa HA KOOPAMHATHON NpsAMOi Jleéee TOUKH b.
Bnpouem, nmopguepkHeM elnle pas: U anre0pandyecKHil, H reoMerpuye-
CKHI A3BIKHM — 3TO pasfeibl OLHOrO U TOTO Ke MaTeMAaTUYeCKOro A3bl-
Ka, KOTOPHI# MBI C BAMH H3y4aeM.

HOSH&ROMHMCH €ele ¢ HeCKOJBKHMMH 3JIeMeHTaMH MareMaTHde-
CKOTr0 A3BIKA, KOTOPEIE CBA3aHEI C KOOPAWHATHOM TPAMOIA.

1. ITycTe Ha KOODAWHATHOI IPAMOIi OTMeYeHAa TOYKa a. PaccMorpum
BCE TOYKH, KOTOPhIE JIEIKAT Ha MPAMOil MpaBee TOYKHU @, ¥ OTMETHM COOT-
BETCTBYIOLIYIO YACTh KOOPAWHATHON NpAMO IITPUXOBKO# (puc. 6). 9to
MHOKECTBO TO4YeK (4McesI) HASLIBAIOT OTKPLITHIM JIy90oM U 0003HAYAIOT
(a; + o0), Te 3HAK + 0 YHTAIOT TAK: «ILTIOC GECKOHEYHOCTh» ; OHO XapaKTe-
puayeTcs HepaBeHCTBOM X > g (IoJ X MOHUMAIOT JIIOOYIO TOYKY JIy4a).

Ob6paTuTe BHUMaHHE: TOYKA @ OTKPHITOMY JIy4Yy He
OpuHAIIEKHT. Eciau sKe 3Ty TOYKY HAAO IPHCOeIH-
HHUTE K OTKPBITOMY JIy9y, TO MHINYT X = a Ui [a; + )
(mepen a cTaBAT He KPYTIYI0, & KBAAPATHYIO CKOOKY),
a Ha YepTelKe TAKyI0 TOYKY 0003HAYAIOT He CBETJIBIM,
Kak Ha pUcyHKe 6, a saKkpalneHHBIM KpYyKKoM (puc. 7).
Ecnu opo MHOMecTBO ToYek (a; +o0) rOBOPAT, YTO 3TO — OTKPHITHIA
ay4, To ausa [a; +w) ynorpebasor TepMuH ay4 (6e3 mpuiaraTeIbHOTO
«OTKPHITHI» ).

GHUMaNHuEe

2. IlycTs HAa KOOPAUHATHOH IpAMOM OTMeYeHa

a;;:m:::::::::;:::m:c::x‘ Touka b. PaccMOTpUM Bce TOYKH, KOTOPEIE JIEXKAT
Puc. 6 Ha NpAMOH JeBee TOYKH b, © OTMETHMM COOTBET-
CTBYIOIIVIO YACTh KOOPAMHATHOH NPAMOH IITPH-
XOBKO# (puc. 8). 3To MHOXKeCTBO TOYeK (YHCel)

a,mm&mﬂmx, TAK)Ke Ha3BRIBAIOT OMKPbLMbIM AYLoM U 0603HA-
Pue. 7 yaoT (—oo; b), rle 3HAK —o0 YHTAETCH: «MHHYC
6ecrkoHeyHOCTH». OHO XapakTepusyeTcsa Hepa-
b x  BeHCTBOM X <b.

B CHoga oGpalaeM Balle BHUMaHHE HA TO, YTO TOY-
Puc. 8 Ka b OTKpRITOMY JIyYy He nNpuHaLIekKUT. Ecin xe
MEI 3Ty TOYKY XOTHM IPUCOEAUHUTHL K OTKPLEITOMY
b x  Jy4y, To Gyzem mucarh X < b mim (—oo; b] 1 Ha
Wy  yepTerxe TOUKY b saxpamuBaTh (puc. 9); ana (—o; b]

Puc. 9 Takxe OyeM ynorpebiATs TEPMUH AYY.

26



1 . MATEMATHUYECKMA S3bIK. MATEMATUHECKAS MOQENb

3. IlycTe HA KOOpDAHMHATHOH npAMOI OTMeYeHE!

a x
TOYKH @ u b, npuyem a < b (T. e. ToOYKa @ PAcCIoJyO- —o\mag_,
JKeHa Ha npsamMoii Jesee Touxku b). PaccMoTpuM Bce Puec. 10
TOYKH, KOTOPHIE JIE}KAT IpaBee TOYKH d, HO JeBee
TOYKH b; OTMETHM COOTBETCTBYIOINYIO YACTH KOOP- a b x
IWHATHOM NpaMoi mTpuxoBKoi (puc. 10). 3To mHO- B
JKECTBO TOYEK (YMcell) HASKIBAIOT MHTEPBAJIOM U Puc. 11
obosHauaioT (a; b). OHO xapaKTepH3yeTcs CTPOIHM
JBOHHBIM HEPABEHCTBOM a < X < b (Imof x MOHMMAaeTCH a b x
mobas TOYKa MHTEPBAJIA). SNy il
OGpaTuTe BHUMaHue: uaTEpBa (a; b) ecth nepe- Puec. 12
ceuerue (001AA YACTh) ABYX OTKPHITHIX JIydei (—co; b)
u (a; + o) — 3TO XOpOoIII0 BUAHO HA pHcyHKe 11. a b x
Eciu x uHTepBany (a; b) H00ABUTE €ro KOHIBI, wwlpsiiiy
T.e. TOYKH a u b, To monyuurca orpesok [a; b] Puc. 13
(puc. 12), koTopHIili XapaKTepH3yeTCA HECTPOrUM
ABOHHBIM HepaBeHCTBOM a < x < b. OGparuTre BHH-
MaHHe: B 0003HAYEHHH OTpEe3Ka HMCHOJNB3YIT He a m‘%b x,
KpyrJikle CKOOKH, KaK 3T0 66110 B 0003HAYEHHH UH- Pue. 14
TepBajia, & KBaJpaTHhIe; HA YepTeyKe TOYKM a u b '
OTMe4YeHEl TeMHBIMH KDPYXXKaMH, & He CBeTJbIMH,
KakK 3To OBLJIO B clIyyae HHTepBaJa. a b x
Otpezok [a; b] ecTs nepecedyernue (06Iman 4acTs)
Puc. 15

ABYX nyueii (—o; b] 1 [a; + o0) — 3TO XOpOIIO BUAHO
Ha pucyHKe 13.

A vT0 mosyunTcH, eciii K uHTEpBany (a; b) nobasuts
TOJIEKO OAWH KOHEL[ — TOJBKO TOYKY a (puc. 14) umm
TOJMBKO TOUKY b (puc. 15)? IlomyunTcs mosymHTepBad,
KOTOpHIi B mepBOM ciaydae ob6osHauamwT [a; b), a BO
BTOpOM — (@; b] ¥4 KOTOPEIH XapaKkTepH3yeTcs ¢ IOMO-
mMBI0 ABOMHEIX HEpPaBeHCTB: @ < x < b — B mepeom

g i ciy4ae, a < x <b — Bo BropoMm ciydae.

OTKPBITBI NyY Hrax, MBI BBeJIY NATH HOBBIX TEPMHHOB MATEMATH-
whTepsan 4eCKOTO A3bIKA: JIYY, OTKPBITEIH JIyd, MHTEPBaJ, OTpe-
S 30K, mosyuHTepBa. EcTh ¥ 00muil TEPMUH: YHCIOBbIE

NPOMEMKYTKH.

nonyukrepsan Cama KoOpAauHATHAS NpAMad TaKXe CYHUTaeTcH
4MCNIOBOM YHUCJIOBBIM IOPOMEXYTKOM; AJIA Hee HCIOJIb3YIoT 060-
NpoMeNtyToK sHAaYeHHe (—owo; + o).
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Ceopnas TabaMila YMCJIOBBIX NMPOMEKYTKOB

Hassanne AvanuTH-
Teomerpuveckasn O6o3nauenne YHCIOBOTO geckan
Mone.Is IPOMEeKYTKA MoJeh
_gmmmm_;. (a; +») OTKDHITHI JTyq x>a
_WW’ o
a ps [a; + ) ayd xza
—Wg—; (o3 b) OTKPHBITHIH JIy4 x<b
R i (=05 b] ny4 x<b
b x
RN 7777277 S Y a; b MHTEepBAaJ a<x<b
a b ! (a; b) P!
———lliliy———> a; b OTPE3OK a<x<b
a b x [a; 8]
G [a; b) MOJIYHWHTePBAJ as<x<b
a b x
—Qlly——> (a; b] OO YMHTEPBAJ a<x<b
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2 JIMHEMHAS DYHKLIMUSA

e —

§ 6. HoopauHaTtHas nnocKocTe

§ 7. JlunetiHoe ypaBHeHME C ABYMS NEpemMeHHbIMM
M ero rpagmx

§ 8. Jlunesinas pyHKUMSA 1 ee rpahmK

§ 9. Jlunesinas pyHxums y = kx

§10. B3aumHoe pacnonoxeHme rpagmKoB NMHEHHbIX
byHKUMH

§6 KOOPAMHATHASA NNOCKOCTb

Ha KoOpDAMHATHON NPAMOI «TIPONHCAHBI» TOYKH —
«KHUIBOBI», ¥ KAKA0H TOYKH eCTh CBOM «HOMEp AoMa» — ee KOOpAH-
HaTa. Ecim yxe TouKa GepeTcs B IJIOCKOCTH, TO [JIA €€ <«IIPOIMNCKH»
HY’KHO YKas3bIBATH HE TOJBKO «HOMEp AOMA», HO M «HOMEp KBApTH-
pei». HamoMaNM, KakK 3TO JelaeTcH.

IIpoBegeM aBe B3aMMHO NMEePHeHAHKYJIADHEIE KO-
OpAVHATHEIE IpAMEIEe ¥ OyZeM CYUTATHL HAYAJIOM OT-
cyeTa Ha o0eHMX NPAMBIX TOYKY HMX IepecedeHUd —
Touky O. TeM caMbIM Ha IJIOCKOCTH 3aJlaHa NMPAMO-
yroasHad cucreMa koopmuHaAT (puc. 16), xoropas
npamoyronswas ~ TPEBPAIIAeT OOBIYHYIO IIJTOCKOCTh B KOOPAMHATHYIO.
TR Toury O Ha3HIBAIOT HAYAJIOM KOOPAHHAT, KOODAHHAT-
KoOpAMHaT HbIe TPAMEIEe (OCh X ¥ OCh J) HASKIBAIOT OCAMM KOOP/IH-
HAT, 8 IpAMEIe yribl, 00pasoBaHHBIE OCAMH KOODAH-

HoOpAMHATHER

nnocKoctk HAT, HasLIBAIOT KOOpAMHATHLIMH yriaamu. Koopauaat-
HEIE YTJI HyMEPYIOT TAK, KAK IOKA3aHO Ha pUCyHKe 16,

Havano koopguHar A Tenm ephb Oﬁp ATHMCS K DUCYHKY 1 7’ YLE mpa-

KOOP AHHaTHbIE JKeHa NPAMOYroJbHAsA CHCTeMa KOOPDAMHAT M OTMeye-
yrass Ha Touka M. ITposenem uepes Touky M npaAMyIo, mapai-
JNeasHyIo ocH y. IlpaMas mepecekaer OCh X B HEKOTOPOI
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abcuymcca
opauHara

TOYKe, Y 3TOil TOUKH ecTh KOOPAWHATA HAa ocH X (ais
TOYKH, H300pakeHHOM Ha pUCYyHKe 17, ata KoopauHa-
Ta pasHa —1,5), ee HaswBawT aGeumccoit Touxku M.
Janee mpoBeneM depe3 TOYKY M OpAMYyI0, Iapajjieib-
Hy10 ocd x. IIpamasa mepecexkaeT ochk y B HEKOTOpPOH
TOYKe, ¥ 9TOH TOYKH eCTh KOOPAWHATA Ha OCH Y (1A TOY-
K1 M, usobpaxeHHOH Ha pucyHKe 17, aTa KoopauHAa-
Ta paBHa 2), ee HA3HIBAIOT OpaAMHATOM Toukn M. Ko-
POTKO nmuIyT Tak: M(x; y) (ana Touku Ha pucyHKe 20

umeem M(—1,5; 2)). AGcnuccy 3anMCHBAIOT HA IEPBOM MECTE, OPAH-

HaTy — Ha BTOpoM. McHosb3yioT, ec/id B 3TOM €CTh HeOGXOANMMOCTh, U
Apyryio dopmy sanucu: x =-1,5; y = 2.
| | [
YK M 1Y 5 M'yixz
11 1 I 1 1
-2 [-1
ol |1 1%l 5] 10| 11 2 | Fi5] [o] | 1 (%]
[11 [V
Puc. 16 Pue. 17 Puc. 18

30

3ameydarHne 1. Ha npakruke ans OTbICKaHUA KOOPAMHAT TO4-
KM M OBbIMHO EMECTO MpsMbIX, NapannensHbix OCSM KOOPAM-
HaT M NPOXOAALUMX Yepe3 TOUYKY M, CTPOAT OTPE3KU 3THX Nps-
MbIX OT TOYKHM M g0 oceii koopguHar (puc. 18).

3ameyarme 2. B npepsipyliem naparpace mbl BBENW pas-
Hble 0603HaueHun ANA YUCNOBBIX NPOMEXYTKOB. B yacTHOCTH,
KaKk Mbl ycnosunucb, 3anuck (3; 5) o3Havaer, 4To Ha Koopgu-
HaTHOM NPAMON PacCMaTPHBAETCA MHTEPBAN C KOHLAMH B TOY-
Kax 3 u 5. B HacToswem e naparpacde napy uucen mbi pac-
CMaTtpMBaEMm Kak KOOPAMHaThl TOUKH; Hanpumep, (3; 5) — aro
TOUKa Ha KOOPRMHATHOM nnockocT ¢ abecuuccol 3 1 opauHa-
Toi 5. Kak e npasvnbHO MO CMMBOMNMYECKOH 3anMch onpepe-
NMTb, O Yem MaeT peyb: 06 uHTepBane unu o0 KoopaMHaTax Tou-
Kn? O6biuHO 310 BbIBaET ACHO M3 KOHTEKCTA.
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YuuTeiBasg BBefIleHHbIE TePMUHBI ¥ 0003HaUYeHUs,
TOPHU30HTAJBHYI0O KOOPAMHATHYIO NPAMYIO HA3BLIBAIOT
ochpI0 afcuHuee UM OCBIO X, & BEPTUKAJBHYIO KOODIH-
HATHYIO IPAMYIO — OChIO OpAMHAT UM ocelo Y. 06o-
3HAYEHHHA X,  MCIONB3YIOT OGHIYHO NPH 3aJlaHUH Ha
oc abeuyuce IJIOCKOCTH NPAMOYTOJbHOM CHCTEMBI KOOPAHHAT
(cM. puc. 16) 1 yacTO rOBOPAT TAK: JaHA CHCTEMA KOOD-
auHat xOy. BopoueMm, BecTpedaroTes U Apyrue o603Ha-
YeHHA: HANIpUMep, Ha pHcYHKe 19 zanaHa cHcTema
koopauHaT t0s.

0Ch OpAHHAET

> '
ANropurmM OTBHICKAHUSA KOOPAMHAT TOYKH M,

3aJaHHOM B cHCTeMe KoopauHaT x¥OYy

1. IlposecTyn 4epes TouKy M npaMyio, Dapajie]bHYIO OCH Y, U Hali-
TH KOOPAMHATY TOYKH ITIepeceYeHH s ITOM NPAMOI C OCBI0 X — 3TO
Oypmer abciucca Touku M.

2. TlpoBecTH uepes Touky M npaAMYyIo, TapajjelbHYIO OCH X, ¥ Haii-
TH KOODAMHATY TOYKH IlepecedeHNis ITOH MPAMOH € OCHIO § — 3TO

L Oymer opauHaTa TOYKH M.

®

HmenHO Tak MBI U AefiCTBOBAJIM, HAXOAA KOODAHHATH TOYKH M
Ha pucyHke 17.

Ecau Touka M, (x; y) OpUHAAIEXUT IePBOMY KOODAUHATHOMY YIJIY,
7o x > 0, y > 0; ecmu Toura M,(x; y) NPUHAJNIEIKUT BTOPOMY KOOPAMHAT-
HoMmy yrity, To x < 0, y > 0; ecym Touka My(x; y) IDUHALJIEIKUT TPETHEMY
KOODAMHATHOMY yTay, To X < 0, y < 0; eciiu Touxka M (x; y) npusagie-
JHUT YeTBEPTOMY KOOPAMHATHOMY yTJIy, To X > 0, y < 0 (puc. 20).

A yT0 Gyger, ec/i TOYKA, KOOPAMHATEI KOTOPOM HAZIO HATH, JIEYKUAT HA
onHOoii u3 oceil koopAauHAT? ITycTh TOUKA A JIEIKHUT HA OCH X, & TOUKa B —
Ha ocH y (puc. 21). IIpoBoauTek Yepes TOUKY A NpAMYI0, NAPAJLIeIEHYIO
OCH Y, ¥ HAXOAUTh TOYKY NepecedyeHus 3TOM IPAMOii C OCBI0 X He UMeeT
CMEICJIA, IIOCKOJIBKY TAKAA TOYKA IIepecedeHns yKe eCTh — 3TO TOUKa A,
ee xoopauHara (abcucca) paBHa 3. TouHO Tak JKe He HY’KHO IIPOBOAUTH
4Yepes TOYKY A NPAMYIO, NapaJLIEIEHYIO OCH X: CAMA OCh X IIEPeceKaeT och Y
B Touke O ¢ KoopAuHATOH (opauHAaTO#) 0. B Tore IiIA TOUKH A ToTydaemM
A(3; 0). Aranoruuso A Touky B momygaem B(0; —1,5). A nna touku O
umeem O (0; 0).
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[

i 1L
SA 7 <A
(x<0, e T
1 y>0) (x>0,
& Maq4—+¥70) 1
g 1 | A‘;
[3) 1 i o] 1 % x O 1 | 38«
(xf.o, T My -1 ,5 ¢ B
y<0) (x=0,
e l"v‘f_., y<_0)
L
Puc. 19 Puc. 20 Puc. 21

Boobme, m06as Touka Ha OCH X MMeeT KoopauHathl (x; 0), a mio-
6as ToYKa Ha ocH ¥ — KoopAauHATH (0; ).

HWTak, KaK HaXoAUTh KOOPAMWHATHI TOYKHM B KOODAHMHATHOH IJIO-
CKOCTH, MBI oGcyAmiau. A Kak pemats o6paTHYIO 3axady, T. €. Kak,
38/1aB KOOPAMHATEI, NOCTPOUTE COOTBETCTBYIOIYIO TOYKY? YUTOOBI BHI-
pa6GoTars aNropuT™M, TPOBEREM B BCIIOMOraTeNbHEIX, HO B TO K€ Bpe-
MA BAKHBIX PacCyXJeHUA.

7k ITepeoe paccyncdenue. IlycTs B cHCcTEME KOODAH-
HaT xOy npoBefileHa NpaMad |, napajiienbHas OCH
P A Y ¥ mepeceKaomas ock X B TOYKe C KOOPAMHATOMH

(abcuuccoit) 4 (puc. 22). JIob6as Touka, Jexamasa
Ha 3To# mpamo#, umeer abcuuccy 4. Tak, gna
- M, Todex M,, M,, M; umeem M,(4; 3), M,(4; 6),
My(4; —2). UaniMmu croBamu, abcnucca 060
Touku M npsimoii [ yroBiIeTBOpsieT YCIOBHIO X = 4.

e

4*). Ecnu e B3ATH TOYKY, He JIeKAINYIO HA 3TOH IpA-
o] [1 [0 moii, To ee abcuucca Gyger oriuuna or 4. I'oso-
=2 Ms 7 PAT, 4TO X = 4 — ypasHeHue npamoii [ unu aro
npamas l (1 Tonbko oHa) ydosaemeopsem ypas-

Puc. 22 HeHnuw x = 4.

Ha pucynke 23 usobpaxeHnsl IPAMEIE, YAOBIETBOPAIOIINE YPaBHe-
HUSM x = —4 (opama# l;), x = -1 (upamas l,), x = 3,5 (npamasa [;).
A Kaxas npamas yaosnersopsier ypasHeHuto x = 0? Noraganucs? Ocs y.

Bmopoe paccyscdenue. Ilycts B cucteme Koopaurat xOy
npoBefieHa MpaAMad l, napajjiebHAA OCH X M IepeceKao-
masa ochk Yy B TOUYKEe C KOOpAMHATOH (opAmHATOM) 3

32



2. || JMHEMHAS ®YHKLMS

(puc. 24). Jliobas ToUKa, JEKAAA Ha STOH IPAMOI, UMEET
opaunary 3. Tax, nna rouex M,, M,, M, umeem: M,(0; 3),
M,(4; 3), My (—2; 3). UneIMH cloBaMu, opAuHATA 1060
TouKH M npsimMoii | yaosiersopser ycaosuio y = 3. Ecin
e B3ATh TOYKY, He JIeXAINYI0O Ha 9TOH NpAMOM, TO ee
opaunara Gyzer orauuna or 3. I'oBopar, uro y = 3 —
ypaeHeHnue npamoii | UM 4TO npsamasn | (M TOIBLKO OHA)
ydosaemeopaem ypasHeruio y = 3.

Ha pucynke 25 uzobpaykeHE! IpAMEIe, YAOBIETBOPSIONINE YPaBHE-
HuaM y = —4 (upamas l,), y = —1 (upamas ly), y = 3,5 (npamas ;).
A xaxkas npaMasd yAoBJeTBopseT ypaBHeHHIO § = 0? Horagamuce? Ock x.

3aMeTHM, YTO MATEMATUKH, CTPEMACH K KPATKOCTH
pedu, TOBOPAT «NPAMAA X = 4», a He «NpAMasn, yIOBJe-
=N TBOPHAIOINAA YPABHEHUIO X = 4». AHAJIOTMYHO OHU I'OBO-
Olporuinge PAT «OpaMasn y = 3», a He «IpAMAasn, YAOBIETBOPSIOLIAA
ypaBHeHHIO § = 3». MuI GyieM NoCTyIIaTs TOYHO TAK Ke.

Bepuemcsa Tenmephb K pucyHKY 17. OGpaTHTe BHUMaHHEe, UYTO TOYKA
M (-1,5; 2), xoTopas Tam nsobparkeHa, ecTh TOYKA NepecedeHns Ips-
mo#t x = —1,5 u npamoii y = 2. Teneps, BUAUMO, GyAET MOHATEH AJITO-
PUTM IOCTPOEHHUSA TOYKH 10 3aJJaHHLIM €€ KOODAHUHATAM.

o

AnroputM nocrpoesnsn touku M(a; b)
B NIPAMOYTOJBHOMH cucTeMe KoopauHaTt x0Oy

1. TlocTpouTs OpAMYIO X = .

2. ITocTpouTs NpAMYIO y = b.

3. HailiTu TOYKY mepece4eHUs MOCTPOEHHBIX NPAMLIX — 3TO H
- Oyzmer Touka M(a; b).

]

r yl vl oo \ L
1 My RE] P y=3,0""

u : . o 1] =

4 F1lol 1 [3.5]]x -2 (o] 1| |4 & 1| y==1]i,

AREARER

A | r4ly=14\1

Puc. 23 Puc. 24 Puc. 25
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IL p u m e p. B cucreme xoopaunar xOy NOCTPOUTH TOYKH:
A(1; 3), B(—2; 1), C(4; 0), D(0; —-3).

Pemenue. Touka A ecTh TOYKA NEpeceyeHUs] NPSAMBIX
x=1mny=3(puc. 26).

Touka B ecTh TOYKA mepecedyeHHsA NpAMBIX x = -2 u y = 1
(puc. 26). Touxka C npuHAANIEKUT OCH X, a Touka D — ocu y
(cm. puc. 26).

o
L

A kg1 Bnepsrle IpAMOYTOJEHYIO CHCTEMY

¥l A KOODZAHHAT HA IJIOCKOCTH CTAJI AKTHB-

= 3 yTr3 HO HCIIOJIb30BATH (DPaHIY3CKUil dHuio-
y-1 1B cod Peme Mexapr (1596—1650) mns

C I PellleHHA TeOMETPDHYECKHX 3ajga4d aj-
refpanyecKMMH MeTOJaMH H, oGpaTHO,
JJIA 3aMeHHI ajnredpandyecKux Mojeseit

-3¢ reomerpudeckumu. IlosTomy mHOrZa
TOBOPAT: «JeKapTOBa CUCTEMA KOOPAH-
HAT», «JIeKapPTOBH KOOPAWHATHI» .
Puc. 26

§ 7. NMHEMHOE YPABHEHME C [IBYMS
NEPEMEHHBIMM U EFO TPADMK

B rnase 1 MBI BHAENH, YTO MATEMATHYECKOH MOJENIBIO pe-
aJILHOM CUTYamUM MOXKET CIYKUTh JIHHEIHOe ypaBHeHHe C OZHOH Ie-
PEeMeHHO#H HJIM YpaBHEHHEe, KOTOpPOe Iocjie mpeoOpa3oBaHuii CBOAUTCA
K JJHUHEHHOMY. A Tenephb PACCMOTPHUM TAKYVIO PeAJEHYIO CHTYAIHIO.

W3 ropozos A 1 B, paccTosHre Mexxay KoTopeim 500 KM, HascTpeuy
APYT APyTry BHIIJIK ABAa II0€371a, KaXKAbIiA CO CBOeH IOCTOAHHOMN CKOPO-
cThi0. 3BecTHO, YTO IEePBHI MOe3] BHIIIENI Ha 2 U PaHBIIE BTOPOro.
Yepes 3 4 mocJie BEIXOAA BTOPOTO 1I0€371a OHU BCTPETH/INCE. 1eMy paBHEI
CKOPOCTH 110e310B7

CocTaBum MaTeMaTHYECKYIO MOozelb 3axa4u. IlyeTs x KM/4 — cKo-
POCTE IIEPBOTO NOE374a, ¥ KM/4 — CKOPOCTh BTOporo moezfa. Ilepsriii
OBl B IYTH 5 4 M, 3HAYNUT, Opoules nyTs 5x KM. Bropoil noesn GuL1 B
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nyT4 3 9, T. e. mpomen nyTe 3y km. Ax S5x 3y
A C B

peTpeda mpousomia B myakTe C. Ha pu- — T~
cyHKe 27 IpeAcTaBlieHa reoMeTpude- s TR
cxas Mofenb curyamuu. Ha anre6pan- 500 k™
YeCKOM S3EIKE ee MOXKHO OIHMCATD TaK: Pue. 27

5% + 3y = 500
MM

5x + 3y — 500 = 0.

Taxyio MaTeMaTHYeCKYIO MOAeb Ha3bIBaloT NUHEeNHEIM yPABHEHUEM C
ABYMSA NepeMeHHBIMH X, IY.

Boob6me,

ax+by+c=0,

rae a, b, ¢ — uucaa (koaddULEeHTE]) — JMHEHHOe YpaBHEHHEe ¢ AByMS
mepeMeHHbIMH X M I (MM ¢ ABYMA HEHM3BECTHBIMU X H V).

nHHelHoe
ypasHerme

C AByMA
nepemeHHbIMM

Bepuemca k ypasHeHHI0 5x + 3y = 500. 3ameuaem,
4yTo ecou x = 40, y = 100, To 5-40 + 3 - 100 = 500 —
BEpHOE PABEHCTBO. 3HAYUT, OTBET HA BOIPOC 3aJadyM
MOKeT OBITh TAKHMM: CKOPOCTH IepBoro moesza 40 km/4,
ckopocThs BToporo noesfa 100 km/u. Ilapy umcen
x = 40, y = 100 BasLIBAIOT peuweHueM YPABHEHUSA
5x + 3y = 500. 'oBopAT TaKKe, 4TO napa sHAYEHUH
(40; 100) ydoenemeopsem ypasnernuw 5x + 3y = 500.

HaiinerHoe pelleHHe He eUHCTBEHHO. B caMoM fene, BO3MOXKeH
¥ Tako# BapuanT: x = 64, y = 60; geiicTBuTeNBHO, 564 + 3 - 60 =
= 500 — BepHOoe parencTeo. U Takoii: x = 70, y = 50 (mockoneky 5+ 70 +
+ 3 - 50 = 500 — BepHOe paBEHCTBO).

Peiienne
ypasHeHus
ax+by+c=0

A BoT, cKaxkeM, napa uuces x = 80, y = 60 peruenn-
€M ypaBHEHUS He SBJIAETCH, IOCKOJbKY ITPH STHUX 3Ha-
YeHHAX BEPHOro paBeHCTBa He nojydaercsa: 5 - 80 +
+ 3- 60 = 500.

Boof6ime, pemenuem ypasHeEMd ax + by + ¢ =0
HAsEIBAIOT BCAKYIO mapy 4ucen (X; y), KOTOpas ynos-
JIeTBOpAET STOMY YPABHEHMIO, T.e. ofpalnaerT paBeH-
cTBO ¢ mepemeHHEIMU ax + by + ¢ = 0 B BepHOe YucyO-
BO€ paBeHCTBO.
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3ameyaHme. BepHemcs elwe pas K ypasHeHWo 5x +
+ 3y = 500, nonyueHHOMY B pacCMOTPEHHOM BbilLe 3aaa-
ye. Cpeay BeckoHeUHOro MHOMKECTBA E€ro PELUEHHH HMe-
torca, Hanpumep, u Takue: x = 100, y = 0 (8 camom gene,
5-100 + 3 -0 = 500 — sepHOe YMCNOBOE PABEHCTBO);
x=118, y = —30 (tak kak 5- 118 + 3. (= 30) = 500 —
BepHoe uucnosoe pasencteo). OgHako, senssce pelueHus-
MW YPaBHEHMs, 3TM Napbl HE MOTYT CRY)XUTb PELLEHUAMM
AAHHOM 3apauM, Befks CKOPOCTb noe3aa He moet Bbith
pasHO Hynto (TOrAa OH HEe €AeT, a CTOMT Ha MecTe); Tem
6onee cKOpOCTL NOE3AAa HE MOXKET BbiTh OTPHLATENBHON.

IIpumep 1. H306pa3ute pemeHus JIMHEHHOrO ypaBHEHUHA C
ABYM#A NepeMeHHBIMHU X + i — 3 = 0 TOUKaMH B KOOPAUHATHOM IJIOCKO-
ctu x0y.

Peme H u e. [TongfepeM HecKONBKO pelleHHil 3aJaHHOI0 YpaBHe-
HUSA, T.€. HECKOJBbKO Iap 4HCeJ, KOTOPhIe YOBJETBOPAIOT ypaBHe-
Huw: (3; 0), (25 1), (15 2) (0; 3), (— 2; 5).

IlocTpoum B KoopauHATHOMH ILUTockocTH XOy Toukn A (3; 0), B(2; 1),
C(1; 2), D(0; 3), E (— 2; 5) (puc. 28). O6paTuTe BHUMAaHUE: BCE 3TH IATH
TO4YeK JIexKaT Ha OfHOM npaMoii [, mpoBezeM ee.

Y.

Puc. 28

ToBopsr, uro npamas | asnsercs spagurom ypasnenua x +y—3=20,
MY 9TO npamas | — zeomempuueckas modens ypasaeaua x +y—3=0
(umu x +y=3).
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Hrak, ecau mapa 4ucenx (X; y) yAOBIeTBOpsSieT ypaBHEHUIO
x+y— 3 =0, To Touka M(x; y) NpUHALNEIKAT IpAMOi [; ecIu TOUKA
M(x; y) OPUHAAJEKUT NPAMOI I, TO napa (x; y) — pemenue ypasHe-
una ¥ + y — 8 = 0. Hanpumep, Touka P(6; —3) npunapnesxur npamoii [
(puc. 28) u napa (6; —3) — pelienue ypaBHeEna x +y — 3 = 0.

ITonBeneM UTOTH:

Canosecnan Anre6panveckas l'eomerpuueckasn
MoOoOenb Moaellb MOOeab
CyMMa IBYX YHCEe x+y=38 Ipamasn | Ha pucyske 32
paBHa 3 (;mHeiiHOEe ypaB- (rpadux auHeiiHOrO
HEeHHe C JByMA YPaBHEHMHA C JBYMSA
nepeMeHHBIMH ) nepeMeHHBIMH)

(m

A kak BooOme BEIMIAAUT rpaduK JUHEeHHOro ypaBHeHns ax + by +
+ ¢ = 0?7 PaccMOTPHM KOHKPETHBIE CIIy4an.

1) Ilyetea =0, b=0, ¢ = 0. Torna ypaBHeHHe IPHHUMAET BUJ
0-x+0-y+0=0, 7. e. 0 =0 opu mobGLX 3HAYEHUAX X, Y. ITO
3HAYHUT, 4TO JobGaa mapa 4yucen (x; y) ABIAETCHA pellleHHeM ypaBHe-
HHA, a rpaduK ypaBHeHHA — BCA KOOPAWHATHAA ILJIOCKOCTh.

2) Ilyctea =0, b =0, ¢ # 0. Torna ypaBHeEHe NPHHUMAET BUJ
0-x+0-y+c¢=0,r.e.c=0. 370 He BHIOONHAETCA HU NPH KAKHX
3HaYeHHUHAX X, Y, T. €. yPABHEHUEe He HMeeT PelleHu.

3) Ilyers a = 0, b # 0. Torga ypasnenue npunumaet sug 0 - x +

+by+c=0,T.e.y= —% . I'pacduxom coryxuT npaAMas, napaiierbHas
ocu x, 06 3ToM MEI rOBOpHIIH B § 6.
4) Ilyers a 20, b= 0. Toraa ypasHenue npuauMaer sugax +0-y +

+te=0,1. e.x=—§.l‘pa¢nmumnpamaa,napannmaaaocny,

06 5TOM MEI TaKsKe roBOpHUIH B § 6.

5) Ilyers a #0, b# 0. B aTom ciryuae rpa¢uKoM ABIAETCA NPAMasd,
He mapasjieJbHAA HY OAHOH U3 oceil KoopAMHAT (KaK 270 GbLJI0 B npu-
Mepe 1).

Boo6me, cnpasefiuBa cleAyomas TeopemMa.

37



2. || JMHEMHAS ®YHKUMA

Ecnu xoms 6vt 0dun u3 xoagppuyuenmos a, b runei-
Teopema 1. | nozo ypasnenus ax + by + ¢ = 0 omauven om Hyas,
mo zpaguKom YypaeHEeHUR CAYICUM NPAMAR NUHUR.

II pu mep 2. Iloctpouts rpaduk ypasaerun 3x — 2y + 6 = 0.

v | Pemenue. Ilogbepem HeCKONIBKO pelleHHH
9 ﬁ 33IAHHOTO YDABHEHUSL:

4 1) (0; 3); B camom zene, eciu x =0, y = 3, T0
3:0-2-3 + 6 =0 — BepHOE PABEeHCTBO (B ypas-
Henue 3x — 2y + 6 = 0 ME HOACTAaBUIM 3HAYEHHUA
x=0,y=3);

2) (—2; 0); neiicTBRTENBHO, ec X = — 2, y =0, TO
3:(—2)—-2-0+ 6 = 0 — BepHOE PABEHCTBO;
3)(2;6);eciux=2,y=6,1703-2-2-6+6=
= () — BepHOe PABEHCTBO;
4)(4;9);eciux=4,y=9,703:-4-2-9+
+ 6 = 0 — BepHOe paBEeHCTBO.
P Ioctpoum Touku (0; 3), (— 2; 0), (2; 6), (4; 9) na
uc. 29 v
KoopAuHATHOH mirockocT XOy. OHU JiexxaT Ha Of-
HOH npsamoii, npoeefem ee (puc. 29). 9Ta npsaMas U ecTk rpaduk ypas-
HeHua 3x— 2y +6=0. ()

N2

.~

¥,

574

N =)
=] \\k

ey R

2
|

IIpumep 2 pemeH BePHO, HO, IPU3HAEMCS, OY€Hb HEPAITMOHANIBHO.
ITouemy? IlaBaiiTe paccy:xAaTh.

1. Mu1 3HaeM, 4To rpaMKOM JIMHEHHOINO YpaBHEHHUA
3x — 2y + 6 = 0 aBnserca npamMasda (dTO yTBEPXKAAETCHA B
Teopeme 1). UToGE IPOBECTH HTPAMYIO, AOCTATOYHO
atxnanae yKasaTh ABe ee TOYKH. Yepes Be TOYKH MOXKHO IIpOBe-
CTH OPAMYIO ¥ IPUTOM TOJBKO OAHY — BTOMY HaC yUUT
reomeTpus. IlosTOMY NOCTpOEHHEIE BHIIIE YETHIPE TOY-
KW — 3TO ABHBIH mepeGop. [locTarouHo 6BLIO mOCTPO-
uth ToukH (0; 3) u (—2; 0) ¥ ¢c moMOINbIO MUHEHKH PO~
BECTH Yepe3 HUX IPAMYIO.

2. Pemenns JAaHHOIO YPaBHEeHHA MEI NOAOHDAJH, T. €. YraAbIBAJIH.
¥Yraaarts uyTo-1u60 BCerjia TpyAHee, 4eM AeiicTBOBATh 10 OIpefeIeHHO-
my npasuiry. Hens3si i GLIO ¥ 37leck He yraJblBaTh, a AedCTBOBATE
mo kaxKomy-to npasuiy? Moxso. Hanpumep, Tak. [lagum nepemex-
HOM X KOHKpeTHOe 3HadYeHHe, Hanpumep X = 0 (o6mYHO mHUmIyT
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x, = 0). IloacTasus aTo 3HaYeHHEe B ypasHeHHe 3x — 2y + 6 = 0, moxay-
qum: 3-0—-2y+ 6 =0, 1. e. —2y + 6 = 0. 1z aT0oro ypaBHeHus Haxo-
mum: y = 3 (06eryHO MUmyT Y, = 3). 3HauuUT, ecau x =0, To y = 3; napa
(0; 3) — pemeHMe JAHHOI'O ypaBHEHHAH.

Janum nepeMeHHOI! X ellle OAHO KOHKPeTHOe 3HAYeHHe, HaNpuMep
x = — 2 (00bry#O MUmyT X, = — 2). IToacTaBUB 9TO 3HAYEHUE B YPAaBHEHUE
3x—2y + 6 =0, monyunm: 3-(-2) -2y + 6 = 0, T. e. —2y = 0. U3 310TO
ypaBHeHus Haxofaum y = 0 (o6bruHo muuryT y, = 0). 3HaunT, eciiu x = -2,
to y = 0; napa (—2; 0) — pelreHue JaHHOrO yPaBHEHHA.

BoT Teneps MEI B COCTOSHHH CHOPMYJIMPOBATEL AJNTOPUTM IOCTPOS-
HUA rpaUKa JMHEeHHOro ypasHeHud ax + by + ¢ = 0 (rge, HanmoMHEUM,
a, b, c — nwbuie yncaa, HO a # 0, b # 0).

'@ ™
AnroputM nocrpoenns rpadmuxa ypapHeHHs

ax+by+c=0,rmea#0,b0

1. IlpapaTe NepeMeHHOR X KOHKPETHOE 3HAYEHHEe X = X,; HAHTH u3
ypaBHeHHA ax, + by + ¢ = 0 cooTBeTcTBYIOIee 3HAYEHUE [ = Y/,.
IIpmpaTe nepeMeHHOM X IPYroe 3HAYEHUE X = X,; HAHTH U3 ypas-
HeHud ax, + by + ¢ = 0 cooTBeTCTBYIONIEE SHAYEHHE Y = VY,
ITocTponTer Ha KOOpAMHATHOM mockocTH xOy ToYkH (Xxy; Y,)
(X5 Ys)-

ITpoBecTH yepes aTH ABe TOYKH IPAMYIO — OHA M OyAeT rpadhrKoM
ypaBHeHM#A ax + by + ¢ = 0.

w

=

e

3ameHaHme. Yawe scero Ha nepeom Luare anroputma GepyT
3HaveHne x = 0. Bropoii Wwar uHoraa HEMHOrO H3MEHSAIOT: nona-
ratot y = 0 u HaxoaAT COOTBETCTBYIOLLEE 3HAYEHHE X.

IIpumep 3.Ilocrpours rpaduk ypasHeHUS
dx+3y—12=0.

P e w1 e u u e. Byzem pelicTBoBaTh o anroputMy (€ y4eTom same-
YaHuA).

1) IHonoxxum x = 0, IOACTABAM 5TO 3HAUeHHe B ypaBHeHHe 4x +
+3y-12=0, nonyuum: 4-0+3y—-12=0, 3y—-12=0, y=4.

2) Ionoskum y = 0, mozicTABMM STO 3HAYEHHE B ypaBHeHUe 4x + 3y —
~12=0, nonyuum: 4-x+3:0-12=0, 4x—12=0,x=3.
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2. JMHEMHAS ©YHKLIMS

Y A 3) IocTpoum HA KOOPAWHATHOM 1tockocTH xOy
aBe Touku: (0; 4) — oHa HalijleHa Ha IepBOM Imare
\ anropurma H (3; 0) — oHa HaiigeHa Ha BTOPOM IIare.
& 4) Ilposemem uepes Touxu (0; 4) u (3; 0) ops-
‘o MY10. 3TO U eCTh HCKOMEI rpaduk (puc. 30).

.
N -

IIpumep 4. Usavoe u IlerpoB mocagunu
Ha CBOMX CAJOBHIX yyacTKax a6goHu, npudem Iler-
[0) 3 "’; pos nocagui A6joss B 2,5 pasa Gonsmie, yem Hsa-
HOB. Ha ciepyiomuii rof OHH YBeJIWYHJIH YHCJO
#6108 (mOACAAMIN HOBHIE CAXKEHIIhI), IpHYeM
y UBanosa crano s6n0HE B 3 pasa Gosablue, yeM
6r1710, a y IleTpoBa B 2 pasa Goasbiue, yeM On1y10. B
UTOre y HUX BMecTe cTasyo 16 abimonb. CroabKo
A6noH nocaguayu Fsanos u Ilerpos B nepshIii rog?

/’

un

o
ﬁ’%
Q

Puc. 30

Pemenmne.

Ilepssiii aran. Cocmasnerue mamemamuyecKoii Modeau.

IlycTs x — 4uceno A6J10HL, NOCAXEHHBIX B epBuIi rog MBaHOBEIM,
a y — 4ucyo abJI0Hb, Moca’KeHHBIX B nepBhlii rof IlerpoesiM. Ilo yeio-
BHIO 3a1a4H Yy = 2,5x. 31ech Hejiecoo0pasHo YMHOKHTE 00€e YacTH ypas-
HEeHHUA Ha 2, moyuum: 2y = 5x. ITO ypaBHeHHE IepPeluIleM B BUJie:

5x—2y=0. (1)

Ha BTOpOI‘:l romg HsanoB YBEJIMYHJ YHCJIO caXKeHIleB Ha CBOeM y4acT-

Ke B 3 pasa, 4, 3HAQYUT, ¥ Hero ctano 3x aA6s0Hb. IleTpoB yBemuymn
YHCJIO CayKeHIIeB HA CBOEM yuyacTKe B 2 pasa, T. €. y Hero craio 2y

a6nous. Ilo yenosuio y o6oux B cymme crano 16 s6nons, T.e. 3x + 2y =
= 16. Ilepenuirem 3To ypaBHeHUe B Buje:

3x+2y—-16=0. (2)

MartemaTudecKas Mojenhb 3aJa4H roTOBA, OHA COCTOMUT U3 ABYX JIH-
HeHHLIX YypPaBHEHHH C ABYyMSA NIEPEMEHHEIMH X ¥ IJ — M3 ypasHeHmuix (1)
# (2). O6rIYHO B TAaKHUX CJydYasX YPaBHEHHA 3AIHUCHIBAIOT OAHO IIOK
APYTHM H HCIOJb3YIOT CIEHAJIbHEIN CUMBOI — QUTYPHYIO CKOOKY —
¥ CHeIUATbHBIA TEPMHH — CUCeMA YPABHEeHUIL:

bx-2y=0,
3x+2y—16=0. @)
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Bropoii aran. Pa6oma ¢ cocmasienHoil Modenvio.

HHTepecyromas Hac napa yuces (x; y) A0~ ] = s

Ha YAOBJETBOPATHL M ypaBHeHHIO (1), u ypasHe- I |
HHIO (2), T. €. MHTEpeCYIOmMAaa HAC TOYKA (X; i) AOJDK-
Ha JIeXKaTh KaK Ha npamoi (1), Taxk ¥ Ha npamoii N
(2). Yro menars? OTBeT OYEBHAEH: HAJO MOCTPO-
ATE npamyio (1), satem npamyo (2) u, HaKoHell, %
HAMTH TOYKY NepecedeHNs STUX MPAMBIX. AR CE

1) Crpoum rpaduk ypasHeHHsa 5x — 2y = 0. /

Eciu x =0, Toy =0; ecnu x = 2, oy = 5.
IIposemem yepe3 Touku (0; 0) u (2; 5) npamyio 1,
(puc. 31). /0

2) Crpoum rpaduk ypasnenus 3x + 2y — 16 = |
0. Eciu x =0, Toy = 8; ect x = 2, 70 y = 5.

IIposemem uepes Touku (0; 8) m (2; 5) npamyio [, Pac. 31
(puc. 31).

3) Ilpamete [, u [, nepecekarorcs B Touke (2; 5), T.e. x =2, y=5.

Tpetuii aran. Omeem na eonpoc sadauu.

CnpammnBaeTrcs, CKOJIBKO A6JI0Hb IOCAAUIN B IepBHI rox UBanos
u Ilerpos, T.e. yemy paBEH x U y? OTBeT HA 5TOT BONPOC YiKe IMOJY-
yeH: x =2,y = 5.

O T B e T: B nepsuiii roxg Usanos nocagun 2 a6roru, a Ilerpos —
9 A0M0HE.

Kaxk BuguTe, He 3psi MBI C BAMU YYHJIHCh CTPOMTH IPabUKH JIUHEH-
HBIX YpaBHEHHi ¢ ABYMSA IepeMeHHBLIMH. JTO IO3BOJIMIO HAM OT Of-
HOI MaTeMaTHYecKOH Momenu (anrebpandeckoil mozenu (3)) nepeiiTu
K Jpyroii MaTeMaTH4eCKOH MOJAEeNH — reOMeTpHYecKoil (IBe IpAMEIe
Ha KOOPAMHATHOM IJIOCKOCTH HA PHCYHKe 31), UTO W Jajio BO3MOMK-
HOCTE JOBECTH PellleHHe 00 KOHIA.

A MoxHO Jqu paboTaTh HEIOCPEeACTBEHHO ¢ Moje-

o

ZaoR

an

1Y A oY

Do

ab10 (3), He mepexoAs K reoMeTpU4YecKoM mMoaenu?
MoxHo, HO 06 3TOM peun Buepeau, B riase 3. Tawm,
Jt::'w HUCIOJNBL3ys HOBHIE 3HAHUA, MBI CHOBA BEPHEMCH K MO-
nmeiu (3).
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2. || JMHEMHAS ®YHKLMS

§ 8. NMHEMHAS ®YHKUMS M EE TPAGMK

AnropuTM mocrpoeEusa rpaduka ypasHeHHs ax + by +
+ ¢ = 0, xoTopEIH MBI chopMmypoBaiu B § 7, Ipu Bceil ero Y4eTKOCTH U
onpefesIEeHHOCTH MaTEMATHKAM He OYeHb HpaBuTcs. OGRIYHO OHU BHI-
ABHUraloT NPeTeH3UH K NEPBLIM JBYM IIaraM aJIrOPpUTMAa. 3a4eM, TOBO-
PAT OHH, ABAXKJHI PelllaTh ypaBHEHHUe OTHOCHUTENLHO epeMeHHOl J: cHa-
yana ax, + by + ¢ = 0, satem ax, + by + ¢ = 0?7 He snyume nu cpasy
BEIPasHTh Yy U3 ypaBHeHus ax + by + ¢ = 0, Torga neruye Gyaer nposo-
JUTH BEIYUCIEHHS (4, IIaBHOE, OuicTpee)? [laBaiiTe mpoBepuM.
PaccmoTpum cHavyana ypasHeHue 3x — 2y + 6 = 0 (cM. npumep 2
uz§ 7), r.e. 2y=3x+6.
1

1
VYMHOxKUB 00€ YaCTH ypaBHEeHUA Ha 3 » moTyuuM: o -2y=

5 (3x +6),

B | =

3
T.e.Yy=35X% + 3 . BopodeMm, TOT 3Ke Pe3yJILTAT MBI OJYy4YHIH Obl, ecin

661 006e YAaCTH MCXOAHOIO YpaBHEHHA MOYJEHHO pasfelu]H Ha 2.
O6BIYHO NPEeANOYHUTAIOT B NOAOGHKX CAYYAAX IMOBOPHTE He 06 YMHO-
JKEHHHM, 8 0 NOUJICHHOM JieJieHUH 06eHx JacTell ypaBHEHUA HA OJHO H
TO K€ YUCJIO.

3
HUrak, y = §x+3.

IIpupaBasi x KOHKpPETHHIE 3HAYEHHA, JIETKO BRIYHCIHATH COOTBET-
cTByIOIue 3Havenus y. Hanpumep, npu x = 0 monyuaem y = 3; npu
x =-2umeem y = 0; npu x = 2 umeem y = 6; npu x = 4 nosygaem y = 9.
BuauTe, Kak Jerko u 6sicTpo HaiimeHw ToukH (0; 3), (—=2; 0), (2; 6) u
(4; 9), KxoTophle OLLIIH BEIIEJIEHE! B npuMepe 2 u3 § 7.

TouHo TaK e ypasHernue 5x — 2y = 0 (cm. npumep 4 u3s § 7) mosxHO
Gb10 mpeoGpasoBaThk K BHAY 2y = b5x u gasee y = 2,5x; HeTPyAHO
Haittn ToukH (0; 0) u (2; 5), yHoBIeTBOpPAIOINUE 3TOMY YPaABHEHHIO.
Haxonen, ypasHenue 3x + 2y — 16 = 0 13 Toro e nmpumMepa MOKHO

3
6bLT0 npeobpazoBats K BUAy 2y = 16 — 3x 1 ganee y = 8 — 2% Hs

aToro ypaBHeHus MoXHO Haiftu Toukm (0; 8) u (2; 5), xoroprie emy
VIOBJIETBOPAIOT.
PaccmoTpuM Teneps ykazaHHbIe TpeofpasoBaHus B 06mieM BHe.
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2. NUHEMHAS ®YHKUMS

Ciryuau, Koraa B ypasHeHuu ax + by + ¢ = 0 o6a koaddpunuenTa a,
b paBHEI HYJIIO, MBI paccmoTrpenu B § 7. Tam e MBI orMeTHIH, YTO B
cny4ae, korga a # 0, b = 0, rpaduKoM ypaBHEeHNA ABJIAETCHA NpAMad,
napaJjiesabHas ocH Y.

Paccmorpum ciaydaii, koraa b # 0.

HNmeem:
ax+by+c=0; (1)
by=-ax—-c;
SR ..
y——bx— -5.

a
Beegsa obosHaueHHA — 5= k, —-% = m, noJiy4yaem:

y=kx+m.

Taxkum obpasom, auHeilnoe ypasrerue (1) ¢ dey-
MA nepeMeHHbIMU X U Y 6 cayuae, kozda b # 0, moxcHo
: npeobpasoeamse Kk eudy
BHUMANHUE y= kx + m, (2)

20e k, m — yucaa (koagpuyuenmot ).
9TO YACTHBIH BUJ JUHEHHOTO ypaBHeHHUs. 3HAA,
4YyeMy paBeH X, IO NpaBmiy Yy = kx + m Bcerga MOXKHO HaiiTH, 4eMy
paBeH y. Bynem HasuBaTh ypasHeHHe (2) auEeiinol pyHEKIMei.

C nomomeio ypaBHeHu (2) JIeTKo, yKa3aB KOHKPETHOE 3HAYeHUe X,
BBIYMCIUTE COOTBETCTBYIOIlee 3HadyeHue y. IlycTs, Hanpumep, y =
=2x + 3. Torgpa:

ecmx=0,Toy=3;
eccimx=1,Toy=>5;
ecmmx=-1,Toy=1;
ecmux=3, Toy=9uT. 1O.
O6EIYHO 3TH Pe3yJbTaTH 0hOPMIAIOT B BHAE TabIHUIbI:

x| o] 1 ]-1]3
yI3|5|1|9

SHAYEHHA Y U3 BTOPOI CTPOKM TAGIMILI HASKIBAIOT SHAYEHUAMU
Auneiinoil pynryuu y = 2x + 3 coorsercTBeHHO 8 moukax x =0, x =1,
x=-1,x=3.
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B ypaBHennu (1) nepeMeHHEIE X U  PABHONPARBHEI,
a B ypaBHeHHH (2) — HeT: KOHKPeTHble 3HAYEHUA MBI
npujaeM ofHOH M3 HUX — INEepeMeHHOH X, TOrfa Kak
3Ha4YeHHe NepeMeHHOH y 3aBHCHT OT BHIOpaHHOIO 3Ha-
YyeHUA nepemeHHOM X. IToaTomMy 0OGBIYHO TOBOPAT, YTO
X — He3aBMCHMMAA NepeMeHHad (MJIM aprymMeHt), y —

He3aBHCHMAaR

nepemeHHan
e 3aBHCHMas IepeMeHHad.
YacTHEIM ciyuaeM TeopeMsl 1 us § 7 apnaercs cie-
33BHCHMAR Ayomas TeopeMa
nepemexHas )
nuHesiHas Teopema 2. I'pajuxom nuneinod pynHryuu
yHKUHS y=kx+m sensemca npamas.
rpagmk
NMHENHOH II p 1 m e p 1. IlocTpouts rpaduk auHeiHON QyHK-
PyHHUMM nuu y = 2x + 3.
P e n1 e H u e. CocTasum Tabauny:
x | 0 | 1
v| 3]s

ITocTpoum Ha KoopauHaATHOM mIocKoeTH xOy Toukn (0; 3) u (1; 5)
¥ IIPOBEZiEM Yepe3 HUX NPAMYI0. 3TO H ecTh rpaduK JuHeHHON QyHK-
ouu y = 2x + 3 (puc. 32). (m

MHuorue peasibHEIE CUTYAIUHM ONMCHIBAIOTCA MATEMATHYECKIMU MO~
JeJAMH, IMPeACTABIAIIMUMEA coboil JuHeiiEble dyHEKIuU. IIpuBegem

IpPUMEpBHI.
A ITepeéas cumyayus. Ha cknage 6b110 500 T
/ yria. ExxegHeBHO crayam nmoaBosuTs mo 30T yrosa.
/ Cxonbko yrasa 6yaer Ha cKiage dyepes 2, 4, 10 grei?

Ecowm mpoiifer x gHei, TO KOAUYECTBO Y YTIA
Ha cKJaafle (B TOHHAX) BHpasuTcA GopMymnoi

an

%3 y = 500 + 30x. Takum obpasom, MuHeHASR QYHK-
% musA y = 30x + 500 ecTs MaTeMaTH4YecKad MOJENb
gt CHTyamuH.
{ 7 Tol 1 ‘:; Tenepb HETPYAHO YCTAHOBUTD, YTO:
7 npu x = 2 umeem y = 560 (8 ypasaenue y = 30x +
+ 500 moacrasunu x = 2 1 noayuuiu y = 560);
npu x = 4 umeem y = 620;
Pue. 32 npu x = 10 umeem y = 800.
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Bmopas cumyayusn. Ha cknaje 6u1510 500 T yras. ExxensesHo cTa-
au yBo3uTk 10 30 T yrasa. Ckonbko yrusa Gyzer Ha ckiafe depes 2, 4,
10 pHeii?

31eck MATEeMATUYECKON MOJENLIO CUTYAIMM SBJISeTCH JUHeHHAas
¢yaxnua y = 500 — 30x. C momombIo 3T0i MOAies I HeTPYAHO OTBETUTH
HAa BOIPOC 3aJa4M:

ecau x = 2, To y = 440 (8 ypasHeHue y = 500 — 30x moxcTaBHIH
x = 2 1 nosyunnu y = 440);

ecan x = 4, To y = 380;

ecau x = 10, To y = 200.

Tpemvsa cumyayusn. Typucr npoexas Ha aBTobyce 15 kM oT nyHK-
ta A o nyHKTa B, a 3aTeM NPOJOJIKHUJI ABHKEeHHE U3 TYHKTa B B TOM
JKe HalpaBJIeHHH, HO yKe IeNIKOM, CO CKOPocThIO 4 KM/u. Ha Kaxkom
paccTOSHHUHM OT NYHKTa A Oyaer TypUcT depes 2 4, Yepes 4 4, yepe3 5 4
xoas661?

MaTeMaTHYeCKON MOAENBIO CUTYallMH SBJIAETCS INHeHHaA QYHKITUA
y =15 + 4x, rge x — Bpemda xoAs0k! (B yacax), y — paccTosHHe oT A
(B kunomerpax). C moMOmIBI0 9TOM MOZIeIV OTBEYaeM Ha BOIIPOC 3a1a9H:

ecnu x = 2, Toy = 23 (B ypaBHeHMe y = 15 + 4x noacrasuim x = 2
u nony4uan y = 23);

ecmu x =4, 1oy = 31;

ecau x = 6, To y = 39.

Hrak, B KaXA0H U3 PACCMOTPEHHBIX CUTYANUi Ma-
TEeMAaTHYECKOH MOJAENEI0 CIYXHUT JIMHEeHHAA QYHKINA.
Ho (BHmMMaHue!), cTporo rosops, Bce TPH COCTaBJIEH-
HEIE MOJIeJIM He COBCEM TOYHEI, OHH He YUHTHIBAIOT TeX
OrpaHHYEHHUH HA NepeMEeHHYI0, KOTOPHIE BRITEKAIOT U3
CcMEICJIa 3a7auyd. Belws fiCHO, YTO B IEPBOH cHTyamuu
HesaBHCHMAas TIepEMEHHAA X MOKeT NPHHUMATH TOJBKO 3HaYeHus 1,
2, 8, ..., IOCKONBKY X — 4uucyo AHeit. CregoBaTeslbHO, YTOYHEHHAA
MaTeMaTHYeCKasa MOJeJb IepBOi CUTYyaluy BRITJAAHAT TaK:

y = 500 + 30x, rae x — HaTypaJbHOE YHCJIO.

Bropyio curyanuio Heobxoaumo yTouHMTH yciaosueMm y = 0. 9ro
3HAYUT, YTO HE3ABUCHMAS IIepeMeHHas X, 0003HAaYammas, KaKk U B
NepBOl CUTYyalH, YUCJIO JHEeH, MOXeT NPHHUMATE TOJIBKO 3HAUEHHA
1, 2, 8, ..., 16. [leiictBuTensHO, ecyu x = 16, To M0 dopmyne y = 500-
- 30x maxoaum: y = 500 — 30 - 16 = 20. 3nauut, yxe Ha 17-i feHs
BEIBe3TH co ckaaga 30 T yris He ypacTcs, NOCKOJBKY Ha CKIafle K

GHUMANNE
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3TOMY AHIO ocTaHeTcs Bcero 20 T M mpoliecc BHIBO3a YIVIA NPUAETCH
npekpatuTh. ClenoBaTelIbHO, YTOYHEHHAS MaTeMATHYECKas MOJAENh
BTOPO# CHTYAIIMH BHITJIAAUT TAK:
y=500-30x, y = 0 mim
y=500-30x,raex=1, 2,3, ..., 16.

B Tperheil cuTyanumu He3aBUCHMAaSA NEPEeMEeHHAA X TEOPEeTHYECKH
MOJKeT IIPUHATE JII060e HeoTpunaTe/bHOe 3HaYeHne (x =0, x =2, x = 3,5
M T.1.), HO OPAKTHYECKH TYPUCT He MOJKeT LIAraTh ¢ NOCTOAHHOH
CKOpOCTBIO 6e3 CHA M OTABIXA CKOJIBKO YIOJHO BPpeMeHH., 3HAYHUT, HAM
HY>HO OBLIO cAielaTh pasyMHEIE O'PAHIMYEHAA Ha X, cKaxeM, 0 <x <6
(T. e. TypucT uper He GoJyee 6 4).

HanomMHUM, 4Y4TO reOMeTPHYECKOH MOeNbio

—edusiie—»  gecrpororo ABoitHOTO HepaseneTsa 0 < x <6 cary-

0 6 suT orpesaok [0; 6] xoopauraTHOH npaMoil

Puc. 33 (puc. 33). 3HaYUT, YTOYHEHHAS MOZIEJIb TPEeThel

CHTYaOHM BHINVIAAHUT Tak: y = 15 + 4x, rie X IPHHAAJIEKUT OTpPeE3-
Ky [0; 6].

YcnoBuMca BMecTO (Gpashl «X NPHHAMJIEKHT MHOMXKecTBY X»
mucath X € X (YUTAIOT: «3JIEMEHT X NPHHAIJIEXKUT MHOXecTBY X»,
€ — 3Hak npuxradnexcrocmu). Kak Buaure, Hanle 3HaKOMCTBO C MaTe-
MATHYECKHM f3BIKOM IOCTOAHHO NpojoJkaercsa. MHOMXeCTBO HATY-
PaIBHEIX 9Hcen o0sI9HO 0603HaYaT OyxBoi N. 3HaunT, BMecTO (hpassl
«X — HATYPAJIBLHOE YHUCJIO» MBI MOYKEM HCIIOIb30BATH COOTHOIIEHMe X € N.

Ecnu nuneiiHyo GyHKOUIO y = kx + m Hajo paccMaTpuBaTh He
IIPY BCeX 3HAYEHHUAX X, & JHIIE AJIfA 3HAYEHUH X U3 HEKOTOPOTrO Yuc-
JIOBOTO MHOKecTBa X, TO IIUIIYT:

y=kx+m,xeX.

A Teneps zanuirem §ojsiee TOYHBIE MATeMATUYECKUe MOMAENH JJIA
paccMOTPEeHHEIX BHIINE TPEX CHTYAI[HHA.

Ilepeas curyanusa: y = 500 + 3x, x €N.

Bropas curyanusa: y = 500 — 3x, x {1, 2, 3, ..., 16}.

Tperba curyanusa: y = 15 + 4x, x €[0; 6].

IIpumep 2. IlocTpouts rpaduK NUHEHHOH QYHKIUM:
a)y=-2x+1, xe[-3;2]; 6)y=—-2x+1, xe (-3; 2).
Pemenue. a) Cocrapum Tabauny Ags JUHeHHOH (QyHKIUHE
=-2x+1:
MEIR

y' 7|+3
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2. Il NMHEMHAS ®OYHKUMS

[ 1 lvA [ T VA
L\é_’ { I {
ey
\ \\
S ]
k \v"f)
1 1
> N1 2 | \ 12
x -3 O "x -8 ol \/ “xl
Ll LN i
. i R |
Puc. 35 Puc. 36
-3 0 2 «x
Puc. 37

IMoctpoum Ha koopauHaTHOH miockoctu xOy Touku (—3; T) u
(2; —3) u mpoBeieM Yepe3 HUX NPAMYI0 JHHHIO. ITO — rpadHK ypas-
Henus y = —2x + 1. [lanee, BLIIEIUM OTPE30K, COEAHUHAIOMMI ITOCTPO-
€HHBIe TOYKH (pHc. 34). 3TOT OTPE30K U eCcTh rpadMK JIHHEHHOH QYHK-
man y=—2x+ 1, rpe x € [-3; 2].

OGBIYHO IOBOPAT TAK: MBI IOCTPOUJIM rpaduK NuHeHHON QyHKIIUN

= - 2x + 1 Ha orpeske [-3; 2].

6) Yem orsimuaercs aTOT mpumep OT upeamayinero? JIumeiinas
dyHKIMA Ta ke (y = —2x + 1), 3HAYUT, U ee rpAGUKOM CIIYKHT Ta e
npamas. Ho — GyAbTe BEUMaTeNbHB! — HA 3TOT pa3 x € (—3; 2), T. e.
SHaYeHUsA X = —3 ¥ X = 2 He PACCMATPHUBAIOTCH, OHHM HE IPUHANJIEHKAT
uHTepBaNy (—3; 2). Kak MBI OTMeYaid KOHIHI HHTEPBAJa Ha KOOpAH-
HaTHOI mpsAMoi? CeeTimiMM Kpyx»oukamu (puc. 37), 06 3TOM MHI ro-
Bopunu B § 5. Touno Tak ke u Touku (—3; 7) u (2; —3) mpugerca
OTMeTUTL Ha 4YepTeKe CBETJBIMH Kpy)KouKamu. ITo OGyAeT HamoMHu-
HaTh HaM O TOM, uTo GepyTCs JIUIIL Te TOYKH mpAMo# y = —2x + 1,
KoTophie nexar MexJy TOYKAMH, OTMEYeHHBIMH KPYKOYKaMu
(puc. 35). Bnpouem, uHOrAa B TAKMX CJOydasX HCIOJB3YIOT HE CBeT-
JIble KPYXOouKH, a cTpeary (puc. 36). ITo HeNPUHIMINAILHO: IJaB-
H0e — nonumars, 0 yem uer peys. (]
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NUHEMHAS DYHKUWSA

llpuMmep $. HauTu HauboJabllee y

=1
-

HaMMeHbIIlee 3HAYCHHUA JHHeHHOH QYHKI MY

.\:’

y= %x+4ﬂa orpeske [0; 6].

Pem e H ue. CocraBum Tabauny ans

[

1
JHeNHONH QYHKIHNY | = 3% + 4:

T&e

6 x| o 6
y| 4| 7

Puc. 38

ITocTpouM Ha KOODAWHATHOM ILJIOCKOCTH

x0y Touku (0; 4) u (6; 7) 1 npoBesemM Yepes HUX NMpPAMYI0 — rpadux

JIUHeHHOHR QYHKIHY | = % x + 4 (puc. 38).

Haubonbwee
3HEYEHHE
NHHEHRHOH
PyHKLpH

HaHMeHbLIee
3JHavyeHne
NHHEAHOH

PyHKLMH

Ham Hy>HO paccMOTpeTh 3Ty JHHEeHHYI0 QyHKIHUI0
He IEJUKOM, a Ha orpeske [0; 6], T.e. ana x € [0; 6].
CooTBeTcTBYIOIHI OTPe30K rpaduKa BhIZIeJIEH Ha Yep-
Texe., 3amedaeM, 4To caMas Gosbiuas OpAMHATA Y TO-
YeK, MPHHAJIEKAIINX BRIeIeHHON YacTH, paBHa 7 —
3TO U eCTh Hauboabllee 3HAYeHUe THHEeNHON QYHKIMH

= %x + 4 ua orpeske [0; 6]. OGBYHO HCIONB3YIOT

TAKYIO 3aITUCH: Yo = 7-

3ameuaeM, 4YTO camMasd MaJieHbKAasa OpPAUHATA Y TO-
4eK, MPUHAMJICHKAIUX BbIAeJIeHHOM Ha pHcyHKe 38 ua-
CTH IPAMOI1, paBHA 4 — 3TO U eCTh HAUMEHbLLEE 3HAYEe-
Hue TUHeHHOH QYHKIuY i = % x + 4 Ha orpeske [0; 6]
OG6GEIYHO MCTIONB3YIOT TAKYIO 38IUCH: Yoo, = 4.

Orsem Yuau. = 7, Yoaum. = 4.

INpumep 4. Haiitu y,,.6 ¥ Yy, ATA JTUHeHHOH QyHKIUM
y=-1,6x+ 3,5:

a) Ha otpeske [1; 5]);

6) Ha uaTepBane (1; 5);

B) Ha nonyunTepsade [1; 5);

r) Ha ay4e [0; + 0);

z) Ha jyde (—oo; 3].
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A
(T AL y
et &—\rw\
e il N J\ X
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il 9_ 1 5 X O 1 ??— x
::’: \\ \\
BEY 4 v
T || y9—1,5k 4 3,5 ‘,f=—],5l:'+3_,13
Puc. 39 Puc. 40

Peme H 1 e. CoctaBum Tabaunmy piaa JuHeiHON QyHKOHH
y=-1,5x+3,5:
x| 1|5
v| 2 [-4
TocTpouM Ha KoopauHATHOM muiockocTy xOy Touku (1; 2) u (5; —4)
¥ TIpOBeieM Yepe3 HUX npamyio (puc. 39—43). Beizenum Ha nOCTPOEH-
HO¥ NMPsAMOIT YaCcTh, COOTBETCTBYIOLIYIO 3HAYEHHUAM X U3 orpeska [1; 5]
(puc. 39), us unrepsana (1; 5) (puc. 40), us nonyuntepsana [1; 5)
(puc. 41), us nyuqa [0; + o) (puc. 42), us sy4a (- co; 3] (puc. 43).

[ ]y vk
Eaa \\
sk | 3,54,
PN AN
. 1
- b ¥ \ s
| o] 1 50 | |x ol 11 v x
'
1 | ] 2
——d4 ]| b
— 1 N
L1l 1| | y=-1,5x+3,5
Puc. 41 Puec. 42
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2. || JUHEMHAS DYHKUKS

a) C momoIIpio pCyHKa 39 HEeTPYAHO CHEJATh BBIBOJ, UTO Y,..c = 2
(aroro sHaueHus JUHeHHAsA QyHKUUA JocTUraeT Ipu X = 1), a Y. = —4
(aroro sHaueHHA NUHelHAA QYHKIUA NOCTUTAET IPH X = 5).

6) B oTnuMe OoT NpeARIAYIIErO CIy4Yas, 06a KOHIa OTpe3Ka, B KOTO-
PEIX KK pa3 H JOCTHIaJHCh nanﬁommee H HaHMMEHLbIIIee 3HAYEHHHA, 13
paccMoTpeHUA HCKIIoYeHH! (puc. 40). Cpeau ocTaabHBIX TOYeK rpaduka
HeT HY TOYKH C HAMMEHBINeH opAuHATOH, HY TOYKH ¢ Haubosabniei op-
AuHATON. 3HAYMT, HUM HaAWGONBIIEero, HYM HAMMEHBIIEro 3HAYEHMIH HA
3aJJaHHOM MHTEpBaJIe Y JaHHOH JIHHeNHON (QYHKIUH HeT.

B) C momombio pucynka 41 sakiodaeM, 4TO Y,... = 2 (KaK u B
IepBOM CIIyuae), a HaMeHbIIIero 3HaYeHHA Y JINHeHHOH QYHKIIUHN HeT
(Kax ¥ BO BTOPOM ciy4ae).

I) Youws. = 3,5 (9TOr0 3HaYeHNA NHUHEHHAA QYHKIMA JOCTUAET IPH
x=0), 8 Y, HE CymecTByeT (pHc. 42).

Z) Yuume. = —1 (3TOTO 3HAUEHNA NHHeliHAA QYHKIMA JOCTUraeT IIPH
x = 3), & Y. HE CYIIECTBYET (PHC. 43). @

IMIpumep 5. IocTpours rpaduk JIHHEHHOH QYHKInn
y = 2x — 6. C nomo1nnio rpaduKa OTBETUTE Ha CIEAYIOIHe BOIIPOCHI:

a) npu KaxKom 3Hadenuu x 6yger y = 0;

6) npu Kaxkux sHadYeHUAx x 6yzer y > 0;

B) OIpH KAKHX 3HaYeHUuAX x Oyger y < 0?

P e 11 e H 1 e. CoctaBuM Tabymay A uHEeRHOH GyHKnum iy = 2x — 6:

x| o | s
-6 | 0
y [ ]
Wil € ©
N\ /!
\ o
3.& 1 f
S/
1 N\ o 1 | x
o1 \ﬂ@ /
N
y=-1,5x+ 3,5 /
-6,
|
Puc. 43 Puc. 44



2. JMHEMHAS ®YHKUMS

Yepes Touku (0; — 6) u (3; 0) mpoBegem npsamyio — rpaduk TuHeH-
go#l pyrKONH y = 2x — 6 (puc. 44).

a) y = 0 npu x = 3. 'paduk mepecekaer ock X B TOUKe X = 3, 3TO M
eCTh TOYKA ¢ opauHaroi y = 0.

6) y > 0 opu x > 3. B camom zene, ecau X > 3, TO COOTBETCTBYIOLIAA
yacTh IIpﬂMOﬁ pacnoJsioyeHa B bl III € OCH X, 3HAYHT, OPOAHHATEI COOT-
BETCTBYIOINHUX TOYEK INPAMON MOJOMX HTe JJbH B

B) y <0 opu x < 3. B camom aee, ecnu x < 3, TO COOTBETCTBYIOIAA
yacTh IPAMOI PACHOJIOKEHA H H 3K € OCH X, 3HAYHUT, OPAUHATHI COOT-

BETCTBYOIIHX TOYEK IIpHMOﬁ’ OTpHIATEJI b HH. =
L

O6paruTe BHUMaHHE, YTO B 3TOM NPHUMEPE MH C
IIOMOINBIO rpaMKa permnim:
3 a) ypaBHenue 2x — 6 = 0 (monyuunu x = 3);
ofipamume 6) HepaBeHCTBO 2X — 6 > 0 (moTyuunu x > 3);
GHUMANIE
B) HepaBeHCTBO 2x — 6 < 0 (mosryunnu x < 3).

3ameyaHHe. B pycckom asbike HacToO OfMH M TOT e OB beKT
Ha3bIBalOT MNO-Pa3’HOMY, HaNPHMMEP: «O0M», «3[aHHME», «CO-
OpYyeHue», «KOTTemm», «ocobHak», «Bapak», «xubapa»,
«n3bylukan. B maremarinueckom n3bike CHTyauus NPMMEPHO Ta
we. Ckaxxem, PaBeHCTBO C ABYMSA NEPEeMEHHbIMK ¥ = kx + m,
raoe k, m — KOHKDETHBIE Y4MCNA, MOMHO Ha3BaTb NMMHEMHOM
hYHKUMEH, MOMHO HA3BaTb NMHEWHLIM YPaBHEHMEM C [BYMS
MEPEMEHHBIMM X M y (MNK C ABYMSA HEM3BECTHBIMHU X M ), MOXK-
HO Ha3BaTb (POPMYNOH, MOMHO HA3BATb COOTHOLUEHUEM, CBSR-
3bIBAIOLMM X M Y, MOXKHO, HAKOHEL,, Ha3BaTb 3aBUCHMOCTLIO
MEXAY X M ¥. ITO HEBAXKHO, FMaBHOE, NOHUMATB, HTO BO BCEX
cnyuasx peys MAET O MaTeMaTHUECKoH mogenu y = kx + m.

PaccmoTpuMm rpaduk nuHeiiHOH GYHKINH, N300pa-
JKeHHBI Ha pucyHKe 45, a. Eciu ABHraThcd 10 3TOMY
rpadHKy cjeBa HaIpaBo, TO OPAWHATEI TOYEeK rpaduka
BCe BpeM# YBEJIHMYMBAIOTCHA, MBI Kak OBl «IOJHIMaeMCH
B rOpPKY». B TaKuX ciriy4asx MaTeMaTHKH YIOTPe6IA0T
TEepMHUH 603paACMAaHUe ¥ rOBOPAT Tak: ecau k > 0, mo
Aunelinan pynxyun y = kx + m éospacmaem.

PaccmoTpum rpaduk JTuHEERHON QYHKIUH, U300paskeHHBIH Ha PU-
CyHKe 45, 6. Ecau asuratbesa mo aTomy rpauky ciesa Hanpaso, TO
OPAMHATH TOYeK rpadMKa Bce BpeMs yMEHLIIAIOTCH, MBI Kak Owl

BO3pacranue
yBuiganme
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Puc. 45, a Puec. 45, 6

«CIIYCKAEMCH C TOPKH». B TAKHX CJIyYafgX MATEMaATHKH yIoTpebasaioT
TepMUH YyObléaHUue B TOBOPAT Tak: ecau k < 0, mo nuneinan gpynx-
yus y = kx + m y6vieaem.

§ 9. NMHEMHAS ®YHKUMS y = kx

IIpu paccMOTpeHHH NUHEAHKIX QYHKUU ¥ = kx + m oco6o
BEIIEJIAIOT cyiyyaii, korma m = 0; Torga JuHeiiHasa QYHKIHUA IPHHU-
Maer BUA Y = kx.

I'pagurom nuneinod ¢pynxyuu y = kx aenaemca

Teopema 3.
npamaf, npoxodauan wepe3 Havano Koopdurnam.

HDoxasaTensbcTsBo. OcymecTBUM ero B IBa sTana.

1. y = kx — 4yacTHBIH ciTyyail TMHEHHOH QyHKIMH, a rpadUKOM JH-
HeiiHO# QyHKUMM ABIseTCA MpaAMasn (o Teopeme 2); 0603HAYUM ee yepes L.

2. ITapa x = 0, y = 0 ynoBieTBOpAET YpaBHEHHIO Y = kx,
a moromy Touka (0; 0) npunagnesxur rpaduKy ypaBHeHHA
y =kx, T. e. npamoii [.

CrnenoBarensHO, npsaMas | MpoXoAUT depe3 HAYAIO KOOPIHMHAT.
Teopema gokaszaHa.

Hazmo ymMers mepexofuTh He TOJBKO OT AHAJIUTHYECKOH MOMAENIH
Y = kX K reoMeTpHYECKO#, HO ¥ OT reOMETPHUYECKON MOJE/IH K aHAJIHN-
THdeckoi. PaccmorpuM, Hannpumep, OpAMYIO HA KOOPAWHATHOM ILIOC-
kxoctu xOy, usobpakennyio Ha pucysake 46. OHa sBiasierca rpadukom,

52



2. || NMHERHAS DYHKLMS

suHeHHOM QyBEKIuM y = kX, HY)KHO JUIIL HAWTH 3HaueHHe K03(dU-
nueHTa k. Tak kak k = % » TO JOCTATOYHO B3ATH J100YI0 TOUKY Ha IIpH-

Mo ¥ HaliT¥ OTHOIIeHMe OPJIMHATHI 3TOM TOYKH K ee abcumcce. [Ipamas
MPOXOAUT Yepes Touky P(3; 6), a nia aTOi TOUYKH HMeeM: g- = 2. 3Ha-

yur, k = 2, a noTomy 3aflaHHAA NPAMAA JUHUA CIYKMUT rpadurom
NUHEeHHON QYHKUHUH y = 2X.

I'padpux nuneiinoit pysxnun y = kx oOBIYHO CTPOAT Tak: GepyTr
104Ky (1; k) (ecau x = 1, To U3 paBeHcTBa Yy = kX HAXOAUM, 4TO Y = k)
¥ IIPOBOAAT IPAMYIO Yepes 3Ty TOYKY U HaYasio KOOpAMHAT. Bropouem,
B cliyuae Heob6xoaumocTH TOUKY (1; k) MOKHO 3aMEeHUTH APYro# Tod-
Koi1, 6osee ynob6Hoii. Ha pucyske 47 uzoGpaskeHbl rpaMKH JTHHEHHBIX

dysroui y = x (npamas L), y = 2x (npamas 1),y = %x (upamas lg;

3fiech He 04YeHb YA00HO GpaTh TOUKY (1; %) » MBI B3AJIM TOYKY (3; 1)),

y=-2x (upamas l,).

OGpaTHuTe BEHUMAaHKE: OT K0a(ddunuenTa k 3aBUCHT YroJi, KOTOPHIHA
MOCTPOEHHAA NpAMas o6pasyeT ¢ MOJIOKUTENBHBIM HAIpPaBJIEHHEM
OCH X; 3aMEeTHM, 4YTO 3TOT YI'0JI OTCUMTHIBAIOT OT OCH X B HANIPABJICHUH
OpOTHB uacoBoil crpenku. Eciau kB > 0, To aTor yron ocmpbsiii (Tak
obcrour geno Ha puc. 47 ¢ npameimu [, I,, I5); ecnu k < 0, To aTOT
yron mynoi (taxk o6cTouT Aeso Ha puc. 47 ¢ npamoii 1,). lanee, ecim

k > 0, To yem Goswire k, Tem Gosbiie yroa. Tax, Ha pucyHke 47 nns

YA vA YA
y=2x| |,
6 y =—Zx 6 I
\ T T T /LT
E o LI
i 4T/
I 2 D) / y=gzx | |« 3 |
l] ] 1 = Q; 1 ¢ ¥
J | '9) '/ e 3 R .
Lo 13 x|, =71 |3 = /3l 10 1/12 | x
- 3 \ ;
- L7 f2 R
|| 1/ NI, 13
Puc. 46 Puc. 47 Puc. 48
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npsamoi [; umeem k= %, AN npsamoii [, uveem k = 1, ans
mpsamoii [, umeem k = 2; npu yBenudeHun KoahdunueH-
Ta k yBeJMYHBaeTCA X YroJ MeKAy IPAMOM M IIOJIOMKH-
TeNbHBIM HanpagpieHHeM ocu abenucc. ITosromy koad-
yrnosoi ¢unuenT k B sanucH y = kx HaskIBAIOT YIIIOBBIM K03gh-
Koagppryment (umeETOM.

Ha pucyHke 48 usobpaxennl rpaduky JUHEeHHBIX QYHKIHH
y=2x -4, y=2x + 6. O6a oHn napaieNbHE rpaQUKy JHHeHHOH
dyaxnuu y = 2x, Tonsko nepeas npamasn (y = 2x — 4) noxydaercs us
npAMOii y = 2x cIBMroM B H M 3 Ha 4 eguHHOEI MaciuTaba, a BTopas
npamad (y = 2x + 6) nonyyaercs U3 TpaAMoit y = 2x CABUIOM BBE D X
Ha 6 eguENn MacmTaba.

Copasepgius cieayomuit o6uil peaysbTaT, KOTOPHIH MEL odop-
MHM B BHJIe TEOPEMEL.

IIpamasn, cnyrscawan zpadpurxom nuneinold pynryuu
Teopema 4. | Y = kx + m, napannenvria npamoi, cayxawei zpa-
Puxom nuneinoil ¢pynxyuu y = kx.

BeneneTBHae 3TOr0 KoadHIHUEeHT k B 3anucH JUHeHHOH QyHKIHN
y = kx + m TaxKe HA3LIBAIOT Y2a08biM Ko3ppuyuenmom. Ecau k > 0,
mo npaman y = kx + m obpasyem c nonoxumenvHbM HANPASLEHUEM
ocu x ocmpuili yzon (puc. 45, a), a ecau k < 0, — mynou yzon
(puc. 45, 06).

§ 10. B3AMMHOE PACNONOEHME
FPA®MKOB NIMHEMHbBIX YHKLLMHA

BepreMcs emge pas K rpaduKaM JHHeHHBIX GyHRIm iy = 2x—
-4 uy=2x + 6, npeacraBNeHHBIM Ha pUCYHKe 48. MuI y>ke oTMeyau
(8 § 9), uTo 5TH ABe NPAMBIE NMapaJIe]bHB NpAMOi y = 2x, a 3HAYMT,
napajnensHbl Apyr Apyry. lIpusHakoM ODApAaJIeILHOCTH CIYMKHUT
PaBeHCTBO YIJIOBHX KoadhduuuenTos (B = 2 And Bcex TpeX NPAMEIX:
npnay=2x,upna y =2x — 4, u gua y = 2x + 6). Ecnu ke yrnossie
Koo(dHUIMEeHTH PA3IMYHBI, KAK, HAIPHUMED, V JHHEHHBIX (QYHKIUA
y=2x uy=3x + 1, To mpAMEIe, CIy)Kamue UX rpadHuKaMy, He Hapai-
JIeJIbHBI, U TeM OoJiee He coBnagaloT. CirefioBaTeNIbHO, YKA3aHHEIE IIPH-
MEI€ ITepeceKaioTcs. Boobme, cpaseainea cIeAyIomas TeopeMa.
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2. || JUHEMHAS dYHKLMS

ITycmv danvt d6e nunelnvie Pynryuu y = kEx +m,

Uy = kox + my. Ilpamvie, caymawue zpaduramu
; - 300aHHBLX NTUHEUNBLX QYHKYUIL:
Teopema 5.
P 1) napannenvuvt, ecnu ky = ks, m;# my;
2) coenadarom, ecnu k, = ky, m;=my;

3) nepecexaiomces, ecau k, # k.

IIpumep 1. HaiiTu TOYKy nepecedeHHA IPAMBIX:
a)y=2x-3ny=2- %;
6)y=—-3x+1uy=-3x+5.

Pem e H 4 e. a) [Ina nuHeiiHON QyHKOHK J = 2x — 3 HMeeM:

x|0|2

y|-3|1

IIpamas [, cryxaman rpadpuxom JuHeAHOH
dbyHKIUK Yy = 2x — 3, MIpOBefeHa HA PUCYH-
Ke 49 yepes Touku (0; —3) u (2; 1). =3

"\a__
B
|

1
Ina nuaeiinoi GyEKnUKn y = 2 — Ex HMeeM:

/|
o| =
FA
|
ﬁ'-r .

* 0| 2 2 | W=
JEIE 3/
. | 4
IIpamasn l,, cny:xamaa rpapuroM TuHEH- pae 46
HC.

HOM QyHKIuM y = 2 — -;—x, npoBefieHa HA PH-
cyuke 49 yepes Touxu (0; 2) u (2; 1).
Ilpsimuie [, u [, nepecekaiorcs B Touke (2; 1).
6) JIuneiinnie pyaknuu y = —3x + 1 u y = —8x + 5 umeror oguH u

TOT ke yryoBoit Koaddunuent (k = — 3), 3Ha4yuT, NpAMEEe §y = —3x + 1
H y = —3x + b mapaiieybHbl, T. €. TOYKH epeceYeHUd y HUX HeT. (m|

Hpumep 2. HaiiTn TOuKy HepecedeHHs NPAMBIX y = 4x + 7
Hy=-2x+17.
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2. :u JMHEMHAS DYHKUMS

Peme = ue. 30eck MoxxHO oboiiTuch Ge3 yeprexa. Byaem pac-
cyxaaTh Tak. Bo-nepBrx, yriaossie Ko3GOUIMEHTH IPAMBIX PA3IHY-
HEI (k, = 4, ky = —2), 3HaYNT, NPAMEIE IEPECEKAIOTCA B O/(HOM TOYKe.

Bo-BTOpHIX, KaK OfIHA, TAK M APYras NpAMas NPOXOAAT Yepes To4-
Ky (0; 7) (86l o6paTuiu BHUMAHHME, YTO My = M, = T?).

CnepopaTresbHO, (0; 7) 1 ecTh HCKOMAs TOYKA NepecedyeHu. (m]

Boobme, npamvie y = k,x + mu y = Byx + m, 20e k, # k,, nepe-
cexaiomcs 8 mouke (0; m).

3asepias riasy 2, ofpaTiM BHHMaHUe Ha XapaKTepHYIO ocobeH-
HOCTh MATEMATHYECKOr'0 HA3HIKA! BO MHOTHX ()pasax, KaK Bhl, HABEP-
HOe, 3aMeTHJIH, OAHOBPEMEHHO BCTPEYalOTCA BJeMEHTH! ajarebpaude-
CKOT'0 ¥ 'eOMeTPHUYECKOro A3LIKOB — COCTABHBIX YacTel efWHOI0 MaTe-
MATHYECKOro A3kKa. Tak, MBl rOBODHM: TOYKa 3, mpaAMas x = 2,
npamasd y = —5, npamasn y = 2x + 3, orpesok [3; 7], ayu [—2; +eo] 11 T. 1.
A B § 10 MBI nonyuniu, noxanyii, Hanbosiee spKue obpasusl ceoboa-
HOTO OIlepHpOBaHuA anrefpanyecKUM M reOMETPUYECKHUM A3LIKAMH B
OJlHOM CYXXJeHHH — OHHU IPeACTaBJeHbl B IPHBeIeHHOM Tabaumne.

Jiuneiiasie Anre6panueckoe l'eomerpuaeckHit
byaruHM yclioBHe BBIBOJY

1)k, = ky, my ¥ my 1) Ipamere y =k, x + m, u
y=kx+m, y = kyx + m, napajnenbHbL
y=kyx +m, 2)ky=kyymy=m, | 2)IIlpamerey=Fkx+m u
y = kyx + m, coBnagaior
)k, #k, 3)IIpamele y =k, x+m, u
y = kyx + m, mepecexaiorca

OCHOBHbBIE PE3YJIbTATbI

Me! NONOJHUIM HAII CJIOBAPHEIN 3a11aC MATEMATHYECKOI0
A3BIKA CJIeAVIOINMMHU TepMHUHAMH

OpAMOYTOJLHAA CHCTeMa KOOpPAMHAT HA ILUIOCKOCTH (fe-
KapToBa CUCTEMa KOODAWHAT);

KOOpAWHATHAA IJIOCKOCTh, KOODAUHATHEIE YIJIbI, HAYAJO
KOODAHUHAT;
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NIMHEMHAS ®YHKLUMS

abcuucca, opauHaTa, ock abcnuce, OCh OPAUHAT;
JIMHeHHOoe ypaBHEeHHe C ABYMSA NepeMeHHEIMU

(ax + by +c =0);

pellleHYe JINHEHHOr0 ypaBHEHHA C ABYyMHA IepeMeHHBIMH;
He3aBUCHMasA nepeMeHHasA (ApPryMeHT);

3aBUCHMAA NepeMeHHAaA;

IuHelHaA QyHKuuA (y = kx + m);

YIJI0BOH KoadduuenT (Ana gsuHeiiHON QyHKIUKN

y=kx +m).

M&l BBenu caegyiomue 0603HaYeHA:

x0y (ansa NpaAMOYroiNbHOH cHCTEMBI KOODAMHAT HA ILJIO-
CKOCTH);

M(x; y) (ana obosHaYyeHUA KOOPAMHAT TOYKM M Ha KOOp-
JAUHATHOH IIJIOCKOCTH);

Yuaus.r Yua, (A1 HauOboJNBIIEro U HaMMeHBIIETO 3HAYE-
HU JuHeHHONR QYHKIMY HA 3aJaHHOM YHCJIOBOM IIpOMe-
HYTKE).

Brl M03HAKOMHJIHCE C TpeMA HOBBIMH MATEMATHYECKHMH
MOJleNAMU:

y=kx;

y=kx+m;

ax+by+c=0.

Bu y3Hanu, 4To:

rpadMKoOM YpaBHEHHMS X = @ SBIfeTCH ONpaMas, napaj-
JIeJIbHaA OCH OPAHHAT M IPOXOAAIIAas Yepe3 TOYKY 4 Ha
ocu abcuucce; B 4aCTHOCTH, ¥ = (0 — ypaBHeHHe OCH OpAH-
HAaT;

rpaduKoM ypaBHeHHMs y = b sBiseTcAa mnpaAMas, napai-
JleJIbHaA ocu abciucee ¥ MPOXoAAIan yepes TOUKY b Ha ocu
OPAMHAT; B YACTHOCTH, y = 0 — ypaBHeHUe ocH abcmucc;
rpaduKoM NTHHEHHON QyHKuuM y = kX ABIsAETCH IpAMasd,
npoxondAinasa depe3 Ha4ajo KOOpI[HH&T;

rpadhuxom tuHeHiHOR pyHKINU y = kX + M ABIAETCA npa-
Mad,

57



JIMHEMHAS ®YHKUWSA

2

rpauMKoOM NHUHeiHOro ypaBHeHHd ax + by + ¢ = 0 B cay-
yae, KOrja XoT#d 66 OAHH U3 Koa3dhHuIeHTOB a, b oTIINYeH
OT HYJIA, ABJAETCA IpAMAad.

MEI H3YYHIIH ClIeAYIomHUEe aJITODATMEL:

AJITOPHTM OTHICKAHUA KOODAUHAT ToukM M, 3afaHHO B
npsAMOYroJAbHOH cucTeMe KoopauHaT x0y;

aJI'OPATM NOCTpoeHus ToYKH M(a; b) B npsamMoyrojbHOM
cucreme koopauHaT x0Y;

AJITOPUTM IIOCTPOEHHA rpadMKa JHHEHHOro ypapHeHHu S
ax +by+c=0.



rMABA
3 CUCTEMbI ABYX NMHEMHbIX YPABHEHWM
C ABYMS NEPEMEHHbIMH

§ 11. OcHoBHble noHATHSA

§ 12. Mero4 nogcraHoBKH

§ 13. Merog anrebpandeckoro cnoxeHus

§ 14. Cucrems! gByX NMHEIHBIX Yy PaBHEHHH
C AByMSA NEpPemMeHHbIMH KaK Maremarmyeckue
MogenH peanbHbIX CUTyaumH

§ 11. OCHOBHbIE NOHATUS

B § 7 MBI BBeNIM MOHATHE JIMHEHHOIO YPABHEHUSA C JBYMA
IepeMEeHHBIMM — TAK HASKIBAIOT paseHcTBO ax +by +¢=0, rme a, b, ¢ —
KOHKDeTHEIE YHCJIa, 4 X, iy — IepeMeHHbIe (HEU3BeCTHLIE).

IIprmephn! IMHEAHBIX YpaBHEHHUI ¢ ABYMA NepeMeHHBIMH:

2x-3y+1=0;
x+y—3=0;
s—5t+4=0

(3neckr mepeMeHHBIe 0003HAYEHHBI TO-APYTOMY: S, £, — HO 3TO POJIH He
urpaer).

B Tom :xe § 7 MBI BBeJIM NOHATHE PEIlIeHHsA JHHEHHOro ypaBHeHHA
¢ ABYMS IEPEeMEHHBIMH — TAK HA3hLIBAIOT BCAKYIO mapy umcen (x; ),
KOTOpAas yAOBJIETBOPsAeT YPaBHEHHIO, T. €. 0fpaliiaeT paBeHCTBO C Iepe-
MeHHBIMU ax + by + ¢ = 0 B BepHOe uucyioBoe paBeHcTBo. Ha mepsom
MecTe Beerjia NUIIYT 3HaYeHHe IepeEMEeHHOM X, Ha BTOPOM — 3Ha4YeHue
nepeMeHHOH Y.

IlpueeseM npuMephI:

1. (2; 8) — pemenue ypasaenus 5x + 3y — 19 = 0. B camom zene,
5:-2+ 33— 19 =0 — BepHOe YUCJIOBOE PABEHCTBO.
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3. CUCTEMbI BYX JMHEMHBbIX YPABHEHMIM C OBYMS MEPEMEHHBIMM

2. (—4; 2) — pemenue ypasHennd 3x — y + 14 = (. [leiicTBUTeNBHO,
3:(—4) — 2 + 14 = 0 — BepHOe YKCJIOBOE PABEHCTEO.,

3. [0; —%] — pemteHue ypasHeRus —0,4x + 3y + 7 = 0. Umeem:

-0,4-0+3- (—%)+ 7 = 0 — BepHOE YHUCJIOBOE PABEHCTEO.

4. (1; 2) He ABNIAEeTCH pereEueM ypasHeHuA 2x — 3y + 1 = 0. B camom
pene, 2°1 -3+ 2+ 1 =0 — HeBepHOE YHUCJIOBOE PABEHCTBO (II0JIyYaeT-
ca, utro —3 =0).

B § 8 Mul oTmeyann, uTO MaTeMaTHYeCKyi Mozeinb ax + by +
+ ¢ = 0 Bceraa MOXXHO 3aMeHUTH Gonee npoctoit: y = kx + m. Hanpu-
Mmep, ypaBHeHHe 3x — 4y + 12 = 0 Mmo)xHO 1peoGpasoBaTh K BUAY

3
y=74x+3.

I'padmkom nuHeliHOrO YpaBHeHus ax + by + ¢ = 0, ecnu xoTa OB
OAUH U3 K03hPHUIIMEeHTOB a, b oTiyeH ot Hy A (cayuaita =0, b = 0 Mu
B 3TOM IlaBe pacCMaTpHBaTE He GyaeMm), aBnaeTca npaMasn (cm. § 7).
KoopausaThl 11060 TOYKH 3T0il MpAMOii YIOBIETBOPAOT YPABHEHUIO
ax + by + ¢ = 0, T.e. ABNAIOTCA peirleHreM ypaBHeHHA. CKONBKO Ke
peruennii umeer ypasHeHHe ax + by + ¢ = 0? Cronbko e, CKOJBKO
TOYEK PACHOJIOMKEHO Ha NPAMOi, cayKameil rpa@UKoM ypaBHEHHSA
ax + by +c =0, T. e. GeCKOHEYHO MHOTO.

MBHuorue peaibHBIE CHTYAIIUH IPH IIePEBOJie Ha MATEMATHYIECKHHA A3HIK
0OpPMIIAIOTCH B BHJIe MATEMATHYECKOH MOJIEJIH, COCTOAIIEH U3 IBYX JIU-
HellHBIX YpaBHEHHI ¢ AByMA nepeMeHHBIMH. C Tako#l cHTyamuei MBI
BerpeTriiick B § 7 B sagaue npo AByx cagoeonoB Ueanosa u Ilerposa.
MaremaruyecKasda MOJeJIb COCTOSJIA U3 ABYX ypaBHeHHWii: bx — 2y = 0
u 3x + 2y — 16 = 0, npuyeM Hac UHTEpPECOBAJIA TAKASA Napa 3HaYeHUH
(x; y), xoTOpas 00HOBpeMEeHHO YAOBIETBOPANA K TOMY, ¥ APYTOMY ypaB-
HeHHIO. B Takux ciyyadx oOLIYHO He rOBOPAT, YTO MaTeMaTHYeCKas
MOJeJIb COCTOHT U3 JBYX YPABHEHUH, a FOBOPAT, YTO MAMEMAMUYECKAA
Modenwv npedcmasnsem coboil cucmemy ypasreHuil.

Boobme, ecri faHBl ABa JHHEHHBIX YpaBHeHHA C IBYMA IEepeMeH-
HBIMH X U y: a,X + by +¢; =0uma,x + by + ¢, = 0, — u nocrasnena
3ajaya HAWTHM TaKWe NAphl 3HAYEHHH (X; y), KOTOphle OAHOBPEMEHHO
VAOBJIETBOPAIOT ¥ TOMY, ¥ IPYTOMY YPaBHEHHIO, TO 'OBOPAT, YTO 3a1aH-
Hble YDaBHEeHUA 00pasyioT CHCTEMY YpDaBHEHHMi. YpaBHEHUA CHUCTEMEI



3. CUCTEMbI ABYX NIMHEAHBIX YPABHEHWIM C OBYMSA MEPEMEHHBIMM

3alMCHIBAIOT APYT IOA APYroM U OOBEAUHAIOT CIeLu-
aJILHBIM CHMBOJIOM — (DHUI'ypHO# CKODKOI:

ax+by+c,=0,
a,x+by+c,=0. 1)

cHcTema -
Ilapy srauennii (x; y), KOTOpPas ONHOBPEMEHHO AB-

YPaBHeHHH 0
JIfieTCH penleHueM H IIEpPBOIro, M BTOPOI'O YpaBHEHHH

pewenye CHCTEMEI, Ha3HBAIOT PelIeHNeM CHCTEeMBbl.

cHCTEMBI PemuTs cucTeMy — 3TO 3HAYHT HAWTH Bce ee pe-

YpaBHeHHH IIeHHA UJIH YCTAHOBUTD, UTO HX HeET.

Tenepr MBI MOYXE€M CKa3aTh, YTO BCTPEYAJHCH C
CHCTEMOI JIMHEeHHBEIX YPABHEHUH — MaTeMaTH4YecKas
MOJieJIb yiKe YIIOMAHYTOH 3aa4y IIpo caloBojioB 3 § 7
BBHIIVIAZEIA TaK:

5x—-2y=0,
3x+2y—-16=0 (rmexeN,yeN). (2)

Ee pemrenuem 6b1n1a napa (2; 5), r.e. x =2, y = 5.
PaccMOTPUM HOBBIE IPHMEPE.

IIpumep 1.PemurscucreMy ypaBHeHHIH

x+2y—-5=0,
2x+4y+3=0. @)

P e m e H u e. 'paduxom ypaBaerus x + 2y — 5 = 0 apaAerca opsa-
mas. Hajlinem aBe maphl 3HaYeHUI MepeMeHHBIX X, U, YAOBJIETBOPAIO-
mux 3ToMy ypasHeBRu0. Ecom y = 0, To us ypaBEeHusa x + 2y — 5 =0
Haxopum: x = 5. Ecau x = 0, To us ypasHeEMd x + 2y — 5 = 0 Haxoaum:
y = 2,5. Hrak, samru aBe Touku: (5; 0) u (0; 2,5). IToctpoum Ha
KOOPAMHATHOM ILIocKocTH XOy NpsaMyIo, OPOXOAAIIYIO Yepes 8TH JBe
TOYKH, — npamas [, Ha pucyHke 50.

I'padpuxom ypasHeHHA 2x + 4y + 3 = 0 TakKe ABIAETCH NpAMAad.
Haiizem e napel 3HaYeHUI IEPEMEHHBIX X, Y, YAOBJIETBOPSIOMIHX 3TO-
My ypaBHermo. Eciu y = 0, To U3 ypasrenus 2x + 4y + 3 = 0 Haxogum:
x =-1,5. Ecom x = 2,5, To u3 ypaBHenns 2x + 4y + 3 = 0 Haxomum:
5 + 4y + 3 = 0, u, cneposaresbHO, Yy = —2. WTaK, HANLINA ABE TOYKH:
(-1,5; 0) u (2,5; —2). IlocTpouM Ha KOOpAWHATHOH mnockocTy xOy ups-
My10, TPOXOAAIIYIO Yepe3 9TH JiBe TOYKM, — npAMas [, Ha pucyHke 50.
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3_ || CUCTEMbBI OBYX NMHEMHbIX YPABHEHWMIA C OBYMS NMEPEMEHHBIMM

Ipsameie I, u I, napatensas. YTo 03HaYaeT 3TOT reoMeTPUYECKH
daxT Ana gaHHOH cUcTeMEl ypasHeHuIt? To, 4TO 0OHA He UMeeT peleHuH
(IOCKONBKY HET TOYEeK, YAOBJIETBOPAIONINX OJHOBPEMEHHO U TOMY, H
ApyromMy ypaBHEHHIO, T. €. HIpUHALJIEKAIUX OAHOBPEMEHHO U TOH, H
JApyroii U3 MOCTPOEHHKIX NpaMuix I, 1 [y).

OTBeT: CHCTEMA He MMeeT pPelIeHHil.

Ilpumep 2. HaiiTu aBa yxcia, eciM U3BECTHO, YTO UX CyMMa
pasHa 39, a pasHocTh paBHa 11.

PemeHue. Ecnu x, y — ucKoMHe uyHciaa, To x +y = 39
u x —y =11, npudyem 3TH paBEHCTBA JO/IKHBI BEITOJIHATLCH OJJHOBPE-
MEeHHO:

x + y=39, (4)
x—y=11.

Ilonyuunm cucTeMy ABYX JIMHEHHBIX YpaBHEHHMi ¢ ABYyMH mepe-
MEeHHBIMH.

MosxHO yragars, 4eMy paBHH X H i: x = 25, y = 14. Ho, Bo-nepBhIX,
«MEeTOJ YragbhlBaHuA» AAJIEKO He Bceraa NpUMeHNM Ha NpakTuKe. A Bo-
BTODKIX, I'/le FAPAHTHA, YTO HHOI'O PeleHus HeT, MOXKeT 6BITh, MBI IIPO-
CTO JI0 HEro He AONYMAJINCH, HE «IOyTaaiu»?

MosxHO NOCTPOUTE rpatuKu ypaBHeRHH X +y =39 u x—y =11, sT0
npsaMble, IpHYeM HemapaJjulenbHble (B OTJIHYME OT TEX, YTO B IpHMe-
pe 1), oHHM IIepeceKalOTCA B OHOH TOYKe. ITY TOYKY MBI yiKe 3HAEM:
(25; 14); s3HauuT, 5TO €AMHCTBEHHAS [1APA YHCeJl, KOTOpasa HAC YCTPAaH-
BAeT, efHHCTBEHHOE PellleHre CUCTEeMEI.

OTrser: 25 u 14.

ya
T
_ 205
B 0 \..\
™. o I~ o
“1,31 2,3 4 5\ ]x
s L
| \5__
| ‘\\. 12
Pue. 50
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3. CUCTEMbI ABYX NMHEMHBIX YPABHEHMM C NBYMS NEPEMEHHBIMM

B npumepax 1 1 2 MBI NIpUMEHHUIN rpadpuaeckuii

% MeTOJ| PellieHUs CHCTEMB! JIMHEHHBIX ypasHeHuil. JTum

VA 3Ke METOJIOM MBI MOJIb30BAINCE B § 7 IpHU peleHUH 3a7a-

4y 0 YucIe A6IOHB Y ABYX CAJI0BOZOE (cucTeMa (2) pere-

Ha B § 7 rpaduuecKuM METOAOM).

atea K coxanenuo, rpadudecKuit mi'ron, KaK M «MeTOo[,

pewenns yraablBaHUA», He CAMBIHA HaJe:KHEI¥: HANIPUMeED, IpA-

BicThkiE MBIe MOTYT IepeceYbCd B TOYKE, KOOPAMHATH KOTOPOK
ypaBHeHui IO YepTeKy He 0YeHb JIET'KO OIPeAeNTh.

€

rpaguyecrui

IIpumep 3.Pemurs cucTeMy ypaBHEHHMI:

3x-y-5=0,
2x+y—T7=0. (5)

PemeH u e. IlocTpoum rpadukm ypasHe- y A
HUI cUCTeMEI. 3JIeck €CTh CMEICH TpeobpasoBaTh
o6a ypaBHeHHUS K BUAY JWHeitHOH dyHKnuu. U3
[IepBOro YpapHeHHA mojsrydaeM y = 3x — b, a U3 \
Broporo y = 7 — 2x.

IlocTpouM B OfHO# CcHCTEMe KOOPAHHAT
rpaduKy THHEHHHX QYyHKIMH y = 3x — 5 (npa-
mas [, Ha puc. 51) u y = 7 — 2x (upamas [, Ha ]
puc. 51). OEH nepecekalTcH B TOYKe A, KOOp- ol 1/
OUHATH KOTOPOH — €NUHCTBEHHOE pelleHHEe
3alaHHON CHCTeMEI. A BOT 4eMy KOHKPETHO /
PaBHEI abGcmucca M OpAHMHATA TOYKH A, MBI IO /
pPHUCYHKY 51 TOYHO OmpefeJUTh HEe CMOXeM |
(Tourka A Kak GBI «BHCHT» BHYTDH OIIpefieJIeH-
Hoi#t KyeTouku). Ilpunerca Ham mo3nHEe Bep- Pue. 51
HYTBCH K 9TOMY IIpUMeEpY. (m

Ho Bce-Taku rpadudecKHil MeTOJ pellIeHHS
CHCTeMBI IMHeHHBIX ypaBHeHu uMeer Gosbioe 3gauenne. C ero momo-
LIBI0 MOYXHO CHEJIATH CJEAYIOLIHe BaXKHEIE 8b.800bL:

rpapukamMu o60uX ypaBHeHU# cucTeMEl (1) ABNANTCA NPAMEIE;

9TH MPAMEIE MOTYT IIePECEKATLCH, IPHYEM TOILKO B OHOH TOUKe, —
3TO 3HAYMT, UTO cucTeMa (1) UMeeT euHCTBEeHHOE pellleHue (Tak 6hLI0
B PACCMOTpeHHEIX B 5TOM naparpacde cucremax (2), (4), (5);

b1
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b |
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3_ CUCTEMbI OBYX JNIMHEMHbIX YPABHEHMM C IBYMSA NMEPEMEHHbIMMU

STH OPAMEIe MOTYT OBITH NapajlelHBEl — 3TO 3HA-
YHUT, YTO CHCTEMA He MMeeT pPellleHHi (roBOpAT TaKKe,
YTO CHCTEMa HeCOBMECTHA — TaKoi 6piya cucrema (3));

BTH NPAMEBIE MOT'YT COBIACTH — 3TO 3HAYHUT, YTO CHU-
cTeMa MMeeT GeCKOHEYHO MHOIO pellleHHi (TOBOPAT TaK-
HecosmecTHan JKe, YTO CHCTEeMA neonpenenem].
st Hrax, MB I03HAKOMMJIMCHL C HOBOH MaTeMaTH4e-
Heonpegenennas CKOM Mopensio (1) — cHcTeMoil ABYX JMHEHHBEIX ypaB-
cHcTema HeHHuil ¢ ABymMAa nepeMeHHbIMu. Hama sajgada — Ha-

VUIHTBCSH ee pemiaThb. « MeTon yrafgbiBaHUA» HEHAJEIKEH,
rpapuyecKHil METOJ, TaKKe BRIpYYaeT He Bcerga. 3HAYMT, HAM HYKHO
pacnojaraTh HaJeXHEIMH aiarefpanyecKUMH METOJAMM DellleHUA CHCTe-
MBI ABYX JIMHENHEIX YPaBHEHHH ¢ IByMs nmepeMeHHEBIME. 06 3TOM | TIO#i-
JieT pedb B CJIEAVIOIMUX naparpadax.

§ 12. METOAA NOACTAHOBKM

Bepremcs eme pa3 k cucteme (2) uz § 11:

bx -2y =0,
3x + 2y — 16 = 0.

MzI ee permi rpaguueckuM MeTofioM B § 7 1 3HaeM, yTo X =2, y=5—
€IMHCTBEHHOE PellieH’e 9TOH CHCTEMBI. A Telephb PEIINM TY K€ CHCTEMY
Apyrum crnocobom.

Ilepeoe ypasHeHue npeobpasyem K Bupy 2y = 5x, T.e. y = 2,5x.
Bropoe ypaBHeHHe npeobpasyeM K Buay 2y = 16 — 3x u ganee y =
=8 — 1,5x (Bce koadpunHeHTH ypaBHeHus 2y = 16 — 3x pasgenunu
Ha 2). Terneps cUCTEMY MOXHO IIepeIUCcaTh TAK:

y = 2,bx,
y=8-15x.

fAcHo, YTO HAC HMHTEPECYeT TAKOe 3HAYEHUe X, IPH KOTOPOM
2,5x =8 — 1,5x. F3 3TOro ypaBHeHHA HAXOOUM:
2,bx+ 1,5x =8;
4x = 8;
x=2.
Ecmm x = 2, To us ypaBHeHHA Y = 2,5x nonyuum y = 5. Uraxk, (2; 5) —
peleHye CHCTeMBI (UT0, HAIOMHMM, HaM y3ke GbLJIO H3BEeCTHO).

64



3_ CUCTEMbI ABYX NMUHEMHBIX YPABHEHWI C OBYMS MEPEMEHHbLIMM

YeMm aTH pacCcy:XKACHUA OTAUYAIOTCH OT TeX, YTO MBI
npumensanu B § 7?7 Tem, yTo BUKaKUX rpaduKOB CTPO-
HUTh He IPUIILIOCH, BCA paboTra mya Ha anrebpandyeckom
aseike. Kaxk »xe mul paceyxcaanun?

M=! BRIpaswiIa Y Yepe3 X M3 MepBOr0 YPaBHEHHA M
METOJ noryauid y = 2,5x. 3aTeM NOACTABUIN BHIpAXKeHue 2,5x
10 ACTHOBKM BMECTO Yy BO BTOpO€ YpaBHEHHe M IIOJYYHJIH

2,56x = 8 — 1,5x. Jlasiee pelIiii 3TO ypaRHEHUE OTHOCH-
TeNBLHO X M monyumnau x = 2. Haxoren, no dopmyne y = 2,5x Hanum
COOTBETCTBYIOIee 3HaYeHMe y. V1 BOT YTO BaXXHO: BO BTOPOM YPaBHEHHUH
coBceM He 06A3aTeNILHO GBIJIO BEIPAKATE I Yepe3 X, MOXKHO OBLIO MoficTa-
BUTBH 2,5Xx BMeCTO y B 3aiaHHOe ypaBHeHue 3x + 2y — 16 = 0. Cmorpure:

3x+2+2,6x—16=0;

3x + bx = 16;
8x = 16;
x=2.

IlomoOHEIH MeTOA pacCy:KAeHHH HAa3HIBAIOT 0OBIYHO METONOM KO-
cragoBkH. OH npeacraBiseT co6Goil ompefeseHHYI0 IMOCHENOBATENb-
HOCTH LIATOB, T. €. HEKOTOPLIHA aJIrOPUTM.

-

AJNropuTM pemeHHd CHCTEMBI IBYX YpPaBHEHMH
C AByMs# epeMeHHBIMHM METOIOM IOACTAHOBKH

1. BeipasuTs y Yepes X U3 NepBOro YPaBHEHMA CUCTEMEL.

2. ITogcTaBUTEL MOJYYEHHOE HA IIEPBOM IlIare BhIpAKeHHe BMECTO Y
BO BTOpPOE ypaBHEHHE CHUCTEMEI.

3. PemmuTh monydyeHHOE HA BTOPOM IIIATE YPABHEHHE OTHOCHTEJILHO X.

4. IlogcTaBHTH HAIEeHHOE HA TPETHEM IlIAre 3HAYEHHeE X B Bhipaxke-
HUeE [ Yepes X, MOJyYeHHOe Ha IePBOM IIare.

5. 3anucaTek OTBET B BHJe Mapel 3HaueHMit (x; y), KoTopsie OBIIN
L HalIeHbl COOTBETCTBEHHO HA TPEThEM Y YeTBEPTOM Iarax.

o

IIpumep 1.PemurscucTeMy ypaBHEHHI:
3x-y—-5=0,
2x+y-T7T=0.
Pemernune. 1) 3 nepeoro ypaBHeHHs CHCTEMEI IOJIydYaem:
y=3x-5.

65



3_ “CMCTEMbI OBYX NUHEWHBIX YPABHEHWMA C OBYMS MEPEMEHHBIMM

2) IlopcTapuMm HaliieHHOE BRIpaXKeHHUe BMECTO Y BO
BTOPO€ YpPaBHEHHEe CUCTEMBI:
2x+(B8x—-5)—-T7=0.
3) Pemum nosiyueHHOE YPaBHEHHE:
2x+3x-56-T7=0;

bx—-12=0;
5x=12;
_12
x=7.

4) IToacraBum HaiinenHOE 3HaYeHHe X B hopmysry y = 3x — 5:

12 36 36 — 25 1
y=35 8=g5 5="% =%
11 .
5) Ilapa x = 5 » Y = 7 — EAUHCTBEHHOE pelleHHe 3aJaHHOM

CHCTEMBI.

OTrBerT: (153- %)

Bl yzaanu sty cucremy? MEI ¢ Heill BCTPETH/INCH B IPEALIAYIIEM
naparpade (cucrema (5)), mpoGoBai¥ PEIIUTHL ee rpadUMYecCKUM MeTO-
JOM, B Y HAC HHYEro He IIOJYYHJIOCh., 3ATO METOJ IOACTAHOBKH HAC
BRIpy4Ymi. OH aKTHBHO IpHMeHAETCA 1 B GoJiee CII0KHBIX CHCTEMAX ypaB-
HEHUH, He 00s3aTeILHO JIMHEHHEBIX; O TAKHX CHCTEMAX peYb BIepenu —
B CTApPIIHX KJAccaX. JTOT MeTOH, OBITH MOMKET, He Bcerga sddeKTHBEeH
(T. e. He Bcerga ORICTPO IPUBOAHUT K LIEJIH), HO JOCTATOYHO HAEIKEH.

BepHeMcs K pacCMOTPEHHOMY AJITOPUTMY M3 IIATH IIATOB, B KOTO-
pOM OIMCaH MeTOJ NOACTAHOBKH. ¥ BAC He BOBHHMK BOIIPOC, IOYEMY Y
BBIPAXKAIOT MMEHHO M3 IEPBOr0 YpPaBHEHHUS M IOJCTABIAIOT BO BTOpOe,
no4yemy He BHIPA3HTH I M3 BTOPOIO YPaBHEHHUSA U MOACTABUTE B IepBoe?
H Bo0bme, moueMy BEIDAXKAJIH I Yepe3 X, a He X dyepes Y, IoYeMy TaKoe
HepaBHonpaeue? OTBeT: HUKAKOH NPUYKHE HeT. BripaxkaiiTe 4TO X0-
THTe, HO UIUTe HanboJiee IPOCTHIE BADUAHTEI.

NDpumep 2.PemuTsCHCTEMY YDABHEHMIA:
5x -3y +8=0,
x + 12y = 11.
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ke 7 ]

Pemenue. 1) BelpasuMm x 4yepes y U3 BTOPOro
YDaBHEHMA:

10P4

Ca
,5-9’

x=11-12y.
2) INoxgcraBuM HalIeHHOE BHIPAyXeHHE BMECTO X B
NepBoOe ypaBHEHHE CUCTEMEI:
5(11-12y)-3y+8=0.

3) Pemium nosryuyeHHOE ypaBHEHHE:

55—-60y — 3y +8=0;

63— 63y =0;
63y = 63;
y=1.
4) IloacraBum HaliileHHOE 3HaYeHHKe Yy B hopmysny x =11 — 12y:
x=11-12-1=-1.

5)IIapa x =—1, y = 1 — eAUHCTBEHHOE PelUCHNE 33 JaHHOM CUCTEMEI.
OrBeT:(-1;1).

|
|

§ 13. METOA, ANTEBPAMYECKOrO
CNOEHMS

M=1 OBOJIBHO YaCcTO BO3BpAIAEMCH K TOMY, 4YTO yiKe obey-
JUIH paHee, HAIPHUMEP, AJISA TOrO, YTOOK PACCMOTPETh CHTYALMIO IIOZ,
APYTHMM yIJIOM 3peHHA. BoT H Tenmeps AaBaiiTe BepHeEMCA K mpuMepy 1
u3 § 12, rie peus 1J1a O PelIeHNH CHCTEME] YPABHEHUH

3x-y-5=0, .
2x+y-T7=0.

Kax mMul pernasiu aTy cucTeMy? MBI BEIPa3HIIH i U3 IEPBOTO YPaBHEe-
HHA U IMOACTABHJIM PE3YJIBTAT BO BTOPOE, YTO IIPHBEJIO K YPABHEHHIO C
OJHOH IEepeMeHHOM X, T. €. (PAKTHYECKH K BpeMEHHOMY HCKIIOYEHMIO U3
paccMOTpeHHA NepeMeHHOH y. Ho MCKIIIOYUTE Y U3 pac-
CMOTPEHUA MO<HO GBLIIO 3HAYMTEILHO IPOIe — NOCTA-
TOYHO CJIOMKUTH 008 ypaBHEHHUS CHCTEMBI (CIOKHUTH
YPaBHEHHA — 3TO SHAYHUT IO OTAEJBHOCTH COCTABMTH
CyMMy JIeBHIX YacTell, CyMMY NPaBBIX YacTell ypaBHe-
HMii ¥ IOy4YeHHbIe CyMMbI IPUPABHATH):

EHUMANUE
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=B =0,
+{3x y

2x+y-T7=0.
Bx-y-5)+2x+y-7=0+0
5x—-12=0;
_12
x= 7.

3aTeM MOXHO OBLIO HalifleHHOE 3HAYEHHE X MOACTABHMTE B JI000e
ypaBHEHHe CHCTEMEI, HAaIpUMep B NIePBOE, X HAUTH I:
12

$r il
36
T 5w
11
v=3-

IlonpofyemM mpHMeHHUTHL aHAJOTWYHEIE PACCYXKJEHHS ele AJId He-
CKOJIbKHX CHCTEM JUHEHHBIX yPaBHEHHUI ¢ ABYMSA TepEMEeHHBIMH.

Ilpumep 1.Pemurs cucTeMy YpaBHeHHIA:

{2x +3y=1,

bx+3y="1.
P e m e H 1 e. 1) BeluTeM BTOpoe ypaBHEeHMe U3 IIEPBOro:
- 2x+3y =1,

os\” “@* *{5:: +8y="1.

2x+3y)-Bx+3y)=1-17
2x+3y—5x—3y=-6;
—-3x=-6;
x=2.
2) IlogcTaBuM HaiileHHOEe 3HAYEHHEe X = 2 B MepBoe YpaBHEHHeE 3a-
JaHHOU CHCTEMEI, T. €. B ypaBHeHuUe 2x + 3y = 1:
2:2+3y=1;
3y=1-4;
3y=-3;
y=-1.
3) Ilapa x = 2, y = — 1 — pemeHUe 3aJaHHO CHCTEMEI.
OTrBeT: (2;-1).
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IIpumep 2. Pemurs cucreMy ypaBHeHHIH

3x -4y =5,
2x +3y="1.

Pem e H ue. 3necs cpasy MCKIIOYUTEL MEPEMEHHYIO X MJIH mepe-
MEHHYIO Y U3 000MX ypaBHeHUI ¢ IOMOILIBIO CJIOYKEHUA WX BHIYUTAHUA
ypaBHeHUIl He yfacTca. HyeH noaroroBUTeNbHEN aran. CHadana yM-
HOYKHMM BC€ 4JIEHBI IIEPBOr0 YPaBHEHHA CHCTEMEI Ha 3, a Bce YIeHBI BTO-
poro ypaBHeHus — Ha 4. [Tonyumum:

9x — 12y =15,
8x + 12y = 28.
Teneps MOMXHO CJIOXUTH YPABHEHHH, YTO NPUBENET K HCKIIOYe-
43
HHIO nepemeHHOH y. Iveem: 17x =43, T.e. x = 17"

IlopcTaBuM HalifleHHOE 3HAYEHHE X BO BTOpOEe YPaBHEHHME HCXOX-
HOI1 CHCTEMEI, T. €. B ypaBHeHUe 2x + 3y =T:

43 86 _119-86

33 11
2-17 +3y="7; 3y=7—17; 3y 7

By=vgws ¥=7q7-

OrBerT: (%s%)

KpaTRﬁ.R 3AIHCH OIPHBEEHHOI'O PEIIEHHA,
J3x-4y=53

2x+3y="7 4.
3(3x —4y) + 4(2x + 3y) = 5-3 + T-4.

17

3xech cupaBa OT BEPTHKAJILHON 4YepTH 3ANHCAHEI
JOIIOJIHUTENIBHBIE MHOMUTENH, ¢ NOMOIIBI KOTOPBIX
yAAJIOCH YpaBHATE abconmoTHEIE BeJIMYUHEER Ko3(hdumu-
€HTOB IIpH IepeMeHHOH y B 000HX ypaBHEHMAX CHCTe-

43
Hanee naxogum: 17x =43, x= -5 u 1.1.

MEI.
METo,
anre;‘ T MeTon, KoTophlii MBI OGCYAMIIM B 3TOM naparpade,
= mm::m HA3bIBAIOT METOOOM aJreOpanvYecKoro cjaoXKeHunsd.
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§ 14. CUCTEMBI BYX NMHEMHBIX
YPABHEHMIA C ABYMS NEPEMEHHbIMM
KAK MATEMATMYECKME MOJENM
PEAJIbHbIX CUTYALLMMA

CobGcTBeHHO roBopsi, HUYEro oco6eHHO HOBOTO BhI B 3TOM IIa-
parpade He ysHaeTe. Ber, BaM y»Ke H3BECTHO, YTO PeaIbHAA CHTYAIUSA
MOJKeT OBITH ONMcaHA HA MAaTeMATHYECKOM fA3LIKE B
BHe MATEeMATHYECKOH MOJesId, IMpelCTABJIAOMENH Co-
Ooit cucTeMy OBYX JIMHEHHBIX ypaBHEHHH ¢ AByMA Ie-
pemeHHBIMHE. Tak 6561710 B § 7 B cUTyamum ¢ caloBOAAMU
WsanoeeiM u IlerpoBeiM. Tak 6bL10 M B mpumepe 2 U3
§ 11. ITosToMy TeopeTHYEeCKHI pasroBOp, COOTBETCTBYIO-
muil Ha3BAaHUIO maparpada, MOXKHO CYMTATH 3aKOHYEHHHIM. A BOT C
NPaKTHYEeCKOH TOYKH 3peHHA 00cy)KJeHHe HOBBIX CHTyallMH IIOJIE3HO.
ITHM M 3aiiMeMcH.

II p 1 M e p. B ceasMoM Kilacce B NOHEIEIbHUK He IMIPHIILTH B IIKOJTY
OlHA [IEBOYKA M NATH MAJLYHUKOB. IIpH 3TOM 4YmMCIIO [eBOUYEK B KJIACCe
OKAa3aJIoch B 2 pasa 6oJsbile YHcia MAILYHMKOB. Bo BTOPHUK He IpHILIA
OfMH MaJBYHK U JeBATH AeBodeK. ITpy 3TOM 4HCIIO MAJIbYMKOB OKa3a-
Jnock B 1,5 pasa Goneine yncia feBoueK. B cpefly Ha ypOKH NIPUIILIHA BCe
yueHMKH. CKOJIBKO MKOJIBHUKOB MPUCYTCTBOBAJIO HA YPOKaX B cpeny B
ceLMOM KJacce?

Pemernue.

Ilepentii aTan. Cocmasnerue mamemamuiecKoil modeau.

IlyeTh X — YHCJO JIeBOYEK, y — YHCJIO MAJLYMKOB B CEILMOM
KJiacce.

B nosepensHuK Ob1y0 (x — 1) geBouek, (y — 5) manpuukos. Ilpu
3TOM OKAa3aJI0Ch, YTO AEBOYEK BABoe Gosbime, T. €.

x—1=2(y-5).
Bo sropauK GbLIO (X — 9) AeBouek, (y — 1) mansuukos. Ilpu sTom
OKasaJjoch, YTO MAJALYUKOB B 1,5 pasa Gosbine, T. €.
y-1=1,56(x-9).
MaremaTHuyecKasa MOAENE CUTYAIMH COCTABJIEHA:
{x—1=2(y-5),
y-1=15(x-9).
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Bropoii atan. Pa6oma ¢ cocmasnierHoil modenvio.
CHauaJjia yIpocTHM KajkJjoe ypaBHeHHe CHCTEMBI.
Il nepBOro YpaBHeHHHA HMeeM:

x—1=2(y—95);
x—1=2y-10;
x—-2y+9=0.

[ BTOPOTO YpaBHEHUSA UMEeM:
y—-1=1,5(x—-9);
2(y—-1)=3(x-9)
(0obe wacTy ypaBHEHHS YMHOXKHJIH Ha 2); Jajee,
2y—-2=3x-2T;
3x—2y-25=0.
HTak, DONYyYHIIH CHEAYIOIMYI0 CHCTEeMY ABYX JIMHEHHBLIX ypaBHe-
HHIi ¢ JBYMA NEepeMeHHBIMH:

x-2y+9=0,
{3.1: -2y—-25=0
(CKOppPEeKTHPOBAHHAA MATEMATHYECKAA MOJENb pacCMaTpuBaeMoil cu-
Tyanuu).
B uncTo yueOHEIX IeNAX PelInM 3Ty CHCTEMY JBYMH criocobamu.

Ilepsriii cioco6. Ilpumennm mMeton moacraHoBKM. W3 mepBoro ypas-
HeHUA CHUcTeMH! Haxopum: X = 2y — 9. IlogecTaBuM 3TOT pe3yJILTAT BMECTO
X BO BTOpOE ypaBHeHHe cucTeMbl. ITomyunm:

3(2y-9)-2y-25=0;
4y = 52;
y=13.

Takkak x=2y—-9,T0x=2-13-9=17.

Hrak, x = 17, y = 13 — peieHHe CHCTEMEI.

Bropoii cmoco6. IlppMeruM MeTon anreSpanyecKoro CJIOMeHHA:

x-2y+9=0
_{3x—2y—25=0
(x—2y+9)—(8x -2y -25)=0-0;
x-2y+9-3x+2y+25=0;
—2x+34=0;
x=11.

"



3. CUCTEMbl ABYX NUHEMHBLIX YPABHEHWA C OBYMS NMEPEMEHHBIMU

IMopcrasum HalifileHHOE 3HAYEHHE X B IEPBOE YpaBHEHUE CUCTEMEI,

T. e. B ypaBHeHMe X — 2y + 9 = 0:
17-2y+9=0;
y=13.

Hraxk, x = 17, y = 13 — pemreHune CUCTEMEI.

Bropoii sTan MuI 3aBepiIniM (PEIIMIN NOJIYYEeHHYIO CUCTEMY, IIPH-
YyeM AaKke ABYMs criocobamu).

Tperuit aran. Omeem na éonpoc 3adaui.

CunpamuBaeTcs, CKOABKO IMKOJLHUKOB OLIJIO B ceIbMOM Kiacce
HA YPOKax B cpefy, Korja npuiuiu Bce yueHUKH. Ilockonsky x = 17,
y = 13, T.e. B Knacce 6u110 17 geBouex u 13 MansyuKOB, AesiaeM
BBIBOJI: Bcero B Kiacce 17 + 13 = 30 yueHukoB.

OTBeT: 30 yueHHKOB.

3amedaHue. Bel, KOHEHHO, NMOHUMAETE, YTO ONA peLueHHs
KOHKPETHOW CMCTEMbI YpaBHeHWH Hapo Beibupate ToT cno-
cob, KOTOpbIM NPEeRCTaBNAETCS ANA AaHHOro Criydas Haubo-
eHUManTIE nee yMmecTHbIM, MNM TOT, KOTopbid Bam Gonblie HpasMrcs

(7. e. Bbl MOXETE MCMONBL30BaTL rPatPUUECKUI METOR, METOR,
NOACTAHOBKM MMM METoR, anreBpanuecKoro CrnoXeHua — 3TO Balle feno).
CocTasneHHyto B PaCCMOTPEHHON 33[,a4e CHCTEMY Mbl PELUMITM ABYMSA CNOCo-
6amu, uTo6bI NOBTOPHTL METOLBI NOACTAHOBKM M anrebpanyecKoro crnoMeHu1s
M CONOCTABUTB 3TH METOABI APYT C APYTOM.

OCHOBHbBIE PE3YIJIbTATHI

B aT0if r7aBe BRI NMO3HAKOMMJIUCHE C HOBHIMM MaTeMaTH4de-
CKMMH NOHATHAMM:

CHCTEMA JIBYX JIMHEHHBIX YPABHEHUH C IByMs IepeMEHHbIMMU;
peleHUe CHCTEMbI yPaBHEHMIT;

HECOBMeCTHafd CHCTEeMa, HeOolpefieleHHasd CHCTEMa ypas-
HEeHUI1.

BEI MOBHAKOMMJIMCE C HOBOIl MATEMATUYECKOH MOAENbI0 —
CHCTEMOH ABYX JHHEHHBIX YPaBHEHHI ¢ ABYM#A IIepeMeH-
HBIMH:

ax+by+c¢ =0,
a,x + by +c, =0.

Mbl ¢ BaMH OOCYyZHJIH TDH MeTOJa pPemIeHHA CHCTeM
JIUHEeNHHX ypaBHeHHiH: rpadpHYecKHH MeTOJ, METOJ
MOJCTAHOBKH, METOJ aire6pandyecKoro CJIOXKeHUA.
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FNABA

4 CTENMEHb C HATYPAJIbHbIM
NOKA3ATEJIEM M EE CBOMCTBA

§ 15. Yro rakoe cTeneHb ¢ HaTypansHeim NOKa3arenem

§ 16. Tabnuua ocHoOBHbIX cTeneHes

§ 17. CeoricTBa cTeneHu ¢ HaTypPanbHeIMM MOKA3arensmm

§ 18. YmHOMEHHE 1 feneHne CTeneHel ¢ o4MHaKOBbIMM
noKazarenamm

§ 19. CreneHb ¢ HyneBbim nokasarenem

§15. 4TO TAKOE CTEMEHbL
C HATYPANbHbIM MOKA3ATENEM

Onna u3 ocobeHHOCTEeH MATEMATHYECKOrO A3LIKA, KOTOPHIM
MEI ¢ BAMH JOJIXHBI HAYYHUTHCH II0JIB30BATHCH, COCTOMUT B CTPEMJIEHHH
MPUMeHATH KaK MOXKHO GoJee KopoTKHe sanucu. MaTtemaTuk He 6yzner
nHcaTh a + a + a + a + a, o HanureT 5a; He Oyger nucatba +a +a +
+a+a+a+a+a+a+a(3necs 10 cnaraemuix), a ganumer 10a; ue

6yner nucarp 2+ @t .- + @ g panmmer na.
N CRArSeMED

TouHO Tak xe MaTemaTuk He Gyzer nucats 2-2-2-2-2, a Boc-
IOJIB3YeTCs CHeNUaIbHO IPUAYMAHHON KOPOTKOM 3amuckio 2°. Ana-
JIOTHYHO BMECTO INPOM3BEIeHHA CeMH OJHHAKOBBEIX MHOXKHTeJieH
3:3:3-3-3-3-3 on sanumer 3". Koneuno, B ciyuae Heo6XoauMOCTH
OH GyfieT ABUraThCcs B 0OPATHOM HAIpPaBJIEHHH, HATIPHUMED, 3aMEHHT
KopoTkyio sanuck 2% 6Gonee anunHOH 2+2-2-2-2-2.

Ecnu nosienaercs HoBoe 0003HavYeHHe, TO BOSBHUKAIOT H HOBEIE Tep-
muHE. U Bee 310 (1 0603HaYeHNS, U TEPMHUHEI) OXBATHIBAETCSA HOBBIM
onpegeneEneM. OnpenenesnemM oOGBIYHO HA3BIBAIOT IIPEAJIOKeHHUe,
PasBACHAIONEe CYTh HOBOTO TepMUHA, HOBOI'O CJIOBA, HOBOro o6osHa-
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vyeHus. IIpocTo Tak ONpelesieHUs He NPUAYMBIBAIOTCS, OHU NOABJIA-
JOTCS TOJIBKO TOTAa, KOrJa B 3TOM BOSHHUKAET He0GXOUMOCTbD.

Onpegenenme 1.Mox a", raen=2, 3,4, 5, ...,
MNOHHMAKT MNPOH3BEeAeHHEe 1N OJHHAKOBEIX MHOMHTE-
.neﬁ, Ka¥ablM H3 KOTOPHIX ABJAETCHA YHCJIO a. BHD&'
XKeHHe a" HasLIBAIOT CTelne’Hp0, 4YUCJI0O @ — OCHOBA-
HHEM CTEelleHH, YHCJIO N1 — MOKa3aTelleM CTelleHH.

ETEAEnL IloguepkHeM eme pas, YTO MOKA3aTeNb CTEIIEHH —

ocHoBahue HaTypaabHOE YHCJIO (B CTAPIIMX KJaccaX MBI CHHMEM
s e aTO orpaHuYeHHe); OOGBIYHO T'OBOPAT KOpode: Hamy-
nokasarens panbrbiii nokazameas. OTCIONa ¥ TPOUCXOZHUT Ha3Ba-
crenenk HHe KaK Bceif IJiaBel, TAK H 9TOro naparpacga.
Hrak,
f n g
aa*a'...ma=a";
L—V—I
n MHEOXKHTETeR
a® — cTeleHb C HATYPAJILHLIM
TIOKA3aTeNeM;
a — OCHOBaHHe CTelleHH,
n  — IOKa3aTeNb CTEIIeHH.
\. 3

Banuck @" YHTAKOT TaK: «a B n-# cTeneHn». McKiroueHHe cocTas-
JAIOT 3aIMUCH @2, KOTOPYIO YHTAIOT: «4 B KBaJpaTe» (XOTA MOXKHO UH-
TATh W «@ BO BTOPOii CTeNeHU»), U 3aNKCh a°, KOTOPYIO YUTAIOT: «d B
Kybe» (XOTA MOXKHO YHUTATH U «Q B TPETHEH CTEIIEHU» ).

IIpumep 1. 3anucaTs B BHUJAe CTeNeHH IPOU3BefeHUe
5:5-5-5-5+ 5 u HCIONB30BATH COOTBETCTBYIOIME TEPMUHEI.

Peme H ue. [IocKOIBKY JaHO NpOHM3BEJlEHHE IIECTH OTUHAKO-
BEIX MHOJKHTEJ e, KaX AL U3 KOTOPEIX PaBeH 5, HMeeM:

5:5-5-5-5-5=55

5% — cTenens;

5 — oCHOBaHHE CTEIIeHH;

6 — mokasaTesb CTeleHH. ()
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Ipumep 2. Baruucaurs (—2)*.
Pemenue. (—2)'=(-2)-(-2)(-2)-(-2)=16.
OTserT: 16.

3
IIpumep 3. Bauucaurs [g] 1

Kax BB fymaeTe, IIOJHOCTBIO JIM COOTBETCTBYET Ha-
3BaHMI0 naparpada onpepnenesue 1? Ilaparpag mHasw-
BaeTcs «YTO TaKoe CTelleHb ¢ HATYPAJLHBIM IOKA3aTe-
JieM», T. €. HMeeTCH B BUAY, 4YTO B Ka4YeCTBe NOKAa3a-
TeJIA MOXKeT GUrypupoBaTh 11060e HaTypajlsHOE YHC-
Jo. A mo6Goe J¥ HaTypaJbHOE YHCJIO QUTYypHpPYeT B
KavecTBe nokasaTelis B onpefienennu 1? Kak BH oT-
BETHTE Ha 3TOT BOIpoc?

OTBeTHM HA 3TOT BOIPOC BMECTE: MBI T'OBOPHJIH O

crenesu a", rgme n = 2, 3, 4, ..., a BOT ciayuaii, korga n = 1, moxka
VOYCTHJIHA U3 BHAY («NOTEPAJSH» OGHO HATYpaJbHOE YHCJO). ITO yIy-
IIeHHe UCIPABHUM C IIOMOINBI0 HOBOT'O ONIpEfeIeHH .

Onpegenenne 2. Crenensio 4ucia @ ¢ NoKasaTeseM 1 Ha3bl-
BAJOT CAMO 3TO YHUCJIO:

IIpumep 4. HajiTu sHaueHMe cTeneHH a” MpH 3aJaHHBIX 3HAYEHH-

AXaunn:
a) a=2,5, n=2; I a=-1, n=>5;
1
6) a= 7, n=4; e) a=0, n=1;
B) a=-5, n=1; ®) a=0, n=12;
r)a=-1, n=4; 3) a=1, n=1T7.

PemeHnue.a)a"=2,5%=2,5-2,5=6,25;
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B) a"=(-5)'=-5;
r)a"=(-1)'=C-1)-¢-1)-C-D-(-1)=1;
Ba=-1)=-1)C1)-CDC)ED=-1
e)a"=0'=0;

}R) an=012= 0:-0-...-0 _0;

12 muooscrrenedt

3) a"=11= s
17 mmosarreneit

(m]

Onepanmio OTHICKAHUSA CTENeHU a" HA3BIBAIOT BO3-
BelleHMeM B cTelieBs. B npumepe 4 MBI paccMOTpesH
BOCEMb CJIy4aeB BO3BEEHUS B CTEIEHb.

Hpumep 5. Beraucaurs 7* - 32 - (—-2)3.
Pemenue. 1)7'=T7;

BO3BEfEHHE 2)32=3-3=9;

B cTeneHs 3)(-2)*=(-2)-(-2)- (-2)=-8;
4)7-9-(—8)=-504.
OTBeT: —504.

B paccMOTpeHHBIX IPHMEPaxX MBI HECKOJIBKO Pa3 BO3BOJHIIH B CTE-
IIeHb OTPHIIATEeJIbHEBIEe YHCJIa. 3aMeTHJIH JIHU BbI 38KOHOMEPDHOCTB: €CJIH
OTPHUIIATEJIEHOE YHCJI0 BOSBOAUTCA B YeMmHYI0 CTENIEHb,
TO NOJNIY4YaeTCHd noaoxcumenbHoe 4YHCJI0, €CJIH e OTPH-
IaTeJbHOE YHCJIO BO3BOAUTCA B HEYemHyi0 CTeNeHb, TO
nonydaercsa ompuyamenvrHoe yuciao? IlonpobyiiTe
00'BbACHUTE, IOYEMY 3TO TAK.

§ 16. TABNMUA OCHOBHBIX CTEMEHEM

Bui 3HaeTe TabIUNy YMHOMKEHHS, B Hee BKJIOYEHE! IIPOU3-
BelleHUA JIOOLIX ABYX OAHO3HAYHHIX yHcex (3-5, 4:7 u T.1.), 5TOi
Tabauneil BB MOCTOAHHO NOJIb3YyeTeCh IPH BHYHCIeHHAX. Ha npakTH-
Ke moJie3Ha ¥ Tabuna cTeneHed NPOCTHIX OFHO3HAYHBIX YHCe (B IIpe-
Henax teica4u). CocraBumM ee.
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2'=2 31=3 5'=5 =1
22=4 32=9 52=25 72=49
23=8 3% =27 5%=125 73 =343
2¢=16 3¢=81 5% =625

25 =32 35 =243

26 =64 3%=1729

27=128

28 =256

29=1512

21° = 1024

C nomomnko 3Toil TaGAMIEI MOXXHO HAXOAUTH W CTEIIEHH COCTaB-
HBIX 4YHceJ (II03TOMY TaKHe CTelneHH B Tabnuiy oOBIYHO He BKJIHOYA-
10T). Hanpumep:

9°=9-9-9=(3-3)(3-3)(3-3)=8-3-3-3:-3-3=3%=1729.

Ipumep 1. UssecTHo, uto 2" = 128, 3* = 243. Yro Gonbiue: n wu k?

Pemenue. ITo Tabrune Haxogum, uro 128 = 27, smauur, n = 7.
Ilo Tabnune Taxxe Haxomum, uro 243 = 3%, aHauur, k = 5. Tak Kak
7>5,T0on>k.

OrBeT: n>k.

Hmerorcs €Ie TPH YHCJIa, OJIA KOTOPHIX JIETKO COCTABHTH Taﬁ.nnuy
c’renenel‘i, ocobeHHO VYHUTBIBAA, YTO HAYErO BHIYHCIAATL He HYIKHO H
pesyasTar (haKTHYECKH M3BeCTeH 3apaHee. 3T1o unucna 1, 0, — 1, a Ta6-
JHIA CTeneHel [JIA 3TUX OCHOBAHUI BEITVIAAUT cAeAyomuM obpasom:

1" = 1 gnsa aoboro n;
0" = 0 gnsa nroboro n;
ecnu n — 4eTHoe yuceno (n= 2, 4, 6, 8,...),

o (-1)"=1;
ecJi n — HeyerHoe yucio (n=1, 3, 5, 7,...),
To (—1)* =-1.

KeraTi, ucnonkaysa GopMyJy deTHoOro uucia n = 2k u dopmyiy
HedeTHOro uucya n = 2k — 1, MoxXem sanucaThb, 4TO

[ (_ 1)2!2:1; (_ 1)2.#—1=___1- J
A Teneps BrIGepeM B KauecTBe OCHOBAHUSA CTeNeHH yucio 10:
10'=10, 10°=100, 10%=1000.
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O6paTuTe BHHMAaHHE: KAKOB IIOKA3aTeNb, CTOJBLKO
HyJIe#l Hafo 3anucaTh nociye nudpsr 1.
Boo6ie
i] % r
SHEM QN 10!! =1{m <o 0
e —
nEyneft

Hamnpumep, 10¢ = 1 000 000; sanpotus, 100 000 = 10°.

IIpumep 2. HaliTu 3Ha4eHe BEIpaKeHAA
a"+b%+ " (100)
e T (a+9)*
npua=-1,b=0,c=1.

Pemenmue.

a"+b%+¢®  1)7+0%+1° 14041 _ 0 —0:
a®-b*"+ ¢ -DBE-0"+1 1-0+41 2

(100 _ @0-1)* 10 _ 10000
@+3)f (143 2¢ 16
3)0 + 625 = 625.

OTBeT: 625.

1)

2)

= 625;

B sakioueHMe JaHHOrO maparpada eme pas OTMeTHM, YTO MaTe-
MATHKH BCErza CTPEeMATCA K KPATKOCTH 3aIHceil, YeTKOCTH PacCyk-
nenuii. IloaTomy, BEBeia HOBOe MOHATHE, OHHM HAYWHAIOT U3YYaTh €T0
CBOHCTBA, & 3aTeM IPUMEHAIOT 5TH CBOMCTBA Ha mpakTUKe. O pasHBIX
CBOMCTBAX CTENEeHH C HATYPAJLHEIM II0KA3aTeJIeM IIOTOBOPHM B CJIEAY-
omem naparpade, a noka, saberas Brepez, 3aMeTHM, 4TO ecinu 6Bl
OZIHO M3 TAKHX CBOMCTB MBI yiKe 3HAJM, TO He BHIYMCJIAIM OH Tak
noxro 9%, kak aTo 6610 cAenaHo Bhie. Ml GBI 3anUCaNM TAK:

9? = (3%)°% = 3% =1729.

E% BujuTe, 3aIuUCh B IBA pasa Kopoye. A no4yemy sTo
yaaeme Tak, yaHaem B § 17,
ae
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§17. cBOMCTBA CTENEHM
C HATYPAJIbHbIMM MOKA3ATENSAMM

Bénesmas yacTh MaTeMaTHYECKUX YTBEPKACHUE IPOXORUT
B CBOEM CTAHOBJIEHMH TPM 3TAla.

Ha nepsom aTane 4esioBeK B pAJie KOHKPETHERIX CIIY-
YaeB nojMedaeT ONHY M TY 3Ke 3aKOHOMEPHOCTh.

Ha BTOpOM 3Tane OH mOeiTaeTcd cHOpMyJIHPOBATH
NOAMEYEHHYI0 3aKOHOMePHOCThH B ofmiem Buze, T. e.
sHuManue [IPeAIoJaraeT, YTo 3Ta 3aKOHOMEPHOCTh JeHCTBYeT He

TOJILKO B PACCMOTPEHHEBIX CJIy4YafaX, HO H BO BCEX ApYy-
rdX AHAJIOTUYHLIX CJIYYasiX.

Ha TperbeM sTane OH NLITAETCHA AOKA3aTh, YTO 38KOHOMEPHOCTD,
chopMyIHpOBaHHAA (IHIOTETHYECKH) B OOIlleM BHIE, HA CAMOM JeJe
BepHA.

HoxasaTe KaKkoe-1u00 yTBepPXAeHHe — 3TO0 3HAYUT OOBACHUTS, 110~
YyeMy OHO BepHO (06 :-ACHUTE YOeJUTeIbHO, A He TAK: «3TO BEDHO IIOTO-
MY, 4TO 3TO BepHO»). IIpH foKas3aTeIbCTBE MOMCHO CCHLIATHLCS TOJNBKO
Ha yXe U3BECTHEIE (PaKTH.

JlaBaiiTe monblTaeMCs BMECTe IIPOMTH BCe TPHM 3Tama, monpobyem
CaMOCTOATENBHO OMKpbiMmb, CHOpmyauposame U doxasams CBOCTBA
mneneii, XOpo11o H3BeCTHEIE B MATEMAaTHKe.

Omxpwimue nepéoe
ODpumep 1. Buuucaurts: a) 22-2% 6) 3! 34,
PemeHue. a) Ameem: _
28.25=(2-2-2)-(2-2-2-2-2)=
= 2_?_’2 - 2-2-2-2-2= 3-2-2-2;2-2-2-2,.

3 mmosaTIens 5 muosarmeneit 8 nuosmTenel

Bcero uMeeTcs 8 ofMHAKOBEIX MHOMKHUTe EH, KayKABIHA U3 KOTOPHIX
paBeH 2, T. e. 28, uTo no Tabnune (cM. § 16) gaer 256.

6) Umeem:
3-3'=3-(3-3-3-3)= 3 . 8333 =3=243.

1 4

OTserT: a) 256; 6) 243.
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B nponecce pemeHHA IpUMepa Mbl 3aMETHIIH, YTO
23 5 25= 28, T. e. 23, 25=23+5;
31-39=35 1.e.3'-3"=31"4,

Ha6mopaeTcsa 3aKOHOMEPHOCTh: OCHOBAHMA IePEeMHOMKAEMEIX CTe-
neHell OAMHAKOBEI, IPH BTOM IOKA3AaTENH CKJIAALIBalOTCHA. IlepBhIi
aTan 3aBepIleH.

Ha BTOpDOM 3Tamne ocMeJHMCHA NPEANOJIOKHTh, YTO MBI OTKPBIJIH

(nns cebs) 06wyio saxonomeprocmy: a” - a* = a"* k.

Ana n1060z0 wucna a u 1106bLx HAMYPANLLHBLY HUCER
Teopema 1. | nu k cnpaéednueo pasencmeo
a™- ak =a* 'I-k'
O6riuHO TeopeMy (QOPMYJIHDPYIOT TaK: ecad ... (ycirosue),
TO ... (3axmouerue). Hanpumep, Teopemy 1 M0oXxHO (1, YeCTHO roBop4,
TaK ObLI0 6B aAKKypaTHee) chOpPMYJIUPOBATh CIeAYIOMIM 06pasom:

Ecnu a — moboe wucno u n, k — namypanvrvie wuc-

aa, mo cnpaseanuso paéencmeo

a’-at=qg***.

Ha TpeTheM 3Tame HAJZO AOKAa3aTh, YTO HaIlle IPEAIOJI0MXKeHHe Bep-
HO, T.€. JoKasaTh Teopemy 1. CaenaeM 3TO H MBI — JOKAa3aTeIbBCTBO
npusefieHo Hxke. IlpounTaiite ero. Eciiu wyBcTByeTe B cebe cHibl, TO
noneiTaiiTeck pasobpaTbcsa B HeM (OHO COCTOUT B TOM, YTO MBI TPHIK/ALI
HCIIOJIL3YEM OIpeZiefIeHNe CTEeNeHM C HATYPaJBHEIM IIOKAa3aTejieM);
€CJIH Xe HeT — OrpaHHYLTeCh IPOUYTEHHUEM.

HdorkaszaTeabCcTBO.

Da*=a-a-...-a;

N MEOMHTENeH

2)a*F=a-a-...-a;
—
& Muosrarrenedi

3)an.ak=!a.a."_.a).&a-...-0)=

n MEosETenel k nmonarreneit

=a4-@-...-a°@-Q-...-Q2 =a-4°...-°2:Q-Q"...-Q= ntk
P — k MEosaTTenelt ALl et

Teopema JOKa3aHAa.
HTak, nepsoe oTKpEITHE Y HAC COCTOANOCH. Mnem manbie.
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Omgkpu.mue émopoe

NDpumep 2.Bruucnurs: a) 25: 2%; 6)3%: 3°.
PemeHHne. a) 3anunieM 4acTHOE B BHje Apo6H B COKPATHM €e:

2 (22:2:2)-22

24 (2-2-2:2)

s.q5_ (33333333
6)3°:3 (3-3-3:3-3)

OrBeT:a)4; 6)27.

B nponecce pemeHns npuMepa MBI 3aMETHIIH, YTO

P2t=2% 5.0 202t =20

3%8.35=3% 1.e.3%:35=38"5,

HabnronaeTca 3aKOHOMEPHOCTh: OCHOBAHMSA JEJIHMOTIO U JeHTe s
OOWHAKOBEI, IOKA3aTelNb JeJuMoro 6oJjbiie, 4eM MOKAa3aTeNb ejIuTe-
Jifl, IPH 3TOM M3 TMIOKA3aTeJd AeJIMMOro BHIYUTAETCH IOKA3aTe b JeJIH-
Tens. IlepBriil aTAan 3aBEepIIeH.

Ha BTOpOM 5Tane mpeAnoJIOMKHM, YTO MBI OTKPBLIIM OOIIyI0 3aKO-
HOMepHOCTE: " : a* =a" %, ecxm n > k.

28:2¢= =2-2=22=4,

=3-3-3=3*=2".

Anra nrobozo wucna a # 0 u 106bLX HAMYPARLHBLX “HU-
Teopema 2. | cennuk, maxux,wmo n > k, cnpaéednueo pasencmeo
a":a*=g""%,

MoszxeTe 1 BEI chOPMYJIMPOBATE TEOPEMY 2 WHAYe, HCHOJb3yH rpaM-
MaTHYeCKOe IOCTPOEHHE «ECJH ..., TO ...»7 BHOWTe JI1 BEI, I'ie B 3TOM
TeopeMe yCJIOBHe, a rae sakmoverre? OrBeTsTe IS ce6A Ha 3TH BONPOCH!
(a Ham orBeT GyeT NpHBeAieH NOCJIE AOKA3ATEIECTBA TEOPEMEI).

ODokasaTenscTBo. PaccMorpum npoussenenue a" " - a*. Mu
3HaeM, YTO IPH YMHOXKEHHMH CTeleHeH ¢ OJHHAKOBHIMM OCHOBAHMAMM
NoKasaTeny cKiIagsBaiorTcsa (06 arom mna peus B Teopeme 1). Croxus
nokasatexu n— ku k, monyunm (n — k) + k=n.

Hrakx, a"* - a* = a", a aT0 Kak pas u O3HAYaeT, 4TO
a": a* = a"*. Teopema foxazana.

A Tenepsb uHaYe chopMyIHPYEM TeopeMy 2:

Ecau a #0 u n, kK — namypanvrsie wucha, maxue,

umo n > k, mo cnpaéednu6o pageHcmeo

a":a*=a"""*
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Ycnosue TeopeMel: a # 0; n, k — HaTypaJibHBIe uucna, n.> k.
Baxouenye TeopeMmsr: a” : a* =a" ",

Bropoe OTKPEITHE Yy HAc cocToAnock. Haem pansmie.

Omrpeimue mpemove

Ipumep 3. Boruncants: a) (2°)%; 6) (3%)°%.

Peme Hue. a) Umeem:

(2%)% = 25- 25 = 25% = 210=1024 (cm. § 16).

6) Hmeem:

(3%)%=38%- 82 82 = 3%"**2 = 35 = 729 (cm. § 16).

OTBerT: a) 1024; 6) 729.

B nponecce pellleHus NIpyMepa MBI 3aMETHIIH, YTO

(25)2 = 210, T. €. (25)2 T 25-2;
(32)3 = 36’ T. €. (32)3 = g2-3,

Ha6mopaercss 3aKOHOMEPHOCTE: B O0OMX CJIydasiXx OPH BO3BElEeHUH
CTEIIEHH B CTEIEHE NOKA3ATENH epeMHOoKaroTes. IlepBhIil aTan 3aBepileH.

Ha BTOpOM 3Tane NpeAnoJOoMKUM, YTO MBI OTKPBIIH O0IIYIO 3aKO-
HoMepHOCTB: (a”)* = a™.

Ana nwo6ozo wucna a u 1106b6tx HAMYPANRLHBLY YUCEN
Teopema 3. | nukcnpaeednuso pasencmeo
(a")*=a™.

JlokasaTenscTBO TeopeMBl (TpPeTHil 3Tam) Mbl IPHBOAMM B CAMOM
KOHIIe maparpada (IIoKa orpaHHYHMCA J0KA3aTeILCTBAMH TeopeM 1 u 2).
Ecnu ecTh XejlaHMe, IIONBITARTECH JOKA3ATH €€ CAMOCTOATENbHO (KK
C MIOMOIIBIO YYHUTEIA).

M=l COBEpIIMIM C BAMHM TPH OTKDPBHITHA, KOTOpPhble IPHBEJH HAC K
TPeM cepbe3HBIM TeopeMaM. ITH TeopeMBl Ha NIPaKTUKe yaobuee dop-
MYJIMPOBATH B BUJIE TPEX IPAaBUJI, KOTOPHIE II0JIE3HO 3aIOMHHUTE.

(TIpasuio 1. ITpu ymHoxenuu cmeneneii ¢ 0OUHAKO- )
6bLMU OCHOBQHUAMU NOKA3AMenU CKAadbL8anmcs.
Ilpasuno 2. ITpu denenuu cmeneneii ¢ 0OUHAKOBLIMU
OCHOGAHUAMU U3 NOKA3amens 0elumoz0 euluumanm
noxasamens deiumens.

IIpaeuno 3. IIpu eo3eederuu cmeneHu 6 cmeneHb
knoxasamenu nepemMHONCaAOmCA.

S
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CpaBHHTe 3TH TpU npasujia ¢ GopMyJIHpPOBKaMu Teopem 1, 2, 3.
IlouyscTBOBaNM pasHuUNy? B TeopemMax BCe YeTKO, Bce OTOBODEHO, Bce
npeAyCcMOTPEHO, a B MpaBUJIaX OMyIaeTcHd KAKaa-TO HEIOJNHOTA, Jer-
HKOCTBb MBICJIH, IIO3TOMY OHH Jierde 3alIOMHHAKTCA H BOCIDHHHMAIOT-
csl; IPaBUJIa NOX0KH Ha adopu3aMbl. ITO TOXe OflHA U3 ocOGEeHHOCTeH
MaTeMaTHYeCKOTO A3bIKa: HAPAAY C CEPhE3HEIMU OTTOYEHHEIMHU Gop-
MYJHPOBKAMY HUCIOJNBL3YIOTCA M KpaTKHe adopHCTHYHEIE IpaBuia.

@-2'y

HDpumep 4. Bauucnaurs W)? .

Pemenue. 1)2%-2%=23*4 =27 (mpasuo 1);

2) (2")° = 27°% = 2% (mpasmo 3);

3)2- 28 =2'*8 = 29 (npasuio 1);

4) (2%)% = 2°°3 = 227 (mpasmio 3);

5) 235 : 227 = 235-27 = 28 (rpapuio 2);

6) 28 = 256 (cm. § 16).

Ot sBerT: 2566.

OnbITHEIHA OPaTOP, BEHICTYNHE C JJIMHHOM ¥ TPYAHOM AJIs CayLuaTe-
Jneil pednio, 065A3aTeNILHO B KOHIE JOKJAAA eIe PA3 BLIJEIUT caMoe
rJIaBHOE, CAMOE BasKHoe. ¥ Hac ¢ BaMu OhLIA OYeHb TPYAHAHA U HAUDH-
JKeHHas paboTa, gaBaiiTe Xe M MBI BEIIEJINM CAMOE I'JIaBHOE.

Camoe riaBHOEe — TpH (POPMYJIBI:

a"-ak=a"+";

a":a*=a""*rpen>k,a+0;
(an)k = ank_

HMx M0HO NPUMEHATH KAK CIIpaBa HaJieBO, TAK W CJIeBA HAIIPAaBo.
Hampumep,
28.25=28; 2F= Pivd gt 04, 22+n=22.90 =4.2"%
37:31:36; 36:310—4=:;;f; 3n—4=3_ﬂ=£.
(53)4 - 512; 512 — (56)2 o, (52)6 = (54)3 = (53)4.
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3ameuaHme. Mol roBopunM TONLKO 06 yMHOMEH!M U fie-

NEHMU CTENEHEN C OJMHAKOBBIMH OCHOBaHMAMM. A BOT 06 nx

CNOMEHMH U BbIMUTaHHW HUYETrO HEM3BECTHO, TaK YTO He COo-

uMHANTE HOBbIX Npaeun. Hene3s, Hanpumep, 3ameHaTs cym-

my 2* + 2% Ha 27; 8 camom pene, nocuutante: 24 = 16;

s 2> =8; 16 + 8 = 24, wo 310 He ects 2, nockornsky 2 = 128.
Hene3s samenste passocts 3° — 3% na 3'; pencreurensto,
nocumraiite: 3° = 243; 3 = 81; 243 — 81 = 162, Ho 310 He
ects 3', Tak kak 3' = 3. ByapTe BHMMaTEnbHBI!

B zakmouenue, Kak 6bLI0 ofeljaHo BHIIIE, JOKAXXEeM TeopeMy 3.
Hmeem:
(an)k= a*-a" -...-a"* =
—v—l

=(a-a'...-a]-(a-a-...k'a)'...'(a'a°...°a)

k rpynn no n MroMHTeNeH B KAMKO0N

=0 Q@ . Q- Q- Qeeo-Q-Q-Q+ .- Q=a™,

nkmm;uﬂem

§ 18. YMHOMEHME M QENEHME CTENEHEA
C OAMHAKOBBIMM NMOKA3SATENSMM

B npegpigymem naparpade Mbl pacCMATPHBAIM YMHOMXKEHHe
H [eJIeHHe CTelleHel ¢ OUHAKOBBIMY OCHOBAHUAMM. OKA3bIBAETCH, MOXMK-
HO YMHOMKATD H JIeJINTh CTENeHH H C PA3HbIMU OCHOBAHUAMH, €CJIH TOJIBKO
TOKA3aTeJH Y 9THX CTelleHei ONMHAKOBEI.

Hpumep 1. Buruncaurs 2 - 54,

P e m e H u e. Koreuno, MoxxHO mo Tabaune u3 § 16 ycranosurs,
uto 2¢ = 16, 5! = 625, a saTem ymHOxUTH 16 Ha 625. OgHAKO 2dhdeK-
THBHEe CJeAyIoIee PaccyXAeHne:

24-5‘=(2°2'2'2)'(5'5'5'5)=

=(2-5)-(2-5)-(2-5)-(2-5)=(2-5)*=10*= 10 000. (ul
B nporecce perieHMA MBI NOJYYHIA YHCIOBOE PABEHCTBO
2¢.5'=(2-5)\.

To4HO TaK e MOXKHO A0Ka3aTh, uto a’h® = (ab)®.
B camom geuie,
a*b*=(a-a-a) (b-b-b)=ab-ab-ab=(ab)’.
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Boob6ime, nMeeT MecTO paBeHCTBO:
a"b" = (ab)".
[ TeX, KoMy HHTEpeCcHO, IPHUBEJeM «MOIYAIUBOE» JOKA3aTelb-

CTBO BTOro yTBepxaeHus. IlonpobyiiTe ero «03By4UTH» U NPOKOMMEH-
THPOBATE:

a*-bv'=@-a-...a).(b-b-...-b)=a-a-...-ab-b-.." b=
[P : nmmmv_

=(ab)-(ab) - ... - (ab) = (ad)".

n MBOMGTTENEH

1

IIpumep 2. BEIMHUCIUTE =
P e m1 e B 1 e. KoHeYHO, MOYKHO MPOU3BOAUTH BEIYHUCJIEHUA «B JIO0»,

. e. Haiitu 12°, 3aTem 4%, 3aTem nepBoe uncno pasgenuTH Ha BTOpOE.

Ho nyuine paccy®aaTe Tak:

122 12.12.12-12-12-12 12 12 12 12 12 12
4% 4.4.-4-4-4-4 4 4 4 4 4 4
12

6
o 8 ]
-(4)—3—729. (]

128 6
B nponecce pernesna MBI IO YA YUCJIOBOE PABEHCTBO o il (%) &

ﬂs a)® a’ a\’
To4yHO TaK »Xe MOXKHO JIOKA3aTh, YTO 7 = (;) u 7 = (E] . Boobme

HMeeT MeCTO PABEHCTBO

=]

- = [%]”. ecau b#0.

o

Hrak,

a"b" = (ab)*;
a" al"
b—,, = (;] , bz0.

O6e st GOpMYJIEI IPHMEHSIOT KAaK CJIeBA HANIPABO, TAK H CIIpaBa
HajeBo. X TaKe MOXXHO 0OpDMHUTL B BHIe TPAaBHJ AeHCTBHH Haj
CTeneHAMH, TOTAA K TpeM npasuiam us § 17 nobaearca eme asa:

IanOMHUMa




4. CTENEHb C HATYPANbHbIM MOKA3ATENEM U EE CBOMCTBA

\
Ipasuno 4. 9mobvL nepemHoNcUmMb CMeneHU ¢ 00UHAKOBbLMU NOKA-

3ameJjAamu, docmamovno nepemMHoONUmb OCHOB8AHUA, O NOKA3AMmMendb
cmeneHu 0CmMasumb Heu3MeHHbLM.

IIpasuio 5. YmobuL paszderums dpyz na dpyza cmenenu ¢ 00UHAKO-
8bLMU noKasamenamu, docmamoyHo pa3denums 00HO OCHOBAHUE HA
kapyzoe, a noxasameb CmeneHu ocmasuimb HEUIMEHHbLM.

2203t ¢
3 :

ol

IIpumep 3. YOpocTHTE BEIpaXKeHHe [

PemeHue. Hmeem:

4y 2234"’
[2203% ] =( ‘;,.—, ) (zpasuio 5);

nanee:
(22a%")® = (2%)°(a®)*(b*)® (npaBuiio 4).
Ho
(2%)°=2'"=1024; (a®)’=a'%; (b")°=b" (upasuio 3).
Brauur, (2%a%b?)® = 1024a'°b*°. Taxk kax 3° = 243, T0 OKOHYATENB-
203 )  10240" b
3 | 2438

B zak/i04eHHe — OJHO mpepocTepe:xenue. Mul 3HaeM, 4To

HO [IOTy4aeMm: [ (m

€eCJIM OCHO8AHUA OJHUHAKOBEIL, TO: eCJIM noxka3amenu OfUHAKOBEIL, TO:

an_ak=an+k; an_brx=(ab)n;

a":a*=a""% a":b"=(a:b)"

Ecnu sxe yMHOMXKEHHE U JleJleHWe BBHIIOJHSAETCA HAJ CTeNeHSIMH C
PA3JHMYHB MUY OCHOBAHHAMM M DA 3 HH MU HOKa3aTeIaAMH, TO
GyabTe BHEUMaTeNbHEL TaK, 3° « 2! MoMKHO BEIMHCINTD «B J106»: CHaYa-
na BRIYHCIUTH 3%, 3aTem 2% u, HaKOHel, BHINOJHUTE YMHOXEHHE.
A moxHOTaK: 3-31-24=3-(3-2)'=3-6".
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4. CTEMEHE C HATYPAJIbHbIM MOKA3ATENEM U EE CBOWCTBA

§19. CTENEHL C HYNEBLIM NOKASATENEM

B npeapiaymux naparpadax Mbl ¢ BAMH HAYYHJIHUCH BRIYHC-
JIAThL 3Ha4YeHHe CTeleHH ¢ JOHM HamypaibHbim nokasatenem. Ha-
pUMep:

0,2!=0,2; 32=3-3=9; 4°=4-4-4=64;
1'=1-1-1-1=1;  (-2f=(-2)-(-2) (2 (-2)-(-2)=-32
0°=0-0-0-0:0-0=0wur.xa.

B panbHelmeM BbI y3HaeTe, YTO MOKAa3aTeJIeM CTere-
HM MO3XeT OBITh He TOJNBKO HaTypaJibHoe uucno. Ho ato
TPOU30H/IeT M03/lHee, B CTAPIIMX KJACCAX, & MOKA MEI
ee clienaeM JIMIIbL OAMH CKPOMHEI IIar B 5TOM HanpasJe-
HHH: BBeJIeM NOHATHE CMENeHU C HYJLeBblM noxasame-
JleM, T. €. BRIACHHM, KaKOM CMEICJ NPUAAEeTCA B MaTe-
MaTuKe cMMBOJNY a’. A Bellb BTOT CHMBOJI «HAIPAIIH-
Baercsi». Cvorpure: 2°: 22 =25%=2% 38.3=3%1=3",
Ilouemy 651 He HantucaTh 5% : 54 = 592

Ilo cux mop Bce 6EIIO XOpomo: a® — 310 3HAYUT
creneHs YHCJIO @ YMHOXHUTH camo Ha ceba 3 pasa, a'® — aro
C HyneBbim 3HAYMT YHCJIO @ YMHOKHTH caMo Ha ce6s 10 pas, a' —

nokasarenem 210 mpocTo @. A uro Takoe a’? Bear Henw3sm ke, B
CaMOM JeJie, YMHOMKHUTh YHCJIO @ camo Ha ceba 0 pasz!

Xotesnock 651, 9TOGH! Ay a’ BHIIOJIHANKCH NPUBLIYHEIE IPABHJIA,
Hanpumep, YTOGLI NpU BLIYMCIEHHH a’ - a° MoKasaTeNH CKIAALIBA-
nuce: @®- a’=a**°. Ho 8 + 0 = 8. Yro sxe nosyuaerca? Ilosryuaercs, 4To
a®- a® = @®. Buauur, a® = a® : @® = 1 (pu oTOM HYKHO BBECTH ECTECTBEH-
Hoe orparnyenue: a # 0). IIposenenHoe paccyskieHNe KaK-TO MOTHBH-
pyer cieayioilee onpeneneHHe.

Onpesenexne. Ecmua#0,10a° = 1.

Hanpuwmep, 5,7° = 1; (-3)° = 1; (2")° = 1 u 1. a. OgHAaKO yuTHTE,
49T0 CUMBOJ 00 CUHTaETCHA B MaTeMaTHKe He UMeIIMM CMBICIIA.
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4. CTENEHb C HATYPAJIbHbIM MOKA3ATENEM M EE CBOMCTBA

OCHOBHbIE PE3YJIbTATbI

3pech coOpaAHLEI OCHOBHBIE ONIPEZieJieHHs, CBOMCTBA, Teope-
MBI, GOpMYJBI, NIPaBHUJa, KOTOPhIE MBI ¢ BaMu uayuanu B § 15—19.
Bce aT0 3anicaHoO Ha CYXOM MATEMATHYECKOM SA3bIKe 663 BCAKHX KOM-
MeHTapHeB, IOCKOJIBKY KOMMEHTapuH, o00CHOBanuA OLLIM IpUBeze-
HBEI B yKa3aHHBIX naparpadax.

a®=1,rne a#0;
1"=1; 0"=0;
(__1)211 - l; (_1)2::- : - _1;

n__
10" = 100...0 .
naynei
k_ k. thtm_ on. ok, om.
an,a _an+ : an +m_an a am,
a":a*=a""* rmen>k;
( an)k - ank;
n
a a|\"
a™b" = (ab)"; (abc)” = a"b"c"; R [3) , raeb#0.
3HaHUe 3THX (opMyJ — KJII0Y K ycnexy B pabore ¢
mobeiMu anrebpandyecKUMH BhIpaskeHHAMH. K sToi
paoTe ME IPHCTYNAaeM MOCTENeHHO, HAYMHASA CO CJie-
OVIOIIeH rIaBhl.




TNABA
5 OAHOMJNIEHbI. APUDMETUHECKME

OMEPALIMM HAJZ, OJHOUNEHAMM

§ 20. MNoHsarue ogHouneHa. CTaHZapTHLIN BUA
o4HOYNeHa

§ 21. CnoeHue u BbIYMTaHME OAHOYNEHOB

§ 22. YmHoxenne ogHovneHos. Bossegenne
O4HOYNEeHa B HaTypanbHyIo CTeneHb

§ 23. Jenexne ogHOuNEHE Ha O4HOYNEH

§ 20. NOHATHE OHOUNEHA.
CTAHAAPTHbIMA BUJL OHOUNEHA

Onpeaenerue. OprowieHoM Ha3bIBAIOT aiNre6pandecKoe
BhIpajXeHHe, KOTopoe npeficTaBligeT coboi NpoussefieHUe YUCes U e-
PEMEHHEIX, BOBBEICHHEIX B CTENIEHb C HATYPAJIBLHEIMU ITIOKA3aTEIAMH.

IIpuMepH OJHOYJIEHOB:

214
2ab; %azxya; (- 2)xy?- [E] x*ab®; 1,7a™" (n e N).
OpHOUYNIeHAMHY ABJAIOTCH, B YACTHOCTH, TAKKE BCe YHCia, JioOhIe
nepeMeHHBIe, CTeNleHU nepeMeHHEX. Hanpumep, olHOUYNIeHAMY ABJIA-
I0TCA:

0; 2; —-0,6; x; a; b; x% @ b" (neN).

Teneps npuBefieM NpUMEPH! ajire0pandecKNX BRIPAKEHUI, He AB-
JIAIONUXCH ONHOUJIEHAMHU:

2

a+b; 2x2-3y%+5; %—-
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2ab
A Kax BBl CUMTAETE: BEIpAsKeHHE =3 O HOYJIEH

wiy HeT? Beas oHO mo GopMe MOXoKe Ha BRIpaXKeHHe
az
—, KOTopoe GQUTrypHUpyeT ¥ HAC B YHCJIe BHIpAXKeHHH,

b
He ABIAKIIUXCA OJHOYJIEHAMHM, M COAEPIHUT B CBOEH 3aIHCH 4epTy
2ab 2ab 2
npo6u. Tem He MeHee —3 ~ ORHOWNeH: —— = Eab.
a 3
Bot eme ABa nmpuMepa, IOCTPOEHHEIE HA KOHTpACTE: 395 Kax

BBl CUHTaeTe, KAKOe M3 3TUX BEIPAYKEHHH OJHOUJIeH, a KaKoe HeT? A

a
Terneps IpoBepsTe cebs: 3~ ORHOWJIEH, ero MOXKHO 3aIMCcaTh B Bi/e

1 3
3 a ; BBIpa)KeHHe JKe 5 He ABJIAeTCA OlHOLICHOM. TepMUHEI B MaTeMa-

THKe HaJl0 yHOTpeOaATs NPABUILHO.

2 2
PacecmoTpuUM ofHOYJIEH 3a * i be. T'napsa Ha 370 BRIpaskeHHe, Ma-

TeMaTHK OOBLIYHO paccy)kaaeT Tak: «OT nmepeMeHB! MeCT MHOMKHUTEJIEH
npousBeZieHe He H3MEHHTCSH, 3aIMINY-Ka S 3TO BeIpaxkeHWe B Gosee
yaobHOM BHIE:

2
[3 . 5) “(a- az)bc.

Torma, AyMaeT MaTeMaTHK, A mojayuy 2a’bc, a aTa 3anuch NpUATHee
TO#, YTo GHINIA, XOTA OB mOTOMY, 4TO Kopode. Kpome Toro, B Heil Her
Toro cymOypa, Kaxkoil GBI cHaYaya: MepBbIH MHOXMHUTENb — YHCJIO,
BTOpPO# — NepeMeHHad @, 3aTeM CHOBA YHCJIO, IIOTOM ONATH IEpeMeHHaA
a, HO y3Ke B KBaJpaTe U T. .».

CrpeMAmMicA K YeTKOCTH, KPATKOCTH U NOPHAKY MAaTeMaTHK Ha
caMoM JieJie IpUBeJl ONHO4JIeH K cmandapmuomy eudy.

Boobme, ymobut npusecmu odnounern k¥ cmandapmuomy eudy,
HYNCHO:

1) nepemnoxmums 8ce HuCNOBble MHOMUMELL U NOCMABUMb UX
npouseedeHue Ha nepeoe mecmo;

2) nepemmolicume 6ce UMeNWUECs cmeneHu ¢ 00HUM GYKEEHHbIM
OCHOBaHUEM,

3) nepemnoxcume ece umeruuecs cmenenu ¢ dpyzum GyrKeeHHbLM
OCHOBAHUeM U M. 0.
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YucioBoii MHOYKHUTENb OJHOYJIEHA, 3aIUCAHHOTO B
CTAHJAPTHOM BHJe, HAskIBAIOT K03(hdHIHEeHTOM OAHO-

wieHa.
JI060i1 ogHOYJIEH MOYKHO IPHBECTH K CTAHAAPT-
HOMY BHAY.
BN IT p u m e p. IIpuBeCTH ONHOYIEH K CTAHAAPTHOMY
CTaHAAPTHEIA BUA BHOY U HA3BATH KO::)I;}(DHIIHEHT OOHO4YJIeHAa:
OfHO4NEHA a) 3x%yz - (-2)xy2’;
e arte- o

1
B) ~2ax’y°2" - 5 ax’yz;
3ab
AT
Pemenue. a) 3x%yz - (-2)xy?2° = 3 - (-2)xxyy’2z° = —6x°y°25.
KoadbduuuesT ogHOUYIIeHA paBeH —6.
6)4:1620%(: =4- %abz(c ¢)=1"-ab’c® = ab’c?.

KoadduuueHT ofHOYJIeHA paBeH 1, Takoll KoagdunueHT OGBIYHO
He NHINYT, HO NOAPa3yMeBaloT.

1 1
B) ~20x%°2" - 5 ax’yz = (-2)- 5 aax’x’y’yz"z = —a’x"y'2"".

KosddunuenT ogHouwIeHa paBeH —1.
r) A 370, KaK rOBOPAT, «MaJleHbKafA NPOBOKANMA»: OSHOYJIEH He
HAaJ0 NPUBOAMUTL K CTAHNAPTHOMY BUAY, OH U TaK 3aIMCcaH B CTAHAAPT-

HOM BHJeE: %ab KoadhdunuerT ogaounena pasex 0,3. (=

§ 21. CNOMEHME M BbIYUTAHME
OZHO4NEHOB

B 3T0i raBe MBI H3y4aeM HOBEIE [JIA BAC MAaTEMaTHYECKHe
06beKTHl — ofiHO4IeHB. OOpasHO roBopd, eciH AJisi MATEMATHYECKOro
A3BIKA YHCJIa, IepEeMeHHBIe H CTelleHH lIepEMEHHHX HABJIAKTCH ﬁyl{na-
MH, TO OfHOYJIeHEl — cnoraMu. Koraa B geTcTBe BBl YYUJINCE YUTATD,
TO cHAaYana H3y4daau OGyKBBI, 3aTeM YHUTAJH CJIOTH M TOJBKO IIOTOM
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LeIUKOM NPOHM3HOCHIH HamuCaHHOE CJ0BO; GyKBHI, CJOTH, CJOBA,
NIPeAJIOMKEHNA — STaNnkbl UdydeHUs sA3bika. M TyT y:ke He BaXKHO, Hpa-
BATCA HAM OAHOYJIEHB! KAK CAMOCTOATENbHEIN 06BEKT H3YUYeHUA HUIIH
HeT, HUYero He mofiejlaeiib — Ge3 yBepeHHOrO BIaJeHHA UMH HaM He
060 THCE, €CJIM MEI XOTHM CBOGOIHO BJIAJETH MATEMATHYECKHM A3BIKOM.

B § 20 MBI BBeTH NOHATHSA OAHOYJIEHA, CTAHAAPTHOTO BUAA ONHO-
4neHA. 3HAYHUT, HAA0 HAYUYUTHCA paboTaTe C OAHOYJIEHAMH, HAIPH-
Mep, BHINOJMHATH HAJ HUMH apudmMetrndeckue omepanmuu. Ilpm artom
cpasy ZOroBOpHMCSH, 4To GyJeM pacCMATPHBATH TOJBKO OJNHOYJIEHHI,
3anMCaHHEIE B CTAHAAPTHOM BHUJE.

Onpegenexue. [Ipa ogHOYJIEHA, COCTOSAIIME U3
ONHHUX M TeX K€ NePeMEeHHEIX, Ka)KJad M3 KOTOPHIX
BXOJUT B 004 OJHOYJIEHA B OfMHAKOBLIX CTelleHAX (T. e.
C paBHHIMH IIOKA3aTEJIAMM CTelleHei), HashIBAIOT MO-
AOOHBIMHM OHOYJICHAMM.

nopo6Hsie IIpuMeps MOAOGHBIX OHOYJIEHOB:
OfHOYNeHb!

2
2a u 5a, 3ab’c u = ab’c, x" u 5x".

Kak BupuTe, momo6HEIE OZHOYNEHE! OTJIMYAIOTCA APYT OT Apyra
TONBKO Ko3ddHumueATaMH (BIpoueM, M KOo3(pHIMEeHTH MOTryT OBITH
paBHEI, Hanpumep Tab u Tab — noxobHEIE OAHOYJIEHE]).

A BOT npuMephl HenoJ0OHBIX OAHOYJIEHOB:

5a u 3a%, 2x u Ty, 3a®b® u 6a°b.

CioBo «mopmo6HEIE» MMeeT IPUMEPHO TOT K€ CMEICJ, YTO B OOHI-
ZEeHHOH peYs CJI0BO «IoxXoxkue». Coriacurecs, 4To oOfHOUIEHH 5a’b n
23a%b noxoxu Apyr Ha Apyra (mog06HbIe OJHOUYIEHKI), TOTA KAK Of-
Housntens! 5a%b u 23ab®c? menoxoxu Apyr Ha Apyra (Hemoso6HbIE OXHO-
YJIeHHl).

PaccMoTpyM cyMMy ABYX HONOOHBEIX OTHOYJIEHOB:
5a’b + 23a%b. Bocnionbayemcs Memodom e6edenus Ho-
60il nepemennoii: nonoxum a’b = ¢. Torga cymmy
5a’b + 23a’b Moy HO mepenucaTs B Buze 5¢ + 23c. Ora
cymma pasHa 28¢. Uraxk, 5a°b + 23a’b = 28a%b.

B uem cMbica aToro npeobGpazoBanus? Cmuicxa
B TOM, 4TO paBeHcTBO 5a%b + 23a%b = 28a’%b apnserca
BEPHLIM IIDH NOACTAHOBKE JIOOBIX 3HaYeHUH nepe-
MEHHEIX.

METOH BBEAEHHA
HOBOH
nepemeHHoH
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HawM yaanoch Cl0KHUTE mof0GHEE OAHOYIEHE]; OKa3aJI0Ch, YTO 53TO
O4YeHb IPOCTO: JOCTATOYHO CJIOMKHUTH UX KoaddHIMeHTH!, a OyKBeH-
HYIO 4acTh OCTABUTH Heusmennoil. Tak ke obcTOUT feso U ¢ BEIYMUTA-
HHeM noflobHEIX ofHOYWIeHoB. Hanpumep:

Tabc® — 9abe® = (T — 9)abe® = — 2abc®.

A Kax 6HITh, eCJIH OfHOYJIeHB! HeNnogOoOGHEI: MOMKHO JIX MX CKJIaZbI-
BaTh, BEIYUTAThL? ¥YBHI, MOKA HeJib3A! MBI BepHEMCA K 3TOMY BOIIPOCY
mo3jHee, B riase 6.

Ceityac MEI cQOPMYJIUPYEM aJITOPUTM CJIOXKEHUA ¥ BRIYUTAHUA OJ-
HOYJIEHOB (BIIpo4eM, 0OBIYHO OCTABIAIOT TOJIBKO TEPMHUH «CJIOKEHHEe»,
a 3HaK MHHYC OTHOCAT K K0a(hpHIHeHTY).

'8 =
ANTOpPHTM CNOMKEEHA 0HOYIEHOB

1. IlpuBecTH BCE OZHOYJIEHH! K CTAHAAPTHOMY BHAY.

2. ¥6enuThcs, 4TO BCe OJHOUIEHEI NMOAOOHEI; €CJIHM JKe OHH Hemo-
JOOHEI, TO AJITOPUTM J[ajlee He IPUMEHSeTCH.

3. Haittu cymmy KoadHIHeHTOR ION00HEIX OAHOYJIEHOB.

4. 3anucaTh OTBET: OGHOYJIEH, NOAOOHBIN AaHHEIM, ¢ KOaMdunuen-

TOM, NOJIyYeHHLEIM HA TPEThLEM Iare.
N 2

IIpumep 1. YOpPocTHTH BHIpaXKEHHE
2a%h — Ta - 0,5ba + 3b - 2a - (- 0,5a).

P e m e H 1 e. Peus ujieT o ci1oxxeHuN ONHOYJIEHOB, 3HAYMUT, OyneM

JEHCTBOBATH B COOTBETCTBHH C AJITOPUTMOM.
1) IlepBhiit OMHOYIEH yiie UMeeT CTAHAAPTHBIN BHJ.
Jlna BTOpOro ogHOYJIeHA HMeeM:
7a-0,5ba = (7 - 0,5) -(a - a)b = 3,5a%b —
3TO CTAHAAPTHHIN BHJ.
IIpuBenem K CTaHAAPTHOMY BHUAY TPETHI ONHOUNIEH:
S0P 8b-2a-(-0,5a)=38-2-(-0,5)" (a- a)b=—3a’.

2) Monyunnu Tpu oxHouneHa: 2ab, 3,5ab, — 3a’b.
Oy nofo6HEI, IOATOMY ¢ HEMH MOXKHO IIPOH3BOAHUTE
JanbHeiIne NeHCTBUA, T.e. NEPEXOAUTE K TPeTbeMy
miary aJiropurMa.

3) Haiigem cymmy KoadupHIMEHTOB TPeX MONIyYeH-
HBIX OfiHOWIeHoB: 2 — 3,56 —3=—4,5.

4) Banumewm otser: — 4,5ab. (m]

9‘9
%“s

|
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Mpumep 2. Ilpeacrasurs ognousexn 27ab® B BUme CyMMBI Of-
HOYJIEHOB.

PemeHHe. 3aeck B OTIHYHE OT PACCMOTPEHHEIX paHee IpUMe-
POB pellieHHe He efUHCTBeHHOe (a passe B JXMU3HM BO BCEX CJIyUYaAX BEI
MoOXKeTe HalTH efuHcTBeHHOe pemeHne? MHoraa penieHuii HECKOJb-
KO, 4 HHOTJa pellleHnudA U BoBce HeT). MoXHO HAaIMCATh:

27ab? = 20ab® + Tab?,
u aTo O6yeT BepHo. M03HO HATIHCATE:

27ab? = 15ab? + 12ab?,
4yTO TaKkKe Oyzger Bepro. Mo)XHO HamuCaTh TaK:
27ab® = ab® + 26ab*®

H JaKe TakK:
27ab? = 100ab? — 73ab?.

MorxHO yKasaTh eme psaj pemeHuii. InasHoe, 4To66I cymMa Koaddu-
IHEeHTOB CKIaAbIBAEMEIX IIOA0OHKIX OfHOYJIeHOB OblIa paBHa 27.

Kcratn, He 0653aTe/IbHO COCTABJIATH CYMMY JABYX OJHOYJIEHOB
(B ycioBHMM Befib 3TO He OTOBOPEHO). 3HAYHUT, MOXKHO NPEAJIOMKUTE,
Hanmpumep, TaKoe pemenue: 27ab? = 20ab? + 4ab? + 3ab®.

Wnu raxoe: 27ab? = 2ab® + 8ab? + 22ab® — 5ab?. (=

ITonpobyiiTe caMu NPUAYMATE ellle HECKOJIBKO pelleHni npumepa 2.

M= sakanuHBaeM H3ydeHHe TeMbl «CioskeHue M

BBIYMTaHUE OXHOYJIeHOB». Ho BHI, HaBepHOe, omyInae-
Te KaKylo-TO HeJoroBopeHHOCTh. Majio i ¢ KakuMu
e vesting OHOY/IIEHAMH HAM NPHUAETCA HMeThb Je)o B JajibHeH-

meM, a BAPYT cpegu HuX GyayT HenoxoGHBIe? Uro
ZenaTh, €CJH, COCTABIAA MATEMATHYECKYI0 MOJENb
peallbHOM CHUTyamUH, MB OPHIIIM K BHIPAKeHHUIO,
npeAcTasJaAIeMy coboil cymMMy HenmofOOHBIX OAHOYJIEHOB, HAIPHMED
2ab + 3a — 5b? MaTeMaTHKy HAIJIH BBEIXOJ H3 IIOJIOMKEHHSA: TAKYIO
CYMMY HA3BaJH MHOZO4JEHOM, T.€. BBeJH HOBOE NOHATHE, U HAYUYH-
JIMCh IIPOM3BOJAMTEL ONepanuy Haj MHoroujgeHaMmu. Ho ob6 sTom peun
BIIEpefiH, B riase 6.

B zaxJroyeHne HACTOAIIETO naparpadga paccMOTPHM KOHKPETHYIO 3a-
Jady, B IPOIecce pPelieHHsA KOTOPOi NPUXOAMUTCHA CKJAALIBATE OAHOWIE-
HBI. JT0 JIMIUHMHA pas yOeauT Bac B TOM, YTO B MATEMATHKE IIPOCTO TAK
HHYero He U3y4aeTcA: BCe, YTO B Hell HapaboTaHo, IPUMEHSEeTCSH B XKU3HH.
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IIpumep 3. Typucr men 2 4 DEIIKOM U3 MIYHKTA A B IYHKT B,
sateM B B oH ceJ Ha KaTep, CKOPOCTb KOTOPOro B 4 pasa Gosbme CKo-
POCTH TYPHCTAa-IIeIIeX0Aa, ¥ exaa Ha KaTepe 1,5 4 go nyaxra C. B C on
ceJsl Ha aBTo0yC, CKOPOCTH KOTOpOro B 2 pa3a GoJbie CKOPOCTH KaTepa, ¥
exan Ha HeM 2 4 g0 nyHKTa D. C KaKkoH CKOPOCTBIO exas TYpPHCT Ha
aBTOOYCe, ecJii M3BECTHO, YTO BECh ero IyTh 0T A 1o D coctaBui 120 km?

Pemernmne.

Ilepsriit atan. Cocmasnenue mamemamuieckoii modenu.

Ilyets X KM/4 — cKOpOCTH memexofa. 3a 2 4 OH mpoiger
2x KM.

Hs ycnosusa caeayer, 4ToO CKOpPocTh KaTepa 4x km/4. 3a 1,5 4 ka-
Tep npoiiaet nyTh 4x - 1,5 KM, T. e. 6x KM.

W3 ycnoBus cnepyer, 4To CKopocTh aBTofyca paBHa 2 - 4x Km/d,
T. €. 8x kM/4. 3a 2 4 aBTo6Gyc npoeger 8x - 2 KM, T. e. 16x kM.

Becs nyTs ot A go D pasen 2x + 6x + 16x, uro cocrasiusier, mo
yenosuio, 120 kM. Takum obpasom,

2x + 6x+ 16x =120.

IT0 — MaTeMaTHYeCKasa MOJAEJb 3aa4u.

Bropoii sTan. Pa6oma ¢ cocmasaerHoil Modenvio.

Cinoxus oxHouneHu 2x, 6x, 16x, monyuum 24x. 3HaUuT,
24x = 120, oTKkyga HaxXoguM: x = 5.

Tpetuii aTann. Omeem Ha gonpoc 3adaxu.

3a x MBI IPUHAJH CKOPOCTh NeEIexofia, OHA paBHa 5 KM/4. Cko-
pocTs Karepa B 4 pasa Goxbiue, T.e. 20 KM/4, a ckopocTs aBTobyca
eme B 2 pasa Goabmre, T. e. 40 kM/4.

O T B e T: ckopocTh aBTOGYca 40 KM /4.

§22. YMHOXEHME OJHOYNEHOB.
BO3BEAEHME CAHOMMNEHA
B HATYPAJbHYIO CTEMEHb

B § 21 M paccMaATPHBAJIM CJIOKeHHe W BRIYHTAHHE OOHO-
unenoB. OKas3ajock, YTO 3TH ONEPAIMH MPUMEHHMMBI TOJBKO K II0H006-
HBIM OfHOYNEHAM. A Kaxk OGCTOMT HeJI0 ¢ YMHOXEHHEM OAHOUYJIEHOB?
Ouens mpocTo: eciiM MeXKAY ABYMA OJHOYJIEHAMMY IOCTABUTH 3HAK YM-
HOX@{eHHHA, TO CHOBA NMOJYYHUTCA OJHOYJIEH; OCTAETCH JIMIIb NPHBECTH
€r'0 K CTAHZAPTHOMY BHUAY ((aKTHYeCKH 3TO MBI YXKe JieNlajii B IpuMepe
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us § 20). He BriznIBaeT 3aTpyAHeHHH M BO3BelleHHEe OJHOYJIEHA B CTe-
neHs. IIpu 5TOM MCIOJIB3YIOTCSA IPABHIIA HEMCTBHIA CO cTeneHAMH (dak-
THYecKH B mpumepe 3 U3 § 18 Mur yiKe BOSBOAWIM OAHOYJIEH B CTENIEHB).

IMpumep 1. Haiitu npoussenenue Tpex oxHOousneHOB: 2a’bc’,

3
Zar.acslc3 u a’b.

PemeHnue.

3 3 3 3 _
(2a%bc®) - (;a cx )-(azb)= (2;) (aa®a®) (b-b) (c’c)x® = 1,5a"b%cBx3. (W

IMpumep 2. Ynpocturs Beipaxkenue (— 2a%bc®)® (r. e. npeacra-
BUTE €r0 B BUJie ONHOYJIEHA).

Pem e u 1 e. (— 2a%bc®)® = — 2%(a?)°b*(c®)® = — 82a'°b°c’5.

MEI HCIIOJIB30BAJIH, BO-TIEPBHIX, TO, YTO IPH BO3BEeHHUH ITPOU3BE-
JEeHHUA B CTEIIeHb HAZ0 BO3BECTH B 3Ty CTENeHb KaXKABLIH MHOMKHTEJb.
IoaTomy y Hac moaBuiaack 3anucek 2°(a?)°b’(c?)°.

Bo-BTOPBIX, MBI BOCIIOJIb30BAJIHCH TeM, 4To (— 2)° = — 25,

B-TpersHx, MBI MCIIOJIL30OBAJHK TO, YTO IPH BO3BEJEHHUH CTEIIEHH B

CTeNneHb NMOKA3aTeNM NepeMHOMa0TeA. Iloaromy BMecto (a?)° Mur Ha-
nucanu a'’, a BMecto (c®)® Mmur Hammucanu c'®. 'C]

Npumep 3.IIpeacrasurs ogaounen 36a’b’c® B Bume npousne-
JeHNA ONHOYJIEHOB.

PemeHnue. 3aecs, Kak u B npumepe 2 us § 21, pemenue He
equHCTBeHHOE. BOT HECKOILKO BADHAHTOB PEIIEHHA:

36a%b'c® = (18a?) - (2b'c®);

36a%b*c® = (86abc) - (ab®c?);

36a%b'c® = (- 3b%) - (— 12a%c®);

36a’b*c® = (2a?) - (8bc) - (6b3c?). (]
ITonpobGyiiTe caMu NPHAYMATS ellle HeCKOJIBKO PellleHunii mpumepa 3.

IIpumep 4.Ilpeacrasurs namHEi ogHOWIeH A B Buge B”, rae
B — opHO4JIEH, €CJIH:

a)A=32a% n=>5; r)A=-27a%° n=3;

6)A=a%5 n=3; ) A=16a%° n=4.

B) A = 49a%%c%, n=2;
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Pemenue.
a) 32a° = 2°a® = (2a)°. 3naunt, A = B, rne B = 2a.
6) a®b® = a®(b?)® = (ab?)®. CnenoBarenvro, A = B, rne B = ab®.
B) Tak kak 49a%b'c® = 72a2%(b*)%(c®)? = (7ab’c®)?, To A = B2, rue
B = Tab?c®.
r) ockonsky —27a%h® = (- 3)%a’(b%)® = (- 3ab®)?, saxmouaem, uTo
A= B3 rne B=-3ab®.

1) C onuounenom 16a®h® y mac uuuero me nmonyuurcsi. [loyemy?
Iasaiite paccyaats. Ecau 611 He 6110 MHOMXHTens b°, To samaua
pemasnack 6u1 Gea Tpyaa: 16a® = 2%(a?)* = (2a%)*; ecau 611 BMecTO b°
6BLT MHOKHMTeJIb, HapuUMep, b'%, To MEI pemmn 61 3a1aUy TaK:

lﬁasbl?. — 24(a2)4(b3)4 o (2023)8)4-
Opnako mEOxkUTENs b° Henb3a npencrasuTs B Buge (b*), rome k — Ha-
TYpaJbHOE YHCJIO; 3TOT MHOMXHTENb, KAK IOBOPUTCS, <«IOPTHT BCE
neno». 3uauuT, onHouen 16a®h® menn3a npepcraBuTe B Buge BY, roe
B — HEeKOTOpHIi OZJHOYJIEH. (=]

IIpumep mokasbIBAET, YTO B MATEMATHKE JAJEKO He BCe IMOJy4aeTcH,
He 00asA 387248 UMeeT pellieHre (KaK ¥ B PEaILHOH KHU3HH).

KcraTu, eciim MaTeMaTHKy NpeAJaraloT PelIUTh 3a1a4y, KOTopas
SIBHO HE MMEET DellleHHdA, TO OH TOBOPUT: «3adaua nocmaenena He-
KOppeKmMHO» UK «ITO — HeKoppekmHasa 3adaua». Tor, KTo npeasno-
JKHMJI HEKOPPEKTHYIO 38/1a4y, JO/DKEH U3BMHUTLCA. BoT 1 aBTOp M3BH-
HAeTca 3a npumep 4x). XoTA coIIacHTech, YTO OH OwLI naH He Ges
TOJIB3HI.

Pa3 y:x MBI 3arOBOPHJIH O KOPPEKTHBIX H HEKOP-
PEKTHBIX 3aja4yax, NIPHBELeM ellle HeCKOJbKO MpUMe-
POB H TeX, H APYTHX, 4 BHl NONHKTaiTech 00BLACHUATD,
noYyeMy 3a/1a4a KOPPEKTHA MU HeKOPPEKTHA.

GHIUMAHUEC

Koppexmnuvie 3adauu:

. Yupocturs 2ab?- (3ab)®.
. Yupoctutre Tab + 8ab + ab.
2,7+3,8

2-6

. BeIYMCIAHTH s
. IIpeacraButs omrOo4wrer 13a*h® B BUAE CYMMEI O{HOYICHOB.

- W N
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5. Ilpepcrasuth oxHowleH 48x°y°z B BHJe mpousBenenus omHO-
YJIeHOB.

6. IIpexncrasuTs ofHOueH A = 25a B BUZie KBafpaTa HEKOTOPOTO

oxHOYNeHA B.
Hexoppexmnuie 3adayu:

1. Cnoxurs ogaounensr 3ab?, 5ab® u Ta®b.

2,7+3,8
6-6

3. IlpeacraBuTk ogHOUNEH A B BHJIe KBAApaTa HEKOTOPOIO OLHO-
ynena B, eciun A = — 25a?.

4. HaiiTu TOYKy nepeceyeHUd NpAMBIX y =-3x+ 1uy=-3x+ 5
(cm. npumep 1 6) B § 10).

2. Broiuncauts

§ 23. QENEHME OQHOUNEHA HA ORHOMNEH

YT0 TaKOE OTHOYJIEH, MK 3HAEM; KAK ONHOYJIEHBI CKJIabI-
BaTh, BEIYUTATE, IEPEMHOMKATE H JJa)Ke BO3BOAUTH B CTelleHsL — obcy-
. Ho Befs uMeeTcd eme ofHA apudMeTHYECKas onepanus — fe-
JieHHe, onepanud, oOpaTHas YMHOXMXeHHIO. MOKHO i ORITE YBepeH-
HBEIM B TOM, YTO OIlepalid JeJleHHA OJHOYJIEHA HA ONHOYJIEH BCerga
BBIMIOJIHUMA — B TOM CMEICJI€, YTO B YACTHOM ONOJNYYHTCH O,HHO‘IJIBH?
Bort 06 3TOM M IOrOBOPHM.

IDIpumep 1. Onupasick Ha cBo¥cTBa apuMeTHYECKHX Heii-
CTBHUI, IONBITAEMCSH BBIIOJHHUTD JieleHHe O/{HOYJIEHOB:

a)10a:2; B) 36a°0° : (4ab?); n) 4x3 : (2xy);
4
6)18ab:(3a); 1) ?xsyzz : (- 2x%y%2); e)a?:ad.

Peme H u e. a) Bocioneayemcsas TeM, 4TO eCJIH

% npousBefeHHe ABYX YMCEJ AeJIAT HA TPeThe YHCIO, TO
AJ MOJKHO PasfieJIuTh HA 5TO YMCJIO OAUH U3 MHOKHTENeH
/ M INONYy4YeHHOe YacTHOe YMHOXKHUTE Ha APYrod MHOMCH-
Tenb. (Benmomenau? Hanpumep, (12-4):3=(12:3)- 4=
=4-4=16.) Ameem:

10a:2=(10:2)-a = ba.

0) Paccysxas, Kak B IpUMepe a), IoJiyyaem:
18ab:(3a)=(18:3)(a:a)b=6-1-b=6b.
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B) 36a%h° : (4ab?) = (36 : 4) - (@® : a) - (b° : b®) = 9a®! - b°2 =
= 9a%b®.
HWeorpa ynobGHee BMecTO 3HaKa JAeJIeHUA (i) HCIONb30OBATH YEPTY
Ipo6u. Bot Kak Torga Gyaer BHIVIAAETH PELlIeHHe IpUMepa B):
36a®%° 36 o b°
4ab® 4 a B
r) 3Aeck MBI MCHOJB3yeM KOMGMHUPOBAaHHYIO BalUCh peIleHUdA,
T. €. ¥ 3HaK JIeJIeHUs, ¥ 4epTy Apobu:

4 4 LYz
;‘,-xayzz (- 2x%y%2) = [? : (—2)]— i

4 2 F oz a2
g a e lll=-2,

3hech Bce BEPHO, HO, KAK I'OBOPAT MATEMATHKH, HEPAYUOHANLbHO,
MOCKOJBLKY cpasy 6uL10 sicHO, uTo x°y%2z : %%z = 1 (baxTHYecKkH BrIpa-
JKeHHe OeJIUTCA caMo Ha cebs).

. _4f 4 P 1 2 1 _ 22

n) 4x3 : (2xy) = il e =2x =y

9T0 He OFHOYJIEH, 3HAYMUT, pasaenauTh 4x° Ha 2xy
HeJib3A (B TOM CMEBICJE, YTOOKI B YACTHOM IOJIYYHJICH
OIHOYJIEH).

e) 1 oTa 3ajaua HEBHIIIOJNHHEMA, TAK KAK MBI [IOKA He yMeeM JeJINTh
IIpH OJHOM H TOM JXe OCHOBAHHMH CTelleHb C MEHBIIHMM IIOKa3aTeJieM Ha
CTeleHb ¢ GONBIINM IIOKA3aTeeM. C]

Mzl paccMOTpenH IIECTh IPHMMEPOB, U3 HHX YeThIPe OKA3AJINCh
KOPPEKTHBIMH, & ABa (mociaefiHHe) — HEKOPPEKTHHIMH (3TOT TEPMUH
MBI BBeJIH B § 22).

IIpoaranusupyeM Teneps pellleHHbIe IPHMEDPH! B monpobyeM ¢ 1o-
MOIBI0 3TOT0 AHAJIN3A BEIACHUTH, KOIZla MOYKHO pasfenuTh OOHOYJIEeH
Ha OJHOYJIEH TaK, YTOOHI B YACTHOM CHOBA MOJYYHJICH ONHOYJIEH.

EcTecTBeHHO, ya06Hee, 4T0OH 00a ofHOUYIeHa (M AejiMMoe, U iesu-
Tess) 6BUIM 3amMcaHBl B CTAHAAPTHOM BHJe (BmpoueM, 06 3TOM MEI
ycsoBHIIHCE emme B § 21) ¢ oTIMYHBEIMY 0T HyJIa KosGQdHuIUeHTaMH.

SHUMdnue

IMepeoe nabnrwdenue. B nenurene He ROMKHO OHITH mepeMeH-
HEIX, KOTOPHIX HET B IeJIMMOM (110 3TOM NPUYMHE MBI ¢«CIIOTKHYJIHCh»

B npumepe 171)).
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5- OOHOYNEHBI. APUDMETMYECKUE OMEPALIMK HAL OOHOYNEHAMM

Bmopoe nabnwdenue. Eciiu B e ITNMOM U JejinTesie €CTh OfHA 1
Ta )Ke mepeMeHHas, IpUYeM B e IMMOM OHA BO3BOAHTCH B CTElleHb 11,
a B JeNuTeNle — B CTENEHE k, TO 4HCJIO k He AOMKHO GHITH OoJibiie
yuciia n (I03TOMY MBI «CIOTKHYJIHMCE» B IpUMepe 1e)).

Tpemve nabniwodenue. KospdHuuueHTH AeTUMOro U AeIUTENH
MOTryT GBITEH JIIOOBIMU (IIOCKOJIBKY MEI YMEEM AeNHUTH APYr Ha Apyra
nio0ble YuCIa, KpoMe, pasyMeeTcs, JAeJIeHUs Ha HYJb).

3HauuT, ecJM BaM NPEJIOXKAT PasfesIUTh OJHO-
YJIeH Ha OJHO4YWIEH, TO CHauaja ybequrech, 4To 3aga4a
KOPPEKTHa, T. €. IPOBeNTE YKA3AHHEIe HAOIIONEHNS U
ybenuTech, 4TO BCe B nopAake. B cayuyae, Korga sagaga
KOPPEKTHA, pemiaiiTe ee mo o6pasny npumepa 1.

Hpumep 2. Yupocturs 48a‘b’cd : (36ab’cP).

PemnIe H u e. 1) O6a ogHOuNeHa (M AeTMMOE, M IEJIMTEJIb) 3anuca-
HBI B CTAHAAPTHOM BHJE.

2) B memuMoM dUrypupyIoT epeMeHHEle a, b, ¢, d, B nenurene a, b, c.
JIMIIHUX TTepeMeHHBIX B AeJINTeJIe HeT.

3) B penureie HeT cTENEHelH, GONBIINX, YeM Y OIHOMMEHHBIX Iepe-
MEHHBIX B JeJIMMOM.

GHUMAREE

B mI B 0 A: 3aaya KOPPEKTHA, OyZieM ee pelIaTh.

Hmeem:
48a'V’*d 48 a* b

s sindl A s S
36ab’® 36 a b & (m
Brl uyBcTByeTe, uto B § 23, kak m B § 21, ecTn

ook

-as-bz-l-d=§a3b2d.

HEJOTOBOPEHHOCThE? A UTO K€ BCe-TAKH JAeJaTh, €CJIH

Eé OZHOYWIEH HA ONHOYWIEH He pasgenmica? Passe MuI 3a-
e CTpaxoBaHBI OT Tako¥ curyanuu? IlosToMy maTema-
danee THKH BBeJIH HOBBIH 00BEKT — a.gizebpauyeckyio 0pobu.

BcenoMruTe, Beib 1 0OBIKHOBEHHEBIE Ap0O0OHM MOSABUINCH
HM3-3a TOr'0, YTO BO MHOKECTBE HATYPANbHBIX YHCE Je-
JIeHHMe BHIIOJIHMMO He BCerja; HampuMmep, 14 genutcs Ha 7, a 13 He
penurca Ha 7. Kak sanuceIBaeTcsa oTBET BO BTOPOM Cliydae, KOrja Hajo
Bece-Taku pasgeauts 13 1 7? OH sanuceiBaeTcH B Buze OOBIKHOBEHHOM

13
Apobu - - Anre6panyeckas ApoGs BCTpPeTHJIACH HAM paHee, B IPH-
2
Mepe 1x) — 3To OBLIO BHIpAXKEHHe > U, xoHeuHo, MaTeMaTHUKH
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HAY4YWJINUCH OIIEPHUPOBATHL C 3TUMHM HOBEIMH 00BeKTaMH — aiarebpau-

yecKMMHM Apobamu. Me1 GyneM u3yuaTh MX B Kypce anrebpsl 8-1o KJjac-
ca, a BCTPeTHMCH ellle pas B § 35.

OCHOBHbBIE PE3YJIbTATbI

IlepeuncauM ryiaBHoe M3 TOTO, 4YTO OGCY:KIANOCH B 3TOM
rjase, a BBl IPOBEPbTE, 3HAETE JIM BhI TO, YTO HAMMCAHO HUXKE, B CMO-
»KeTe JIK 00BACHUTE 3TO MOCTOPOHHEMY 4YE€JIOBEKY.

HTak, OCHOBHOE H3 TOT'0, YTO BBI JOJXKHEI OLLIH M3Yy4YHUTE B IJiase 5:

TNOHATHE OJHOYJIEHA;

3amuch OHOYJIEHA B CTAHAAPTHOM BHJE;

HOHATHE KOa(DPUIIMEHTA ONHOYJIEHA;

NOHATHE NOAOOHBIX OJHOYJIEHOB;

Kakue ONHOYWIEHbI MOYKHO CKJIAABIBATE (BEIYMTATE), KAKHE
HeJIb3d;

KaK CKJIAABIBATH (BRIYNUTATH) NOAOOHBIE OJHOUJIEHEI;

KaK IPeACTABUTHL OAHOWIEH B BHAE CYMMBI IOAOGHBIX O~
HOYJIEHOB;

KaK IePeMHOXXATH OJHOYJIEHE];

KaK BO3BECTH OJHOYJIEH B HATYPAJLHYIO CTEIEHb;

B KAaKOM cjiy4ae OAUH ONHOWIEH MOXKHO pasielHuTh Ha
JAPYTro# ¥ KaK 9TO cHeJaTh.



cnagall MHOTOUTIEHBL.
APUIMETMYECKME OMEPALLMM
6 HAZL MHOTOYNIEHAMM

& 24. OcHosHbie NOHATHSA

§ 25. CrnoseHue u BbIYMTAHNE MHOMO4YNEHOB

§ 26. YMHOXeHMe MHOroYneHa Ha o AHoYIeH
§ 27. Y MHOXeHue MHOro4yneHa Ha MHOro4neH
§ 28. Mopmynbl COKPALUEHHOIrO Y MHOMKEeHMS
§ 29. [leneHne mHOroyneHa Ha o gHo4YneH

§ 24. OCHOBHBIE NOHATUS

B riaBe 5 MBI y:Ke oTMeuasH, 4TO He JIIOOble OAHOYJIEHEI
MOYKHO CKJIAZBIBATH ¥ BEIYUTATE, 4 TOJBKO IOJ00HEIE; TAKIKE OTMEeYa-
JIX ¥ TO, YTO peajbHAfA 3aJa4a MOXKET IIPUBECTH K TAKOM mMaTeMaTu-
YeCKOH MOJENH, B KOTOpOii OyJeT comep:KaThbCA CYMMA HENOJOOHEIX
OZHOWIEHOB. IIJIfA M3yYeHUA TAKHX CYMM B MATEMATHKE BBEIEHO II0-
HATHE MHOT'OYJIEHA.

Onpegenenue. MEOro4IeHOM Ha3HLIBAIOT CYMMY OXHOYJIEHOB.
IIpuMeps MHOTO4JIEHOB:

2a + b; 5a%b — 3ab® — 3ab® + Tc; B+axt+at-2
Pasymeercs, cyIIECTBYIOT anredpanyecKye BRIPAKEHHUHA, HE ABJIAIO-

muecs MEorowiedamu. Hanpumep, '1—; , 2x% + 5y — 2
Yy

CnaraeMsie (OJHOWIEHB!), U3 KOTOPBIX COCTOMT MHOTOYIEH, Ha3kbl-
BAlOT WIEHAMH MHOIOYJIEHA: €C/IM X ABA, TO I'OBOPAT, YTO AAH ABY-
yinen (Hanpumep, 2a + b — ABy4JIeH), eciv UX TPH, TO F'OBOPAT, YTO AaH
Tpexwien (Hanpumep, 5a’ — 2¢b® + Te — Tpexwren). C 3TOM TOYKM
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3PEHUA CTAHOBUTCHA MOHATHEE TEPMUH <«OAHOUYJIEH» U
TO, YTO OFHOYJIEH OOBIYHO CYUTAIOT YACTHEIM CJIy4aeMm
MHOI'OYJIeHa.

3ameyaHue. Fosopat, B AdpHke ecTb NNems, Cuwu-

MHOrOYNeH TaloWee TaK: «OpuH», «[Ba», «Tpu», «mHoro». Hawa
yneHst TEPMUHOMNOIUA NPUMEHUTENBHO K MHOrOYNEHaM Hano-
are—. MMHAET a(PPUKAHCKYIO: ORHOYNEH, ABYUNEH, TPeX4nex,
AByHieH MHorouneH (0BbIMHO HU «HETLIPEXYNEH», HU «MATHUNEH» He
rpexyneH roBOpAT).

Teneps NOATOTOBUMCH K BOCIPHATHIO CEPHE3HOTO IOHATHA.
PaccMOTpHM MHOTOYJIEH

1
2ab?: 3a%h — 5a — Ta + 3b% - aazb"'- 6a — 2b°.

To, 4TO 3TO — MHOI'O4JIeH, COMHEHHUIO He IOIJIEKHUT (II0OCKOJIBKY 3alu-
caHa CyMMa OAHOYJIEHOB), HO HDABUTCSH JIM BaAM Takas 3anuck? Hasep-
Hoe, HeT. [Touemy?
Bo-nepBrIx, ogHouseH 2ab?+ 3a®b He 3anucaH B cTAHAAPTHOM BUJE,
a MBI 3HAa€M, YTO CTAHAAPTHBINA BUJ — Haubosiee ynoO0HAA 3amTMCh OJHO-
ynena. IIpuBeas ero K cTaHJapTHOMY BUAY, NOJIYYHM 6a%b°.
AHaNOrMYHO HAZIO IPUBECTH K CTAHZAPTHOMY BUAY €IIie OANH YWIEH

1
MHOTOYJIEHa, & IMEHHO — a’b?- 6a. Monyunm —2a°b>.

Teneps 3anuck JAHHOTO MHOT'OWIeHA NPHHUMAaeT 6oJiee NPUATHBIH
Buz: 6a®b® — 5a — Ta + 3b% — 2a®b°® — 2b%.

Bo-BTOpHIX, HOCKOJBLKY OT IEPEMEHBLI MECT CJIAraeMbIX CyMMa He
MeHseTcs, NoA00HBIE OAHOUYWIEHEI MOXKHO PACIOJIOMKHTE PAJOM, a 3a-
TEM CJIOXKHTh.

IMonyuum:

(6a°b® - 2a®b®) + (—5a — Ta) + (3b — 2b%) = 4a°b® — 12a + b°.

IIpaBna, oObIYHO MOAOGHBIE ONHOYIEHK! B MHOTO4YJIEHE He mepe-
CTaBJIAIOT, UX OAHHAKOBO NOJYEPKUBAIOT, & IOTOM CKJIAJbIBAIOT:

6a%b® — 5a — Ta + 3b% — 2a%b® — 2b% = 4a%b® — 12a + b2,

9Ty npoueaypy HaskIBalOT NPHBeXeHHeM IONOGHBIX YIeHOB.
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Eciu B MHOrOYJIEHE BCe UJIeHBI 3alIUCAHBI B CTAHAADTHOM BHJE M
IpUBE[eHE] OJO0HBIE WIEHEI, TO FOBOPSAT, YTO MHOTOYJIEH IIPUBEIEH
K CTaHAapTHOMY BHAY (MJIM 3amuCcaH B CTAHZADTHOM BHJE).

Teneps Bbl IOHUMAaeTe, nouemy 3anuck 4a’b® — 12a + b® npeamnou-
TUTeJbHee MepBOHAYANLHOH 3aInCH:

1
2ab®- 3a’b - 5a — Ta + 3b% - 3 a’b®- 6a — 2b%?
Jeno B ToM, YTO NEPBOHAYAJILHAA 3aIIHCh — HE CTaH-
LapTHEI BUJ MHOro4JeHa, a 4a®h® — 12a + b?> — cran-
HapTHBIN BUI.
JI1000if MHOIOYJIEH MOYKHO IIPMBECTH K CTAHAApPT-

npueejexune

n0a06HBIX HOMY BHAY. YCJOBUMCA B JaJIbHEHIIIEM BCcerja c sToro
yneHos HAYMHATE — TaK yAoOHee IpPOM3BOAMTHL AECHCTBHUA C
" MHOTO4JIEHaMH. )

g O6kryHO MHOTOWIEH 0603HauaT 6yKBOil p uim P —
e c aToii GyKBH HauMHAETCA rpeyeckoe cJoBo polys

(«MHOTHIT» , « MHOTOYHCJIEHHBIH » ; MHOTOUYJICHBI B MaTe-
MaTHKe Has3hIBAIOT TaKKe nojuHomamu). B 0003HaueHHe BKIIIOYAIOT M
nepeMeHHbIe, M3 KOTOPBIX COCTOAT WiEeHs MHorowiena. Hanpumep, MEOrO-
unen 2x% — 5x + 3 0Bo3HAUAIOT P(X) — YMTAIOT: «II3 OT UKC»} MHOTOWIEH
2x* + 8xy — y* 0bosHaUAIOT P(X; y) — UUTAIOT: «IId OT UKC, UTPEK» M T. I,

Il p 1 m e p. [las MHOrO4YJIEH

p(x; y) =2x - 8xy® — Tx® 2x — 3x* + 2y* + 5x%y% — 2xy - 442

a) 3anucaTb ero B CTAHAAPTHOM BHE;

0) Beruucaurse: p(1; 2); p(—1; 1); p(0; 1).

PemeHnue.

a) 2x - 8xy? — Tax® - 2x — 8x* + 2y + 5x%y% — 2xy - 4y° =
= 6x%y® — 14x* - 3x* + 2y* + 5x%y* - 8xy® =
=11x%% - 17x* + 2y* — 8xy® —
CTAHAAPTHHBIH BHJ MHOTO4YJIEHA.

6) 3anuce p(1; 2) o3HAYaeT, YTO HYIKHO HANTH 3HAYEHHE MHOTO-
wieHa p (x; y) npu x = 1, y = 2. Beruucienus GyieM IPOU3BOSUTE AJIA
MHOTO4YJIeHA, 3aIIMCAHHOTO B CTAHJAPTHOM BUJIE:

p(x; y) = 11x%% — 17x* + 2y* - 8x1°.

Hmeem:
p(1;2)=11-12-22-17-1+2-2¢-8-1-2%=
=44-17+32-64=-5.
Hrak, p(1; 2) = -5.
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AHaJIOTHYHO
p(-1;1)=11-(-1)2-12-17-(-1)*+2-1"-8-(-1)-13=
=11-17+2+8=4,
T.e.p(—1;1)=4.

Haxosern,
p(0;1)=11-02-12-17-0"+2-1-8-0-1%=
=0-0+2-0=2.
Hraxk, p(0; 1) = 2. (m]

§25. CNOXEHME U BbIYMTAHME
MHOT O4JIEHOB

B npeprigymem naparpacde Mel BBeJIM HOHATHA MHOro4Je-
HA ¥ CTAHJAPTHOIO BHAA MHOrowieHa. Bhl y)ke, HaBepHOe, HAYMHAETE
NPHUBHIKATh K TOMY, YTO, BBEAsl HOBOe MOHATHE, HAJO0 YYHUTHCA pabo-
TaTh ¢ HUM. B yacTHOCTH, Gy/ieM yYUTHCA BHIIOJIHATH apudMeTnye-
CKHe ollepanuy HajJ MHOIO4JIeHAMH.

HaymHaeM co CJI03XeHNA B BEBIYUTAHHUA. JTO OYeHb IIPOCTHIE OIlepa-
IHH: YTOOBI CJIOMKHUTH HECKOJBKO MHOIOYJIEHOB, WX 3&8MMCHIBAIOT B
cKoOKax co 3HAKOM «+» MeXKAY CKOOKaMM, PACKDPHIBAIOT CKOOKHM M
IPUBOAAT NOA00HEIe wieHEl. IIpy BEIMUTAHMM OJZHOI'O MHOTOYJIEHA U3
APYToro UX 3alMCHIBAIOT B CKOOKaxX CO 3HAKOM «—» IIepe/l BhIYHTae-
MBIM, PACKPBIBAIOT CKOOKY M IPUBOAAT NOAOOHEIE YIEHEL.

IIpumep 1. CloXxuTh MHOIOYJIEHBI:
a)p,(x)=2x*+3x -8 u p,(x) =5x+2;
6) p,(a; b) = a* + 2ab - b%, p,(a;b)=2a®—-a®+ 3ab-b*+5,
ps(a; b)=a?—ab-b*—-4. '
P e m1 e H 1 e. a) OGo3HauuM cymMMy MHOToOWIeHOB yepes p(x). Torga
p(x) = p,(x) + py(x)=
=(2x°+8x—-8)+(5x+2)=2x*+3x-8+5x+2=
=222+ (8x + 5x) + (-8 + 2)=2x?+ 8x — 6.
6) OGo3HaYMM CyMMY MHOTO4YJIEHOB uepes p (a; b). Toraa
p(a; b) =p,(a; b) + py(a; b) + ps(a; b) =
=(a®+2ab- b))+ (223 —a®+ 3ab - b+ 5) +(a*—ab—b* - 4) =
~a?+2ab-b'+26° - g* + Bab b + 5+a’~ab-b -4 =

=a?+ 4ab-3b% + 2a° + 1. 0
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IIpumep 2.HalTn pasHocTs MHOT'OYWIEHOB
P y) =23+ +2x+3y+5
poxsy)=22—y®-5x+3y-1T.

PemeHune. OGosHaumM pAasSHOCT:E MHOrOYJIEHOB uepes
p(x; y). Torma
P (x5 y) =p:(x; y) — pa(x5 y) =
=P+ +2x+3y+5)-(x*-y*-5x+3y-17=
=2+’ +2c+3y+5-22+y°+5x -3y +7=2+7x+12. &
O6parure BHuMarue: x° — x° = 0 u 3y — 3y = 0.
TloaToMy «ucUessu» OfHOWIEH X° u ofHOWIeH 3y U3 co-
cTaBa 000MX MHOIOWIEHOB. B TAKHX ciydyasix IOBODAT:
x® u —x3, 8y u —8y esaumno ynuvmonxcurucy (npasaa,
IIKOJLHUKY B TAKHX CJIy4asx JIIOOAT roBOPUTE «COKpa-
THJIMCh», HO TAK T'OBOPUTHL He CJIEAYeT: TEPMHUH «CO-
KpallleHHe» B MaTeMaTHKe NPHHATO ynoTpebaaTs
TOJIBKO II0 OTHOIIEHHIO K ApoGsAM; HAIpHMep, MOXKHO COKPATHTE APobb

15 3
%,Hmrnano.ny!mmﬂ 1).

3aMeTHM, YTO CJIOXKEHHe ¥ BEMMUTAHHE MHOTOYIEHOB BBITIOJIHSIOT-
cs 10 OTHOMY M TOMY 3Ke IPaBWIY, T. €. HeOOXOJHMOCTH B PasjIMye NN
Oonepanuii CJI0)KeHHA U BHIUUTAHUSA HeT, 3HAaYHMT, HeT M 0co60ii Heo6x0-
AVMOCTH B HCIIOJIb30BAHMH JIBYX TEPMHHOB «CJIOYKEHHE MHOTOUJIEHOB»,
«BEIYMTAHME MHOTOYJIEHOB». BMECTO HMX MOMHO YIIOTPEGUTH TEPMUH
anzebpauyeckas cymma MHOzOYleH06. BOT HEeCKOJILBKO NPHMMEPOB aJl-
rebpadecKNX CyMM TPeX MHOTOWIEHOB P, (x), p,(x), ps(x):

Pi1(x) + pa(x) + py(x);
Py(x) — py(x) + ps(x);
Pi(x) — pa(x) — p3(x);
P2(x) — p3(x) + py(x).
Tenepb MBI MOM{€M IIOIBECTH UTOI' BCEMY CKa3aHHOMY B 3TOM IIapa-

rpade B BHAe cJEAYIOLIETO NMPABUJIA COCTABJIEHHA ajirebpawmdecKom
CYMMBI MHOT'O4YJIEHOB.
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r —

IIpaeuno 1. YmobbL 3anucams anze6pauiecKyro cymmy HECKOLb-
KUX MHOZOYJCHO8 8 eude MHOZOWJIEHA cmandapmuozo euda,
HYNHCHO PAcKpbimb CKOOKU u npuséecmu nodobuvie wiersl. ITpu
amom ecau neped crkobkoil cmoum 3HAK «+», Mo npu packpelmuu
cKobox Hado 3naru, cmosujue neped caazaemvimMu 6 CKOOKAX,
ocmasums 6e3 uamerenus. Ecau xce neped ckobKoll cmoum 3HaK
«—», MO NPU PACKPbLIMUL CKOOOK HYMCHO 3HAKL, CMOAWUe neped
cllazaemMvlMU 6 CKo0Kax, 3ameHums Ha NPOMuUBononoxcubsle («+»

HA «—», «—» HA «+»).
= 4

A Tenmeprs 00f3aTeNbHO BEDHHUTECh K mpumepaMm 1 u 2 ¥ npoxkom-
MEHTHpY#HTe (X0Ta OBl AuA cebA) uX peleHue ¢ MOMOINBIO 3TOrO Ipa-
Buiia. Coenanu? Torna paccMOTPHM 3aKJIIOUMTENLHEIN MpUMep.

IIpumep 3.annl TPH MHOrOYJIEHA:
Pi(x)=2x*+x-8; py(x)=x*-8x+1; py(x)=5x>-2x—8.
Haittu anre6pan4ecKyio cyMMy

P (x) = p;(x) + py(x) — ps(x).

PemeHnue.
p(x)=2x*+x-8)+(x2-38x+1)—(5x*-2x-8) =
=2x2+x-8+x2-3x+1-5x2+2x+8=-2x%+6. ()

§ 26. YMHOXKEHME MHOTOUYJNEHA
HA OJHOMJIEH

Bri, HaBepHOe, 3aMeTWIH, YTO A0 cuX mop riasa 6 cTpou-
Jlack IO TOMY XKe ILIaHy, 4TO ¥ riasa 5. B ofeux riaBax cHadasa BBO-
IOHUJIHCh OCHOBHBIC MOHATHUA: B rjase 5 910 OBLIM OAHOYIEH, CTAHAAPT-
HEBIi BHJI OMHOWIEHA, KO3(hdHUIHEeHT ONHOYWIeHA; B IyiaBe 6 — MHOIOWIeH,
CTAaHJAPTHBIM BUJ MHOrO4YJIeHa. 3aTeM B rjiaBe 5 MBI pACCMATPHBAJIH
CJIO)KeHMe ¥ BEIYMTAHHME OJHOUICHOB; aHAJOIWUYHO B IyiaBe 6 — cioxke-
HHe U BEIYUTAHWE MHOIOUJIEHOB.
Yro 661110 B rase 5 nansme? Jlaabile Mbl TOBOpH-
Jiu 06 YMHOXEHUH OJHOYJIEHOB. 3HAYMT, 110 AaHAJIOTHH,
0 ueM HAM cJiefyeT moropopHuTh Tenepb? 06 ymuOMKe-
HUM MHOrowieHoB. Ho 3/eck NPHJIETCA NelCTBOBATH
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He crema: cHayasa (B 91oM naparpade) paccMOTPUM YMHOMKEHHE MHOIO-
YJieHA Ha ONHOYWIEH (WX OJHOYIeHA HAa MHOIOYWIEH, 3TO BCe PABHO), a
notoM (B ciaeayiomeM naparpade) — yMHOMXeHHe JIIOORIX MHOrodJe-
HOB. Korga BeI B MIaJIINX KJIaccax YYMIUCH IEPEMHOMKATH YHCJIA, Bb
Beib TOXE [OeHCTBOBAJIM IOCTENEHHO: CHAYAJIA YYMJIUCh YMHOMKATH
MHOTO3HAYHOE YHMCJIO HA OJHO3HAYHOE M TOJBKO IOTOM YMHOMKAIH
MHOI'O3HAYHOE YHCJIO HA MHOTO3HAYHOE.

IIpuctynuMm K pgery. Ilpy yMHOMKEHUH MHOIOWIEHA HA OSHOWIEH HC-
TIOJIE3YETCA pacnpefe/IMTe/IbHbIN 3aK0H YMHOKeHuA: (a + b)e = ac + be.

INpumep 1. Bumonsurs ymuoxkenue (2a% — 3ab) * (—5a).

P e w e H 1 e. BBeieM HOBEIE IEDEMEHHEIE:

x=2a% y=-3ab,z=->5a.

Torza faHHOE NPOM3BEJEHUE NIEPENNIIETCH B BHuJe (X + y)2, 4To 1o
pacIpeie TUTeIbHOMY 3aKOHY PaBHO X2 + yz. Teneps BepHeMcH K CTa-
PBIM NepeMeHHEIM:

xz + yz = 2a®- (- ba) + (- 8ab) - (- 5a).
Hawm ocTaeTcs uie HaiiTh NpousBeieHUs ogHO4NeHOoB. [Tomyymnm:
—-10a®+ 15a°b.

IIpuBegeM KpaTKyIO 3amuch perreHus (Tak MBI ¥ OyZeM 3alucChl-
BATh B laJIbHEMIIIeM, He BBOJS HOBBIX NEPEMEHHBIX):

(2a® - 3ab) - (- 5a) = 2a® - (- 5a) + (- 3ab) - (- 5a) =
=-10a® + 15a%b. ]

=

Teneps MEI MOKeM c(POPMYJIMPOBATE COOTBETCTBYIONIEE NPABUIIO
YMHOKEeHHA MHOI'OYWIEHA Ha OAHOYJIEH.

Ilpasuino 2. Ymobvl ymHOMCUMb MHOZ0YJEH HA
00HOUNEH, HYHCHO KANCObLIL YeH MHOZ0YJIEHA YM-
HOX UMb HA 3mom 00HOYJIeH U NONYYeHHble Npo-
u3eederusn croHNUMb.

9To Xe NPABUIIO NefCTBYeT ¥ IPK YMHOMKEHNH OAHOYWIEHA HA MHO-
TrOYJIeH:

— 5a(2a? - 3ab) = (— 5a) - 2a* + (- 5a) * (- 3ab) = — 10a® + 15a%
(MBI B3AM npuMep 1, HO IOMEHSIM MECTAMY MHOMKUTEJH).
IIpumep 2. IIpeacraBuTh 3afaHHBIA MHOTOYWIEH B BUJIE IIPOU3-
BeleHUSA MHOrO4JIeHA ¥ OJHOYJIeHA:
a) 2x%y +4x;  6)x®+ 3y°.
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P e m e H ¥ e. a) BameTum, uto 2x%y = 2x * xy, a 4x = 2x * 2. Braunur,
2%y +4x=xy-2x+2-2x=(xy +2)- 2x.
0) B npumepe a) HaM yAanock B COCTABE KAMXKAOI0 4jieHa MHOTo4Jie-
Ha 2x’y + 4x BBIENMTH OJMHAKOBYIO YaCTh (OAMHAKOBHIA MHOMKUTEJIb)
2x. Brech ke Takoit obmei yacTu Her. SHauuT, MHOrowlen x2 + 3y°
HeJIb3A NPeACTABUTE B BHJE IIPOM3BEeHNA MHOTOYJIEHA ¥ OfHOWIeHa, (M)
Ha camoM Jesie 1 MEOrowieH x> + 3y MOXXHO NpeJCTaBUTL B BUJE
NIpOM3BEAEHNS, HAIIPUMED, TAK:
22+ 3y% = (2x% + 6y - 0,5
HJIH TaK:
22+ 38y =(x*+3y%)-1—
poM3Be/ieHHe Yucjia HA MHOTOYJIEH, HO 3TO HCKYCCTBEHHOe Ipeolbpa-
3oBaHMe U 6e3 6oMb1I0i HeOOXOAUMOCTH He HCIIOJIB3YEeTC.

Kcrarn, TpeboBaHue npefcTaBuTh 3aXaHHBIH MHO-
TOWIEeH B BHJE NPOM3BEIEHUSA OFHOWIEHA ¥ MHOIO4JIe-
Ha BCTPEYAETCHA B MATEMATHKE KOBOJBHO YaACTO, O3TO-
Vandeme MY YKasaHHOM NpoLeAype NPUCBOEHO CrIeUanbHoe Ha-

Ouer 3BaHUE: BblHeceHUue 00Wez0 MHONUMENR 34 CKOOKU.

3anaHue BBIHECTH OO MHOMKHTENb 3a CKOOKH Mo-

JKeT OBITh KODPEKTHBIM (KaK B mpuMepe 2a)), a MoxkeT GBITH U He CO-

BCEM KODPEKTHBIM (KaK B nmpuMepe 20)). B crexgyromeit riaase Mul cre-
IUAaNBHO PacCMOTPHMM 3TOT BOIIpOC.

B saxinioueHue naparpaga peiuM safiayi, KOTOPEIE HOKaMXKYT, YTO
npu paboTe ¢ MATEMATMYECKHMMH MOAEJIAMY PealbHBIX CHTYALHA NPH-
XOAUTCS W COCTABJATH aJredfpavdecKyr cyMMYy MHOrO4JIeHOB, ¥ YM-
HOATH MHOIO4JIeH Ha ofHowIeH. Tak 4To 3TH onepanuy Mbl H3y4aeM
He 3p4.

IIpumep 3.Ilyaxrel A, B 1 C pacnojiosKeHB! Ha 110CCE TAK, KaK
TIOKa3aHo Ha pucyHKe 52. Paccrosinue Mesxay A u B paBHO 16 kM. Yz B o
HanpasieHmio K C Beimen nemexof. Yepes 2 4 mocJie aroro U3 A 1o Ha-
npaenesuio K C BEIeXajl BeJIOCHIIEAWCT, CKOPOCTL KOoTOporo Ha 6 Km/u
Goxeire ckopocTH nemexofa. Yepes 4 u mocse cBoero BeIe3[a BeJIOCHIIe-
IMCT JorHa nemrexopa B myakTe C. Yemy pasHo paccrosinue ot B no C?

C B 16km A

Puc. 52
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Pemenmue.

Ilepsuiit aran. Cocmaenenue mamemamuieckoir modenu.

ITycTh X KM/4 — CKOpOCTE Iemrexofa, Torga (x + 6) kM/4 — cko-
POCTBH BEJIOCHIIEAUCTA.

Paccrosiaue oT A 710 C BejjocHIIEAHCT IIpoexas 3a 4 4, 3HAYUT, 3TO
paccTofAHKe BeIpaxkaercsa dopmyJioi 4(x + 6) kM. Urak, AC = 4(x + 6).

Paccrosnue ot B no C memexop npoiuren 3a 6 u (Begk A0 Bele3fa
BEJIOCHIIEAHCTA OH y2Ke OBLI B yTH 2 4), CJIeAOBATENIEHO, 3TO PACCTOMA-
Hue BeIpaxxkaeTcs dopmyJioi 6x kM. Hrak, BC = 6x.

A Teneps 00paTuTe BHUMaHHe Ha pUCyHOK 52: AC — BC = AB, T. e.
AC - BC = 16. 310 — OCHOBa AJIA COCTABJIEHHUS MATEMATHYECKOM
mopenu sagaun. HanmomuaumM, uto AC = 4(x + 6), BC = 6x; cienosa-
TEeJNBHO,

4(x+6)—6x=16.

Bropoit aran. Pa6oma ¢ cocmaenennoil modenvio.

Ilnsa pellieHU A YpaBHEHUA NPUAETCHA, BO-TIEPBBIX, YMHOMKHUTE OGHO-
yjeH 4 Ha ABy4JeH x + 6, nonyuum 4x + 24. Bo-BTOpEIX, OpUIETCS U3
aByuneHa 4x + 24 BrIYecTs OgHOWIEH Gx:

4x +24 - 6x =24 - 2x.

ITocne aTux npeoOpasoBaHHUil ypaBHeHWe NpuUMeT OoJjiee MpPOCTOM
BHA:

24 - 2x = 16.

Hanee nmeem:

—2x=16—24;
-2x=-8;
x=4.

Tperuit aran. Omeem Ha éonpoc 3adaiu.

Mgl DONYYMIIHA, YTO X = 4, 3HAYHUT, CKOPOCTh Iemexoga 4 Km/u4.
Ho Ham HY»KHO HAiiTH He 9TO, B 3ajiaue TpebyeTca HAWTH paccTOAHUE
ot B go C. M=u1 ycrasoBuin, 4yT0o BC = 6x; 3Hauut, BC =6 -4 = 24.

O 1 B e T: paccroaHue oT B fo C paBHO 24 KM.

Ilpumep 4. Jlogka misuia nNo Te4eHU0 peku 349 12 MuH, a
saTeM npotuB TeyeHusa 1,5 4. HaliTu cobGCcTBEHHYI0 CKOPOCTH JIOAKH
(T. e. cxkopocTh B cTOsTYeH BOZE), €CIM M3BECTHO, YTO CKOPOCTH Teue-
HUSA peKH 2 KM/4, a Bcero JIOAKOM npoiigen nyTs 41 kM.
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Pemenmue.

Ilepsriit atan. Cocmasaenue mamemamuyeckoi. modenu.

ITyeTs x KM/4 — cobGcTBeHHAA CKOPOCTD JIOAKH, TOTJA 10 TeYEeHMNIO
OHa IUILIBET CO CKOPOCTHIO (X + 2) KM/ (TeueHHue MOMOraer), a IPOTUB
TeYeHUsI — CO CKOPOCTLIO (x — 2) KM/4 (TeueHHe PenATCTBYET).

Ilo TeyenuIo pexkn Jogka misnia 3 4 12 MuH. ITocKOJIBKY CKOPOCTE
BEIPA’KEHA B KHMJIOMETpaxX B 4ac, 3TO BpeM# Hajo sanmucaTh B Yacax.

Hmeem: 12 Mmun = % y = % y = (0,2 u. 35aunT, 3u 12 MuH =3,24. 3a

3TO BpeM# €O CKOPOCTHIO (X + 2) KM/4 JIOAKOM NpoiieH Oy Th 3,2(x + 2) kM.
IIpoTuB TeueHus JoAKa misLia 1,5 4. 3a 3TO BpeMA CO CKOPOCTHIO
(x — 2) xM/4 oAKoOi mpoiiger oyTe 1,5 (x — 2) KM.
ITo ycnoBuio Beckh ee nyThs paBeH 41 kM. Tak Kak OH COCTOMT M3
OYTH [0 TeYEHHUIO U NIYTH IPOTUB TeYEHM S, TO HOJIydaeM:

3,2(x+2)+1,5(x—2)=41.

9Tto YpaBHeHHEe — MaTeMaTH4YecKasa MOoJeJlb 3aadyH.

Bropoii atan. Paboma ¢ mamemamuyeckoii modenvio.

Kak Bcersma, Ha 3TOM 3Tane JYMaeM TOJILKO O TOM, KaK PelINTb
MOJeJIb — ypaBHeHue, a He 0 TOM, OTKYJa 9TA MOJEJIb B3sUJIACH.

BrINONIHKMM B JIEBOI YACTH YPABHEHUA YMHOXKeHHe OfHOWIeHA 3,2
Ha IBy4ieH X + 2, ogHO4JeHA 1,5 Ha nBy4JeH x — 2, a 3aTeM IIOJIy4eH-
HBbI€ MHOT'OUJIEHE! (IBYYJIEHEL) CIIOMUM:

3,2x+ 6,4+ 1,56x—-3=41;
4,7x + 3,4 =41;
4,7x=41-3.,4;
4,7x=37,6;

_ 316 }
X= g7, T.e x=28.

Tpetnit aTan. Omeem Ha eonpoc 3adayu.

CopammuBaeTcs, 4eMy paBHa coOCTBeHHas CKOPDOCTH JIONKH, T.e.
yemy paseH x? Ho oTBeT Ha 3TOT BONpOC y3ke MOJNy4eH: x = 8,

O T B e T: cOBCTBEHHAN CKOPOCTH JIOAKH 8 KM/4.
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§27. YMHOXEHME MHOTOMJIEHA
HA MHOTOU4NEH

OBiajieB NpaBHUIOM YMHOKEHUS MHOrOYJIeHA HA ONHOYJIEH,
HeTPYZAHO CIEJIATh CJEAVIOMMI AT MOJYYNTEL NPABHIO YMHOMKEHUA
no6BIX JBYX MHOIO4YJIEHOB. PaccMOTpMM cHadaja IMpoU3BeleHHue ca-
MEIX HOPOCTHIX (IIOCJIe OJHOYJIEHOB) MHOT'OYJIEHOB, 8 MMEHHO ABYy4YJe-
HOBat+buc+d.
HUTak, nycTk HYMHO pPACKDHITE CKOOKHM B IpPOM3BEAEHUH
(a + b) (¢ + d). BeeaeM HOBYIO IepEMEHHYIO m = ¢ + d, TOTAA IONYYHUM:
(@a+b)(c+d)=(a+bym=am+bm.
BepHeMca K HCXOHBIM IIePEMEHHBIM:
am+bm=a(c+d)+b(c+d)=ac+ ad+ bc+ bd.
Taxkum o6pasomM,
(a+b)(ct+d)=ac+ad+bc+bd.
AHaJNOTHYHO MOXHO IIPOBEPUTE, YTO
(a+b+c)(x+y)=ax+ay+bx+by+cx+cy
(cpenaiite aTO!l), T. €., KAK ¥ B CIy4ae YMHOXKEHUS ABYYJeHA HA JBY-
YJieH, MPUXOAUTCH KAMABIN 4YJieH MepBOr0 MHOrOYIeHA IOOYepemHo
VMHOMKATD HA KAMKABIH 4JieH BTOPOT0 MHOT'OYJIeHA M ITOJIyYeHHbIe ITPo-
M3BEAEHUS CKJIAABIBAT.

IIpaeuno 3. Ymobvl yMHON UMb MHOZ0YJEH HA
MHO204NEH, HYNCHO YMHONCUMb KAKNObLIL YNeH
00H020 MHOZ20YAEeHA NOOYePedHO HA KaH oLl
YNEH apyzoeo MHOZ0UJCHA U NOJIYHUEHHbBLE NPOUZ-
8edeHus CLOHCUMD.

B pesyneTaTe YMHOMEHHS MHOTOYJIEHOB BCETJA IOJYy4YaeTCA MHO-
ro4JieH, HaJio JHIIb IPHBECTH €TI0 K CTAHAAPTHOMY BHAY.
Il p u M e p. BEINOIHUTE YMHOMKEHHE MHOT'OUJIEHOB
py(x)=2x% - 5x + 1 mp,(x) = 3x — 4.
Pemenue.
P1(x) - po(x) = (222 — 5x + 1) (3x — 4) =
=2x%-8x+2x%- (—4)+ (- 5x)- 3x +
+(—-5x) (—4)+1-3x+1-(—4)=
=6x% - 8x%— 1522 + 20x + 3x — 4 = 6x® — 23x% + 23x — 4. (ml
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P —

OcobeHHO BHHMATEIBHO HYJKHO CJEOUTh 34 3HAKA-
MM KO03(h¢HIOINEHTOB T€X OAHOWIEHOB, KOTOPKIE IOJy-
YaXOTCS NMPH packpeTHH ckobok. U eme oauH coBer:
€CJIM Y OAHOI'O MHOTOYJIEHA M YJIEHOB, 4 Y APYroro n
YJIEHOB, TO B IPOM3BeleHUM JOJKHO OHITH (4O npuBe-
olpamume JleHUs MOAOGHBIX YJICHOB) M WIEHOB; €CJIM e UX He
bl mn, To BHl YTO-TO IIOTEPSAJIM, mpoBepbTe. Tak, B pac-
CMOTPEHHOM HpuMepe MBI YMHOXAaJM TPeX4dieH Ha
ABY4JIEH, NOJYYHJIACE CYMMA IIIECTH CJIaraeMuIx (a mo-
cJie mpuBeJeHUS NOJOOHBIX YWIEHOB OCTAJIOCH YETHIpe

CJIaraeMaIx).

§ 28. ®OPMYIbI COKPALLEHHOTO
YMHOMEHMS

HMeeTcs HECKOJNBKO CIYyYaeB, KOT/la YMHOXKEHHE OHOTO
MHOI'O4JIeHa Ha APYroi MPHBOAUT K KOMIIAKTHOMY, JIETKO 3allOMHHA-
I0OIEMYCH pesyibTaTy. B aTHX cliyuyadx OpeAnodYTHTe/bHee He YMHO-
JKATH KAXKIBIM Pa3 OAWH MHOTOYWIEH HA JIPYTOH, a MOJb30BAThCA I'OTO-
BBIM Pe3yabTaToM. PaccMOTPHM 3TH clIydyan.

1. KBagpaTt cyMMBI H KBAJPAT PA3HOCTH
VYMHOXHUM ABy4JieH a + b Ha cebs, T. e. pacKpoeM CKOOKH B
npousBeieHuH (a + b) (a + b), uiau, 9TO TO e camMOe, B BhIPAKeHUU
(a+b)%:
(@a+b)l=(@+b)(a+b)=a-a+a-b+b-a+b-b=
=a%+ab+ab+b?=a®+ 2ab+ b°
AHaNOTrHYHO MOJIyYaeM:

(@a-b)*=(a—-b)(a—b)=a®—ab-ba+b*=a®—2ab+ b

Hrax,
(a + by’ =a®+ 2ab + b%; (1)
(a—b)®=a?—2ab+ b (2)
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A%% Ha obwiunom siseike opmysy (1) uuTaroT Tak:
@ | keadpam cymmel 06Yyx 6bipasiceHUil pasen cymme ux
.@ Keéadpamoe nnioc ux yoeoennoe npouseedenue.

P ®Dopmyny (2) uuTaOT TaK: Kéadpam pasnocmu
deyx evipadcenull pasen cymme ux Keadpamos mu-

ok HYC ux ydeoennoe npoussedenue.

R BtuM GOpMyJIaM IPUCBOEHEI CHelHalbHEIE HA3BA-
KBagpar HUA: dopmyie (1) — kBagpaT cymmsl, opmyne (2) —
paaHocTH KBaJpaT pa3sHOCTH.

Ilpumep 1. PacKphuITh CKOOKH B BRIPAYKEHUH:
a) (3x + 2)%; 6) (5a® — 4b%)%.

Pemesnue. a) BocnonsayeMes opmyioii (1), yuTa, YTO B POJIH @

BEICTYTIaeT 3x, a B posin b — uucino 2. Iloxyumum:
(Bx+2)°=(8x)’+2-8x-2+22=9x%+ 12x + 4.

6) Bocmosbayemcsa GopMmymnoi (2), y4TH, YTO B POJIH @ BHICTYIAET
5a2, a B ponu b BricTynaer 4b°. Ionyunm:

(5a%—4b%)? = (5a%)? — 2- 5a? - 4b° + (4b%)% = 25a* — 40a%b® + 16b°.(m

IIpu ucnons3oBaHuM GOPMYJI KBAAPATA CYMMEI HJIM KBaJpaTa pas-
HOCTH YYHUTHIBAMNTE, YTO

(—a-b)’=(a+b)%
(b—-a)’=(a-b)
Bto creayer ua Toro, uro (— a)? = a’.

Or™meTuM, uTO Ha dopmyinax (1) u (2) ocHOBaHEI HEKOTOPEIE MaTe-
MaTHdecKne GOKYChl, II03BOJIAIONIHAE IPONSBOANTE BEIYHCIEHNS B YME.
Hanpumep, MOKHO IPAKTUYECKH YCTHO BO3BOAMTHL B KBAJApAT 4YMCJIA,
oxkaHuYMBawmuecs Ha 1, 2, 8 u 9. Cmotpure:

712=(70+1)*=70°+2-70-1+ 12=4900 + 140 + 1 = 5041;
912=(90+ 1)>=90%+2-90- 1+ 12=8100 + 180 + 1 = 8281;
69%2=(70-1°=70°-2-70-1+12=4900 - 140 + 1 =4761;
1022 =(100+ 2) =100%+2-100-2 + 2% =
=10 000+ 400 + 4 =10 404;
482 =(50—2)*=50%2—-2- 50+ 2+ 22 = 2500 — 200 + 4 = 2304.

Ho camuil aneraHTHBIN GQOKYC CBA38H ¢ BO3BeJe-
HHUEeM B KBaJIpaT 4ucell, OKaHYUBAIOIUXCA Hudpoii 5.
IIpoBegeM COOTBETCTBYIOILIHE PACCYKIACHHMA IJA 852,
SHUManue HMGGM:
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85%=(80+5)?=80%+2-80-5+5°=

=80(80+10)+25=280-90+ 25 = 7200 + 25 = 7225.
3ameuaeM, YTO JJIf BEIYMCIeHUA 85° AOCTATOUHO OBLIO YMHOMKHUTE 8
Ha 9 ¥ K MOJIy4YeHHOMY pe3yJbTaTy NPUNHCATE cupasa 25. AHalorny-
HO MOKHO IOCTYNAThH ¥ B Apyrux caydasx. Hanpumep, 852 = 1225
(8 - 4 = 12 1 K mONY4YEeHHOMY 4MCJy IpUIHcany cnpasa 25); 65% = 4225;
1252 = 15625 (12 - 18 = 156 ¥ K HOJYYEHHOMY YMCJY IPUIMCATN
crpasa 25).

IlpuBesieM KOKA3aTENBLCTBO OTMEYEHHOrO (haKTa.
Ilyers uncao a okasumBaetTca mudpoit 5, aro sHavur, yro a = 10b + 5, roe
b — uucno, moayyeHHOE M3 YMcia @ orOpackiBaHMeM IochenHeld nudps 5
(sanpumep, 125 =10+12 + 5; agecs b = 12). Torga
a® = (10b + 5)% = 1005 2+100b + 25 = 100b (b + 1) + 25.

ITosyunmu, yro uucyo b Hago yMHOMKUTE Ha b + 1, YMHOMKHUTE NONTYYEH-
Hoe npousBeneHue Ha 100 u 3atem npubaBuTk 25. 3TO PAaBHOCHJIBHO TOMY,
yTto K yncay b(b + 1) cnpasa nmpumcars 25. Hanpumep, mis seruncienns 1252
ymuoxkKMM 12 Ha 13, nomyuum 156; cipasa npunumewm 25, nonyuum 15 625.

Pas yx MEI ¢ BAMH 3arOBOPIJIIM O Pas3/IMYHBIX JIOOONBITHREIX 00CTOS-
TEJIbCTBAX, CBASAHHEIX CO CKYYHLIMH (HA NEepBHIi B3IIsAx) ¢opmMmyna-
M (1) 1 (2), TO JOIOMHUM BTOT PasrOBOP CHEAVIOIIMM reOMeTpHde-
ckuM paccyxaeHueM. Ilycte @ u b — nonoxkurtensHele ynucna. Pac-
CMOTPHMM KBaJIpaT CO CTOPOHOI a + b W BhIpeKEeM B JABYX €ro yriax
KBaIpaThHl CO CTOPOHAMM, COOTBETCTBEHHO DaB-
HBIMU a ¥ b (puc. 53). |

ILnomaaes KBagpaTa co cTOpoHOil @ + b pasma b
(a + b)’. BToT KBagpAT MBI padpesanu HaYeTelpe | Ta T ':_5‘"

|
|

YacTH: KBaJpaT cO CTOPOHOM a (ero miomane
pasHa a®), KBaapaT co cTopoHoi# b (ero mwiomaap ¢
pasHa b?%), ABa NPAMOYTONBLHMKA CO CTODOHAMM @

u b (wromaak KaJ0ro TAKOro NpsAMOYroJIbHHU- a b
ka paBHa ab). BHauur, (a + b)® = a® + b® + 2ab,
T. e. moayuuau gopmyay (1).

2, PasHoCTh KBAPATOB
YMuOxUM ABy4lieH a + b Ha nByuseH a — b:

(@a+b)(a—b)=a®—ab+ba—-b*>=a%- b

Hraxk,

[ (a+b)(a—b)=a2—bz.J 3)
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JIx060€e paBeHCTBO B MATEMATHUKE YIOTPEOIAIOT KAK
clieBa HANpagBo (T. e. JIeBAA 4YACTH PABEHCTBA 3aMeHHA-
eTCHA ero npapoi 4acThi0), TAK M cnpasa Hajeso (T. e.
IpaBaf 4acTh PABEHCTBA 3aMeHSETCS ero JeBoi 4a-
cte10). Ecnmu gopmyny (3) Hcrons3oBaTs clieBa Hanpa-
pasHocTh BO, TO OHA MO3BOJIAET 3aMEeHHUThL NPOU3BEJEHME
K8aaparTos (a + b) (@ — b) roToBEIM peayneTaToM a® — b, BTy xe

GopMyIy MOIKHO MCIOJIL30BATE CIIpABa HAJIEBO, TOTAA
OHA IO3BOJIAET 3aMEHUTH PA3HOCTH KBaxpartos a’ — b? npoussenenueMm
(a + b) (a — b). Popmyue (3) B MaTeMaTHKe JaHO crielalbHOe Ha3Ba-
HHe — Pa3HOCTh KBAJPaToOB.

3amevaHme. He nytaiire TepmuHbl «PasHOCTb KBARPaTOB»
W «KBappat pasHoctu». PasHocTs keagparos — aro a2 — b?,
3HauMT, peusb uaer o chopmyne (3); KBagpar pasHoOCTH — 3TO
(a = b)?, 3nawmr, peus uaet o dhopmyne (2).
Ha o6rruaoM assike ¢opmysy (3) uuTamoT «crnpasa

HAJIEBO» TAK:

pasnocmv keéadpamoeé deyx evipaicenull pasna
npou3eedeHUI0 CYMMbL IMUX 6bLPANHCEHUL HA UX PA3-
HOCMb.

Il pume p 2. BEIIOIHATE YMHOMEHME:
(8x — 2y) (3x + 2y).
Pemenwue.

(Bx — 2y) (3x + 2y) = (8x)? — (2y)? = 9x% - 4. 'l

MIpumep 3.IIpencrasurs gsywien 16x* — 9 8 Bune npoussene-
HHA IBY4YJIEHOB.

Peme s ue. Umeem: 16x* = (4x%)?, 9 = 3%, snaumur, sajanHbIii
ABYYJIEH €CTh PA3HOCTH KBAJAPATOB, T. €. K HEMY MOXHO IPDUMEHHUTHL
dopmyny (3), NPOYUTAHHYIO cipaBa HayieBo. Toraga momyuymm:

16x* — 9 = (4x?)% - 82 = (42 + 3) (4x® - 3). (m]
dopmyiaa (3), kax u dopmyinet (1) u (2), HcnoaL3yeTca HHOTAA AJIs
6sicTporo cuera. CMoTpHTE:
79-81=(80-1)(80+ 1)=80%-1?=6400 - 1 = 6399;
42-38 = (40 + 2) (40 — 2) =40% - 22 = 1600 — 4 = 1596.
3aBepnIuM pasrosop 0 GOpPMyJie PasHOCTH KBaApATOB JIIOGONBIT-
HBIM reoMeTpHYecKHMM paccyaenueM. IlycTs @ ¥ b — HOJNOKUTENB-
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HEIE 4YHcJia, Npu4yeM a > b, PaccMOTPHM NPAMOYTOJBHUK CO CTODOHA-
mu a + b ua—b (puc. 54). Ero niomans pasHa (a + b) (a — b). Orpesxkem
NpAMOYTOJBHHK CO CTOPOHaMMu b ¥ a — b ¥ IoAKJIeNM ero K ocTasIieiica
YaCTH TAK, KAK IOKA3aHO Ha pucyHKe 55. flcHo, yTo nmonydyeHHas pu-
rypa MMeeT Ty e ILUIOIafb, T. e. (a + b) (a — b). Ho ary purypy moxsHO
MOCTPOMTE TAK: U3 KBaJpaTa cO CTOPOHOM a BEIpe3aTh KBaJpaT coO CTO-
poHOI b (3TO XOpowio BUAHO Ha puc. 55). 3HauuT, miomMagk HOBOM

b
-
i b p! b b
! b a-b
a-b a-b| a-b a-b
|
a b a
Puc. 54 Puc. 55

duryps pasua a® — b%. Utaxk, (a + b) (a — b) = a? — b%, 7. e. nonyunnn
dopmyay (3).
3. Pasnocts Ky06oB u cymMa KyOoB
VMHOMUM AByuieH a — b Ha TpexwieH a® + ab + b%:
(@a-b)(@®+ab+b*)=a-a’+a-ab+a-b*—-b-a’*-b-ab-
-b-b*=a®+a%+ ab®—-a’b-ab® - ¥ =a® - bo.
AHamoruaHo
(a +b) (@% - ab + b?) = a® + b3
(npoBepeTe 3TO caMH).
Hraxk,

(a—b)(a®+ab+b>)=a*—-b% (4)
(a+b)(a®—ab+b%) =a®+b (5)

@opmyay (4) 06LIYHO HASEIBAIOT PA3HOCTRIO Ky0OB,
dopmyiy (5) — cymmoii KyGos (110 BUAY IPaBOi yacTu).

Tlonpo6yem nepesecTn dopmyasl (4) u (5) Ha 06BIY-
Helil s3uK. [Ipexxge uem 3TO COEJATH, 3aAMETHM, 4YTO
pasrocrs ky6o8  gpipaxenue a® + ab + b? moxoike Ha BRIpaXKeHUe
cymma kyboe  a®+ 2ab + b?, xoTopoe purypuposaio B popmyse (1) u
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nasaio (a + b)?; suipaskenue a®> — ab + b? moxorxe Ha
Beipakenue a® — 2ab + b%, KoTOpOE (PUrypHpOBANO B
dopmyne (2) u nasao (a — b).

YTo0nl 0TIINYKTE (B ASBIKE) 3TH NapPhl BEIPAMKEHUH
ADYT OT Apyra, Kaxoe u3 Bhipaxkenuit aZ + 2ab + b%u
nonneii keagpar  q? — 2ab + b? HASHIBAIOT NMOJHBIM KBAXPATOM (CYMMBI

cymmbl AJIM PAaSHOCTH), 8 KAXJ0oe U3 BeIpaxkenuit a® + ab + b u
(paanocru) a® — ab + b? HA3LIBAIOT HENOJHEIM KBaJPATOM (CYMMEI
FTRAN win passocty). Toraa mojayuaeTcsa cleAylomuiz nepe-
xsagpar cymmss  BOXL Gopmyst (4) u (5) (IpouMTaHHBIX «cIpaBa Haje-
(pasnocru) BO» ) HA OOBIYHEIH ABKIK:

pasnocms kY606 deyx évipaxcenuil paena npouseede-
HUI0 PA3HOCTMU IMUX 6bLPANCEHUT Ha HEeNnOLHbLU
keadpam ux cymmot;

cymma Ky6oe deyx evipajicenull paéHa npou3leede-
HUIO CYMMbL IMUX BLLPANHCCHUI HA HENONHbLL Kead-
pam ux pasnocmu.

Npumep 4.Brmnonuuts yMaOKeHHe (2x — 1) (4x% + 2x + 1).

Peme #Hune. Tak Kak nepBelif MHOXKUTEJNL €CTH PA3HOCTH OJHO-
wieHOB 2x ¥ 1, a BTOPOil MHOMKHUTENIb — HENOJHBIHA KBAJAPAT UX CYyM-
MBI, TO MOXKHO BOCHONBL30BaThCH (hopmynoii (4). Iomyanm:

(2x-1)(4x* + 2x + 1) = (2x)* - 1*=8x* - 1. @

ONpumep 5. Ipeacrasuts asyunen 27a° + 8b° B Buze npousse-
JEeHHUs MHOT'O4JIEHOB.

Peme Hue. Uvmeem: 27a° = (3a?)?, 8b® = (2b)®. Buauur, sagan-
HBIH JBy4JIEH eCTb cyMMa Ky0oB, T. €, K HEMY MOKHO IPMMeHHTE ¢op-
Myay (5), IPOYUTAHHYIO CIIpaBa HajeBo. Torja nojy4um:

27a% + 8b® = (8a?)® + (2b)® = (3a?® + 2b) ((3a?)? — 3a?- 2b + (2b)?) =
= (3a® + 2b) (9a* - 6a’b + 4b%). @

B saxiioueHue eie pas moAYepKHEM, YTO Bce IIO-
Jy4eHHEIE B 3TOM maparpade ¢opmynsl (1)—(5) uc-
TOJIB3YIOTCHA KaK cJieBa HanpaBo, TAK M cIpaBa Haje-
sHuManue BO, TOJILKO B IIEDBOM cJy4ae (cjieBa HalmpaBo) rOBOPAT,

ut0 (1)—(5) — popmynvL coxpawenH020 YMHONCEHUR,
a BO BTOPOM cJIy4ae (CrpaBa HajieBO) N'OBOPAT, 4uTo (1)—
(5) — copmynvt pasnoxienus Ha MHONCUMENU.
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§29. RENEHUE MHOTOYNEHA
HA OQHOYMNEH

CHoBa, Kak ¥ B HauaJse § 26, cpaBHMM ILTaHBE! NOCTPOEHHSA
rnaB 5 u 6. Brl, HaBepHOe, 3aMeTHJIH, YTO 3TH ILUIAHEI IIOYTH OAUHAKO-
BBI, XOTH IOJHOE COBHAJIEHUe HAPYIIWI Npensiaymuil naparpag (mo-
CBAIEHHEIN cenuduyecKuM GopMyJiaM COKPalleHHOro YMHOMKEeHHA),
Ja ¥ B rJlaBe 5 MBI PACCMOTDEJIN BO3BEJEHWE ONHOWIEHA B CTElleHb, a4 B
riase 6 COOTBETCTBYIOIIErO PA3roBOpa O BO3BEAEHUH B CTENEHb MHOI'O-
yieHa He ObLIO, 32 MCKJIIOYEHHEM CJIy4Yas, KOT/a ABYYJIeH BO3BOAUTCH B
kBagpar. Ilociie yMHOKEeHHs OZHOUWIEHOB B IJiaBe 5 IUIa pedb O Jele-
HHUH OJHOYJIEHA HAa ofHOo4JeH. BoT u B riase 6 MuI ceifuac moroBopum ob
AHAJIOIHYHO OIepanuy — AeJIeHUY MHOTOWIEHA HA ONHOYIEH.

B ee ocHOBe JIEXKHT cJIeAyIoIee CBOMCTBO AeJIEHUA CYMMBI HA YHCJIO:

(a+b+c):m=(a:m)+(b:m)+(c:m).

910 nosBoJiAeT cpasy chOpPMYJIMPOBATH MPABUIIO JAeJeHUsA MHOTO-
YjieHa Ha OHOUJIEH.

IIpasuno 4. Ymobet pazdenumev MHOZOUNIEH HA 00-
HOYJleH, HYNCHO KaxcOblil YlieH MHOzZoYena pa3de-
Aume Ha 3mom 00HOYeH U NOAYYeHHble pe3yJib-
mamut CLONCUML.

B § 23 MuI oT™MeuanH, YTO He BCerja MOMKHO DPasfielIUTh OSHOYIEH Ha
opHOuseH; 4yTo0nl JejieHne ObLIO BHIMOJIHMMO, HeOOXOAUMO coliofeHue
LIeJIOro PAfia YCJIOBHMA — BCIIOMHEMTE MX (Mu nocMoTpuTe B § 23), mpexe
YeM pacCMATPHBATEH IIPUMED, KOTOPLIA mpuBeneH Hmxe. Ecnu samaua ne-
JIeHUA OfHOWIeHA (IIpOCTeHINero MHOIOYWIEHA) HA OJHOYWIEH He BCerga
ObL1a KOPPEKTHOI, TO YTO e M'OBOPUTE O JeJIEHUMH MHOro4JIeHa Ha OfHO-
yneH. Takoe JelieHue BRINOIHUMO JOCTATOYHO PeIKO.

Npumep 1.Pasnenurs mEorowies 2a’b + 4ab® va oxHOWwIEH 2a.
PemeHnne.

2a°b | 4ab’
(2a° + 4ab®) : 2a =(2a%: 2a) + (4ab*: 20) = —— + — — =
2
2.8 p42. 2 o1.0-b+2-1-bP=ab+ 20 Cl
2 a 2 a
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31eck MBI MCIIOJIL30BAJIM TOT cnocob sanmucH, KOTo-
priit oOropopuiu B § 23. A BoT Apyroit cnocob (MoXHO
IIPUMEHATE ¥ TOT U APYroii, CMOTPs IO TOMY, KaKOM
sHUMARUE M3 HUX BaM OoJibllle HPABHUTCS): BRIIEIHM B KayXAOM
yjeHe MHorowieHa 2a’b + 4ab® MHOXKHUTENb, B TOYHO-
cTH paBHHII genuTenio 2a. Ilomyuum:

2a?b + 4ab® = 2a- ab + 2a- 2b°.

9Ty cyMMy MOMKHO 3alnMcaTh B BHAe mnpousBeneHuA 2a(ab +
+ 2b%). Teneps ACHO, YTO €CJH 3TO MPOM3BEJIeHHE PA3feJUThL Ha 2a (Ha
OIIMH MHOKHTEJIb), TO B YaCTHOM noay4uTcs ab + 2b% (apyroit MuEOMH-
TeJb).

NDpumep 2.Paspenuts muorouwren 6x° — 24x% na 6x°.
Pemenue.

Ilepsriii cioco6.
(6x° — 24x%) : 6x% = (6x° : 6x2) — (2422 : 6x%) =

6x° 24x> 6 x* 24 X
T 6x2 62 6 x 6 xz_1x4l_x 4.

Bropoi criocob.
6x® — 24x% =6x% x — 6x%- 4 = 622 (x — 4).
3HauYuT, YacTHOE OT HesieHud 6x° — 24x? na 6x? paBHo x — 4. @

IMpumep 3.Pasnemurs muorouwren 8a® + 6a’h — b na 2a°.
Pemenmue.
8a® + 6a%b — b = 2a%- 4a + 2a%- 3b - b.

ITockoNBbKY B TpPeTHEM WIEHe 3aJaHHOINO MHOrouyieHa (pedb HAeT o
yieHe —b) MEOKHTeNs 2a° He BEILENIAETCS, JeIeHNe HEBO3MOMXHO. ITa
3afiaya HeKoppeKTHa. PaKTHYecKHM MEI CHOBa, KaK ¥ B KoHue § 23,
NPUIILIY K anrebpandeckoil fpo6u — Ha 3TOT pa3 K anrebpanmueckoit
8a®+6a’b - b
oot ————- (m
Ap 242

HUrak, fenenye MHOIOYJI€HA HA OHOYJIEH BEINOJHAETCA HE BCerja,
a ecJIM ¥ BHINOJIHSAETCS, TO TpedyeT onpefeneHHbIX ycuiauii. llenerne
’Ke MHOrowieHa Ha MHOrouwieH — eme Gonee Tpyasas (v eme Gosee
PEAKO BEINOJHUMASN) OIEPAIlNS, 3TO HAM IIOKA He I10 CHJIAM.
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MHOIO4NEHBI. APUDMETUHECKUE OMEPALIMM HAL MHOTOYIEHAMM
e ——

OCHOBHbIE PE3YJIbTATbHI

B 2101 r1aBe MBI M3YUMUIH CIEIYIOITHE IOHATHA:

MHOI'O4JIeH, B YaCTHOCTH JABY4IEeH, TPeX4JieH;
OpuBeieHHe MOAOOHBIX YJIEHOB MHOroYJieHa, B3AaMMHOE
VHHYTOXKEHHE YIEHOB MHOrOYJIeHa;

CTaHJapTHEIH BUJ MHOTOYJIEHA;

anrefpauyecKas CyMMa MHOT'OWIEHOB.

MaI MBYYHIIM CJIeAYION{Ke IPABUIA:
NPaBHJIO COCTaBJeHUA anrebpandyeckoil CyMMEI MHOTO-

YJIeHOB;
NPaBHUJIO YMHOKEHUS MHOTOYJIEHA HA OfHOYJIEH;
NPaBHUJIO YMHOXKEHHA MHOTOYJIeHA HA MHOI'O4YJIEH;
IpPaBUJIO AeJIEHUS MHOIOYWIEeHA HA ONHOYJIEH.

Mz u3yyniaH ciaeayiomue GOpMYJIBL:

(@+b’=a®+ 2ab+b® (xBazpar CyMMbl);
(a—b)?=a®—2ab+b? (xBajpaT pasHOCTH);
(@a+b)(@a-b)=a®-b* (pasHOCTh KBaJPATOB);

(a—b)(a®+ab+b)=a®-b° (pasHOCTb Ky6OB);
(a+b)(a®—ab+b)=a+b? (cymma Ky6oB).



TNABA
7 PA3JIOXEHHME MHOIO4JIEHOB

HA MHOXMTEJIH

§ 30. Yro rakoe paznoerne MHOro4yneHos
Ha MHOXMTENM M 3a4em OHO HYHHO
§ 31. BuiHeceHne obLyero mHoXmuTens 3a cKkobkmn
§ 32. Cnocob rpynnupoBskm
§ 33. PasnoxeHue MHOroYIEHOB Ha MHOMHTENH
€ NOMOLUBIO (POPMY I COKPALLUEHHOIO YMHOMEHHS
§ 34. PasnoxeHne MHOro4neHoB Ha MHOMHUTENH
C MOMOLLBIO KOMBHHaLMM Pa3NMYHBIX NPHEMOB
§ 35. Cokpawenne anrebpanyvecknx gpobes
§ 36. Toxpecra

§ 30. 4TO TAKOE PA3NOEHME
MHOTOUYNEHOB HA MHOMMTENH
M 3AYEM OHO HYXKHO

IOiia Hayajia BBITIOJHHM 3HAKOMYIO ONEPALIHIO: YMHOMKHM
MHOro4JieH 2x — 3 Ha MHOTO4WIeH X + 2.

(2x-3)(x+2)=2x-x+2x-2-3-x—-3-2=
=2x%+4x-3x-6=2x%+x-6.
Htax, (2x— 3) (x + 2) = 2x% + x — 6.

9o PaBEHCTBO MOXXHO 3aIIMCaTh No-gpyromy, mno-
MEHSHAB €ro 4aCTH MecTaMHu:

2x2+x—6=(2x—3)(x+2).
Takad 3aIUCh O3HAYAET, YTO MHOrowreH 2x2 + x — 6
NIpe/iCTABJIEH B BH/E MPOM3BefeHMsA Goee IPOCTHIX MHO-

paanoxenme rowreHoB 2x — 3 u x + 2. OOBIYHO B TAKMX CIHy4YaAx
MHOroyneHa T'OBOPAT, YTO MHOI'O4YJIEH YAAJIOCE PA3JIOMKHTE HA MHO-
H8 MHOMHTEenH HKHTeJIH.
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7. PA3NOMEHWUE MHOTMO4JIEHOB HA MHOMMUTENU

Ha camoM zesie GOpMyIHMPOBKA «PasIoKeHHe MHOI0O4JIeHa HA MHO-
JKUTENIHM» BAM yiKe 3HAKOMA, MBI HECKOJbKO pas3 MCIIOJIb30BAJIH ee B
riiase 6, HO TaM ke MBI F'OBOPHMJIM, YTO ITO3AHee OoJiee noapob6HO 06cy-
JHM 3Ty npobieMy (Ipobiemy pasyioyKeHHSA MHOTO4YJIeHa HA MHOXHTe-
sau). 3To BpeMd npunuio. OaEako cHayana ybegumces B TOM, YTO pasiio-
JKeHre MHOTOWIeHA HA MHOXKHUTeJIM — Belllb II0JIe3Has (MHa4Ye 3a4eM
HaM 9TUM 3aHUMATBLCA?).

IIpepcraBeTe cebe, 4TO BaM MPEAJIOMKHJIM PELINThL YPaBHeHHE
2x — 3 = 0. Bul cpaBuTeCh ¢ 3TUM Ge3 Tpyza: 2x = 3, x = 1,5. Barem Bam
NPEeAJIOKUIIN PeIIUTh ypaBHeHue x + 2 = 0. U ¢ HUM BEI cripaBUTeCH
NnerKo: x = —2. A Tereps BAM NpeAJaraioT PEUIUTh ypaBHeHue 2x° + x —
-6 =0, T. e. 1aTHL OTBET Ha BONPOC, 1P KAKHX 3HAYEHUAX X TPEXWIEH
2x? + x — 6 obpamaeTcs B HyJIb, — 9TU 3HAYEHUA X HASBIBAIOT KOPHAMLU
ypaereHus. JIJIA TAKMX YpaBHEHHII MMeeTCs CIEIHAJIHEHOE IIPABHAJIO pe-
IIIeHHsA, HO BbI €I'0 MOKA He 3HaeTe. Kak ObITh?

BocnosbayeMca MOJYYEHHBIM BBINIE PA3JIOKEHHEM MHOTOYJIeHAa
2x? + x — 6 Ha MHOMHuTenu: 2x% + x — 6 = (2x — 3)(x + 2). Torza
3aJJaHHOE YpaBHEHHME MOJKHO IIEPEeNuCaTh B BHAE:

(2x-3)(x+2)=0.

Tenepr ocTaeTcsa BOCIOJB30OBATHCH CIEAYIOIMM H3BECTHBIM (DaKTOM:
€CJIM NPOM3BEJiIeHNE ABYX MHOMHUTeJeH paBHO HYJIO, TO OXHH M3 MHO-
JKHUTeJIei paseH HyJIo. 3HAUMT, 1ubo 2x — 3 = 0, mmbo x + 2 = 0. 3agaua
CBeJIach K pellIeHuio JByx Oojee npocThiX ypaBHeHuii. s ypaBHeHuA
2x — 3 = 0 nonyuyaem x = 1,5. Iz ypaBHeHus x + 2 =0 nonyqaem x = -2.
YpaBHeHUe penieHO, OHO MMeeT ABa KopHA: 1,5 u —2.

Hrak, pasioxeHHe MHOro4JieHa HA MHOMHTEJIN MOKET IPHUIO-
AUTHCA HAM JJIA PellleHUs YPaBHEHMIH.

PaccmoTpuM Apyryio cutyanuio. IIycTs Hy»KHO HAWTH 3HAYEHHE
532 -47
YHCJIOBOI'0 BBEIDAXXEHHNHA W . MD}KHO, HKOHEYHO, MPOBOAHUTL BbI-

YUCJIEHUA «B Ji00», HO OoJiee a3 PeKTUBHO ABAYKABI BOCIOJIb30BATHCA
¢opMyJIOil pA3HOCTH KBaJPATOB:

53 -47" (53 - 4T)53+47) _ 6-100 _ 6
61°-39 ~ (61-39)61+39) 22-100 22

=B
T
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7. tu PA3NOXEHME MHOTO4YNEHOB HA MHOMWTENU

PasziioyxeHne Ha MHOXKWUTEJH MMO3BOJIMJIO HAM COKPATUTh ApoOs. [loaa-
Hee MbI OIeHUM 3TO M IIPH BREINOJIHEHUH JelicTBH ¢ anrebpandyecKuMH
ApobsaMHu.

TakuM oOpasoM, pasjioKeHHEe MHOTOYJIEeHA Ha
MHOXKUTENH UCIOJIL3YeTCH ANA pelleHus YpaBHeHHIH,
JJiA npeoOpasoBaHMA YMCIOBHEIX M alredbpaudecKux
BEIpaxkeHuil. [IppuMerRAeTCHa OHO U B ADYTUX CUTYAaIU-
fAX, KaK, CKa)keM, B CJIeAVIOIeM AOBOJILHO TPYAHOM,
HO KpPacHMBOM IpHMepe, I'Je KJIIY K ycHexy ONAThb-
TAKH! B PA3JIOYKEHNH HA MHOXKUTENH.

Il pumep. [JokasaTs, 4To ANA a0O0r0 HATYPaJNBHOrO YHUCIA N
Beipaskenue n® + 3n? + 2n nenurcs 6es ocTaTka Ha 6.

Peme u ue. IIycrs p(n) = n®+ 8n% + 2n.

Eciun=1,Ttop(l)=1+ 3 + 2 = 6. 3uaunT, p(1) nenurcsa 1a 6
6e3 ocTaTKa.

Ecnoun=2,10p(2)=22+3-22+2-2=8+12+4 =24,
CnepoBaTenbHO, U p (2) nenurca Ha 6 6es ocTaTka.

Ecrun=3,top(38)=3*+3-8+2-83=27+ 27+ 6 =60.
IlosTomy u p (3) menutca Ha 6 Oes ocTaTka.

Ho BRI ;ke nOHMMAaeTe, 4To NepefpaTs TaK BCe HATYPAAbHBIE YHCJIA
HaM He yzaactca. Kak 6uTe? Ha momomp npuxopaT anreGpamyecKue
MEeTOHHI.

Hmeem:

n*+3n+2n=n(n+1)(n+ 2).
B camom pene
n(n+1)=n%+n,
a
(n®*+n)(n+2)=n®+2n®+n%®+2n=n%+3n*+ 2n.
HUrax,
pn)=nn+1)(n+2),

T. €. p (n) ecTb NPOU3BelecHNE TPEX HAYINUX NOAPAML HATYPAJBHBIX YU-
cenn,n+ 1, n+ 2. Ho u3 Tpex TakuxX YHCceJ OHO 00A3aTEJILHO AeJIUT-
cs Ha 3, 3HAYMT, U UX NPOM3BelieHNe Aenutca Ha 3. Kpome Toro, mo
KpaiiHeii Mepe OOHO M3 3THX YHMCEJ — 4YeTHOe, T.e. NeJINTCA Ha 2,
3HAYWT, ¥ OpOM3BeAeHHe AenuTcA Ha 2. Uraxk, p(n) genutca n Ha 2, 1
Ha 3, T. e. genuTca 1 Ha 6. (]
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7. PA3NIOMEHUE MHOTMO4JIEHOB HA MHOMMUTENH

wonp, Bce npekpacHo, CKakeTe Bbl, HO KaK JOTaJlaThes,
D uto n® + 3n2 + 2n = n(n + 1)(n + 2)? OTBeT oueBNAeH:

: HaJ0 YYMTHCSA PAa3JIOKEHHI0O MHOTOYJIEHOB HA MHOMKH-
omeem Tenu. K aToMy 1 nepeiiieM: B KayKJIOM U3 CJEAYIOIMIHAX

naparpadoB 5TOi IIaBBI MBI OyAeM HM3y4aTh TOT KU
HMHOM IPHEM Pa3JioKeHHA MHOIoOWIeHa Ha MHOXKUTEJIH.

§ 31. BLIHECEHME OBLUETO MHOMMTENS
3A CKOBKM

IIpexx e yeM HAYWHATEL M3YYEHHE 9TOrO naparpada, BepHu-

Tech K § 26. TaMm MBI y2ke paccMoTpeNnu IpUMep, B KOTOPOM TpeGosa-
- JIOCH NPEACTABUTH MHOTOYJIEH B BHJAE IPOM3BEJCHUSA
MHOTOWIeHa ¥ ofHowIeHa. Eciiu Takoe MpousBeieHHe
YAal0chk COCTABUTH, TO OOBIYHO I'OBOPSAT, YTO MHOIO-
4ieH PasiodKeH Ha MHOMKHUTENX C IOMOINLI0 BhIHECEe-
seiHecerme oblero HMA 00IIEro MHOYKHTENAN 3a cKoOku. PaccMoTpuM He-

MHOMHTENR CKOJIBKO IPHMEPOB.
38 ckobkn

IMIpumep 1. PaznoxuTh HAa MHOMXUTEH MHOTOYJIEH:

a) 2x + 6y; B) 4a® + 6a?; n) 5a* — 10a® + 15a°.

6) a® + a%; r) 12ab* — 18a%bc;

Pemenue. a)2x + 6y = 2(x + 3y). 3a ckobku BEIHeCaH OOIIHi
JenuTenb K03 HeHTOB YWiIEeHOB MHOIO4YJIeHA.

6) a® + a® = a®(a + 1). Ecsiv ofiHa ¥ Ta ke nepeMeHHAA BXOJAUT BO
BCE€ 4JIEHBEI MHOI'O4WJIeHa, TO €€ MOXXHO BBIHECTH 3a CROGI{H B CTENNEeHH,
PaBHOM HaHMMeHbIei U3 UMemuxcd (T. e. BHOHPAIOT HAUMEHbIIHH
M3 UMEIINXCS MoKasaTenei).

B) 3hech MCIOJB3YEM Te K€ IPUEeMEBl, YTO ¥ [P PelIeHuH npumMe-
PoB a) u 6): Ana Ko3PDUIUEHTOB HAXOAUM OOIMH AesuTeNs (B AaH-
HOM cJIy4ae 4ucjo 2), AJfA NepeMeHHBIX — HAWMEHLIIYIO CTeleHb U3
nmeomuxcd (B fanEOM cayuae a?). IToayuaem:

4a® + 6a® = 2a%- 2a + 2a%- 3 = 2a%(2a + 3).

r) O6GBIYHO AJIA LEeNoYMCIEeHHBIX KO3 HIUEeHTOB CTAPAIOTCA Hall-
TH He MPOCTO OOIIMil IeINTeNb, a8 Hauboabuiuil o6Iul nenuTens. s
Koadpdunuentos 12 u 18 um Gyzer uucno 6. 3amMedaeM, UYTO NepeMeH-
Haf a BXOAMT B 00a 4eHa MHOrO4JIeHa, IpY STOM HAMMEHbITHA IIOKa-
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7. PA3NOMEHME MHOTOYNEHOB HA MHOMUTEIM

satess paseH 1. Ilepemennasn b Takike BXOAUT B 00a 4jeHa MHOTOYJIEHA,
npHuYeM HAMMEHBIUMII NOKasaTeNb paBeH 3. HakoHern, nepemeHHad ¢
BXOZHUT TOJBKO BO BTOpPOi ujleH MHOTOYJIEHA W He BXONWUT B MEpPBHIi
YieH, 3HAYHT, 3TY NEePEMEHHYIO HeJIb3A BHIHECTH 3a CKOOKU HM B Ka-
Koii crenenu. B uTore noxyuaem:
12ab* — 18a%b3c = 6ab® - 2b — 6ab® - 3ac = 6ab®(2b — 3ac).

n) 5a* — 10a® + 15a® = 5a3(a — 2 + 3a?). (O]

B 3TOM npumMepe MBI haKTHYECKH UCIIOJIB30BAH CIeYIOTH airo-
pHUTM.

-

AJNTOPHTM OTHICKAHHA 001IIETr0 MHOKHTENA b
HECKOJBKHX OHOWIEHOB

1. Haiitu gaubonsiuii obmuil geauTtens KoahOHIHEATOB BCexX Of-
HOYJIEHOB, BXOJAINKMX B MHOrOYJeH, — OH M 6yzeT obminmM umc-
JIOBBIM MHOXKHTeNeM (pasyMeeTcs, 3TO OTHOCHTCH TOJNBKO K CIIY-
Yar0 IeJOYHCIeHHBIX K0ahOHUIIUeHTOR).

2. HaiiTu nepeMeHHEBIE, KOTOPbIE BXOAAT B KAXKABIN YIeH MHOTOUJIe-
Ha, ¥ BEIOpATE AJIA KaXKAO0H M3 HUX HAHMEHBINHH (M3 HMEIIHX-
Cs1) MOKA3ATe b CTENEHH.

3. IlpousseseHue KoahuIUEeHTA, HAWAEHHOIO HA IEPBOM Iare, u

CcTeneHell, HaliIeHHBIX Ha BTOPOM Ilare, sBJsAeTCA OOIUM MHO-

JKHUTeNIeM, KOTOPBIi 1Herecoo0pa3Ho BLIHECTH 38 CKODKH.

J

3ameyaHme 1. B pspe cnyyaes nonesHo BbIHOCUTL 3a
ckobky B KauecTse obuiero MHoMuTens 1 ApobHbIi KO3dh-
cdrument. Hanpumep:
2,4x+ 7,2y = 2,4(x + 3y);

3 6 9 3

?a—?b+?c—-€;(a - 2b+ 3c).
3ameuaHue 2. Cnepyer noHumars, 4o waru 1 u 2 anro-
PMTMa MMEIOT COBEPLUEHHO pa3Hbiii cTaTyc. B peanbHbix
3apadax KoahhMUMEeHTbI NOYTH HUKOTAA He BbIBalOT Lenbi-
MM uncnamu (a oKasbIBaOTCA Lienbimk Bnaropaps ycunuam
COCTaBMTENEH 3afauHMKOB, NOAGMPAIOWMX YCNOBMA TaK,
4robbl oTBeT 61N Nokpacusee). Moaromy war 1 nocesweH
nMWL nonyyeHuio Hanbonee NpuaTHOM ANA rnasa 3anucw,
TOrAa Kak Lwar 2 €CTb HeYTO COAEpPIKaTEenbLHOE.
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7. PA3JNIOXEHUE MHOMOYNIEHOB HA MHOMMTENM

IIpumep 2. PasnoxuTe HAa MHOMXHUTEJIH MHOrOYJEH
—x4y® — 2232 + 542,

P e n1 e H 1 e. Bocnnosbayemcs copMyJIMPOBAHHEIM aJINOPUTMOM.

1) HaubGonpmuiz o6muit genutens kKoadpuIneaToB
-1,-2u 5 pasexH 1.

2) IlepeMeHHaa x BXOAUT BO Bce YWIEHBI MHOTOYJIe-
Ha C NMOKAa3aTeJIAMH COOTBETCTBEHHO 4, 3, 2; cienosa-
TeJHLHO, MOYKHO BEIHECTH 32 CKOOKH x2.

IlepeMeHHas y BXOAWUT He BO Bce 4JeHB MHOrO4JieHa; 3HAUHT, ee
HEJIb3H BRIHECTH 34 CKOOKH.

3) BriBoO A 3a ckOOKM MoxxHO BeiHecT x2, [IpaBza, B JaHHOM
cay4ae IesecoofpasHee BEIHECTH 3a CKOOKHM —x2, Tonmyumm:

- xiy® - 2232 + 5x% = - ¥(x%y® + 2xy® - 5). il

MIpumep 3. MoxxkHO nu pasjgenuTs MHorouwres 5a? — 10a® +

+ 15a° Ha ogHOuNeH: a) 5a®; 6) 25a%? Eciu fa, TO BHIIOJIHUTS JeJIeHue.

PeunleH ue. a) Bopumepe 11) MBI NONYYMIH, YTO

5a* — 10a® + 15a°® = 5a%(a — 2 + 3a?).
3uHauuT, 3aaHHLIH MHOTOYIEH MOXHO DasfleIuTh Ha 5a®, npu aToM
B 4ACTHOM IOJyunTCH a — 2 + 3a?.

1 2 3
6) 5a* — 10a® + 15a° = 25a2(g a’-<a+ —ad.

5 5
BHauuT, 3a4aHHBIH MHOTOYIEH MOXXHO pasfieiuTh Ha 25a%, npu
1.5 2. . 85 -
5TOM B YACTHOM IIOJIy4YHUTCH ga = ga + ga 3 L

ITono6HBIe NpUMepHl MBI paccMaTpusBanu B § 29;
IIPOCMOTPHTE UX, IOMKATYICTA, elle pas, HO yiKe C TOY-
KM 3peHHs BEIHECEHHs O0IIero MHOMKHTEJIA 38 CKOOKH.

PasnoxkerEre MHOTMOWIEHA HA MHOMKHTENH C OMO-
b0 BRIHECEHUS O6IEero MHOXKUTENS 3a CKOOKY TeCHO
CBSI3AHO ¢ JABYMS ONEPanUsiMK, KOTOPbIE MBI M3YYaiu
B §26 u 29, — ¢ yMHOXKeHHEM MHOTOYJIEHA HA OIHO-
YJIeH M C JeJIeHeM MHOro4JeHa Ha OJHOYJIEH.

A Tenepp HECKOJIBKO PACIIMPHM HAIIY NPEACTABJIEHHA O BEIHECEHUH
oB1mero MHOMKUTEJIS 3a CKOOKH. JeJio B TOM, 4TO MHOTZIA anrefpauyeckoe
BhIpa’keHUe 3a8]aeTCHA B TAKOM BHJE, YTO B KA4YeCTBe 00IIEro MHOMKHTENA
MOJKeT BEICTYIATH He OHOWIEH, 8 CyMMa HECKOJIBLKHMX O/lHOYJIEHOB,
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7. u PA3JIOXEHME MHOTO4YNEHOB HA MHOMMTENM

IIpumep 4.PasnoxuTs HA MHOXKUTEJIH:
2x(x—-2)+ 5(x - 2)%
P e m1 e B u e. Beesem HOByI0 nepemMenHyio y = x — 2. Torga nomyunm:
2x (x—2) + 5 (x — 2)% = 2xy + 552,
3aMeuyaeM, YTO NEePEeMEHHYIO Y MOXHO BHIHECTH 3a CKOOKH:
2xy + 5y = y (2x + 5y). A Teneps BePHEMCA K CTADPHIM 0603HAYEHMAM:
y(2x+5y)=(x—2)(2x + 5(x — 2)) =
=(x-2)(2x+5x—-10)=(x - 2)(7x - 10).
B nopoOHEIX cnyuyasx mocie npuobpeTeHMs HEKOTOPOTrO OIBITA

MOXHO He BBOJANTE HOBYH) I€PEMEHHYIO, & MCIIOJIE30BATE CIEAYVIOIYIO
3anHMCh:

2x(x-2)+5(x—-2=(x-2)(2x+5(x-2)) =
=(x—2)(2x + 5x — 10) = (x — 2) (7x — 10). (m]

§ 32. cnocos rerynnuPOBKK

Insa yAcHeHus cyTH cmocoba IPYNIUPOBKH PAaCcCMOTDHMM
ClIeAYIOmuii IPHUMED.
IIpumep 1. PasnoxuTh HA MHOXKHUTEIM MHOTOUYJIEH
2a% + 6a + ab + 3b.
PeueHue. O0beguHEM B ONHY IPYNNy INEPBHIE ABA 4JeHA, a B
APYIyr — IIocJiefHHe JBa 4JieHa MHOIoO4JieHa:
(2a% + 6a) + (ab + 3b).
3ameuyaeM, YTO B IEPBOil I'pyNIle MOXXHO BEIHECTH 3a CKOOKH 2a,
a BO BTOpO# rpynne — b, nonyuuM 2a (a + 3) + b(a + 3). Teneps MuI
BHIHUM, YTO «POSABHJICH» 0OIIMiT MHOXKHUTENL (@ + 3), KOTOPHIH MOXK-
HO BEIHECTH 3a ckoOku. B pesynwraTe nonyyum (a + 3) (2a + b).
ITockonbKy mponecc nmpeoOpa3oBaHuii B mpuMepe 1 nmepeme)xanicsa
KOMMEHTapHfAMM, NIPHUBEJEM ellle pas pelieHue, HO yxe 6e3 KOMMeH-
TapHEB:
2a% + 6a + ab + 3b = (2a% + 6a) + (ab + 3b) =
=2a(a+3)+b(a+3)=(a+3)(2a+b). (]
O6benuHenne uieHoB MHorowiena 2a2 + 6a + ab + 3b B rpynmm
MOKHO OCYILECTBHTH PasJIMYHBIMU criocobamu. OJHAKO HYIKHO YUUTHI-
BaTh, YTO MHOIZIA TAKAS I'PYIIMPOBKA OKA3LIBAETCA VIAYHON AJIA Ioce-
OYIOIIEro pasjioKeHUsA Ha MHOMKHUTENH, a unorga Het. IIposenem sxcre-
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7. PA3NOMEHWE MHOIOYNEHOB HA MHOMWUTENM

pumeHT. O0BEIMHUM B OfHY IPYIIY NEPBBIA M TPETHIl YIEHB! paccMaT-
PpHMBaEMOro MHOTOWIEHA, & B IPYTYIO IPYIITY — BTOPOil ¥ YeTBEPTHIMA:

2a% + 6a + ab + 3b = (2a® + ab) + (6a + 3b) =
=a(2a+b)+3(2a+b)=(2a+b)(a+3).

PasnoxeHne HA MHOMKHTENM IOJYYHWJIOCh, IDYNIHUPOBKA OKasa-
Jlach YAA4YHOM.

Teneps o0beIUHUM B OAHY IPYNIY NePBHIH H YeTBEPTHIH YJIEHH,
a B Apyryio — BTOPOI ! TPeTHIl:

2a® + 6a + ab + 3b = (2a® + 3b) + (6a + ab) = (2a% + 3b) + a (6 + b).
9Ta rpynnupoBKA ABHO HEYAAYHA.

IlogeeneM mToru. UjNeHBI MHOTOYJIeHA MOKHO
IpYNNHpPOBATH TaK, KaKk HaM xouercda. MHoraa ypaercs
TaKasd IPYNNMPOBKA, YTO B KAYKJOM I'PYIIIE NOCJe BhI-
HeceHnd oOmM[MX MHOMKHTeJNell B cKOOKax ocraeTcs
OIMH ¥ TOT K€ MHOI'OYJIEH, KOTOPHIi, B CBOIO OUYepeb,
chigcol MOKeT OBITH BEIHECEH 32 CKOOKH Kakx OOIHIl MHOMH-
rRYNMHPORKH Tens. Torga roBOpAT, YTO PAsIOIKEHHE MHOrOYJIeHa Ha

MHOKHTEJH OCYIIECTBJIEHO COCOG0M rPpyNIIHPOBKH,

DHpumep 2. PasnoxuTe HA MHOMXHUTEIHX MHOrOYJIEH
xy—6+ 3x — 2y.

Pemenmne.

IlepBriii ciocob rpYNIHPOBKH:

xy — 6+ 3x— 2y = (xy — 6) + (3x — 2y).

I'pynnupoBka HeyaadHa.

Bropoii cnocob rpynnupoBKH:
xy—6+3x—-2y=(xy+3x)+(-6-2y)=
=x(y+3)-2@w+3)=(y+3)(x—2).

TpeTuii ciocob rpyNOUpPOBKH:
xy—-6+3x—-2y=(xy—-2y)+(-6+3x)=
=y(x—2)+3(x-2)=(x-2)(y + 3).

OTrBerT: xy—6+3x—2y=(x—2)(y+3).

Kax BuauTe, He Bcerja ¢ Iepeoro pasa rpynnupoBKa
6eiBaeT ygauHoii. Ecim rpynnupoBKa OKAasalack He-
yAa4yHOIl, TO OTKAXUTECh OT Hee, UIIUTe WHOI crocof.
Ilo mepe npuobpeTeHusa onuiTa Bl OyAere OGbIcTpO Ha-
XOIUTH YAAYHYIO I'PYNNHPOBKY, K&K 3TO C/IeJIaHO B CJie-

LYIOIeM mpuMepe.
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IIpumep 3. PasiokuTs Ha MHOXKUTEIH MHOIOYJIEH
ab® — 2ab + 3a + 2b* — 4b + 6.

PemeH ue. CoctaBuM TpH rpynmsl: B NEPBYI BKJIKNYAM Iep-
BBIM ¥ YeTBEPTHIi YWIeHBI, BO BTOPYI — BTOPO# ¥ NATHIA, B TPDETHIO —
TPETHH U IIeCTOMH:

ab® — 2ab + 3a + 2b% - 4b + 6 = (ab® + 2b%) + (- 2ab — 4b) +
+(Ba+6)=b*a+2)-2b(a+2)+3(a+2).

Bo Bcex rpynnax oxasajicd o0mmuit MHOXXUTENS (@ + 2), KOTOpHIit
MOJKHO BEIHeCTH 3a cko6ku. [Tomyunm (a + 2) (b% — 2b + 3).

OrBerT: ab®— 2ab+8a + 2b° —4b+ 6 =(a +2) (b — 2b + 3).

Huorpa nonesHo npoBepuTh cebs, T. €. B NOJYYEHHOM pasiioie-
HUHM HA MHOXXUTEJIH BEINOJHUTH ONEPAIHNI0 YMHOMKEHHUA MHOTOYJICHOB
(pPacKpHITH CKOGKH) ¥ yOeAUTHCH, YTO B PE3YJILTATE HMOJYYHUTCHA TOT
MHOTO4YJIeH, KOTOpPHIi OhLI 3agaH. A ecim Her? Torzma Hamo HCKATH
omnbKY B PA3JIOKEHUN HA MHOMKHUTEIH.

IDpumep 4.Pasnokurs Ha MHOXKUTEIM MEOTOWIeH x° — Tx + 12,
Pem e ue. HaBepHoe, Bul AyMaeTe: KaKkoe OTHOIIEHHE HMMEET
3TOT NpuUMep K crocoly rpynnupoBKY, BEAb 3[1€Ch ¥ I'PYIIHUDPOBATL-TO
Hegero? 3To BEPHO, HO MOJKHO CAeJIaTh HeOOIBIIONH GOKYC: eciiu IIpes-
CTAaBHUTB cJIaraeMoe —7x B BHJle CYMMHB! —3X — 4x, TO IOJYYHUTCH CyMMa
yKe He Tpex (KaK B 3aJaHHOM MHOTOYJIEHE), 4 YETHIPEX CJIArAEMBIX.
9TH yeThHIpe cllaraeMbiX MOYKHO PACIPEAEHNTE II0 ABYM IPYNIaM:
22— Tx+12=2"-8x-4x+12=(x*-8x) +(-4x + 12) =
=x(x-3)-4(x-3)=(x-3)(x—4).

mi

MIpumep 5.Peunts ypaBaeHuE:
a)x*-Tx+12=0; 6)x*—2x>+3x-6=0.
P e m e H u e. a) Pasnoxum Tpexunel x2 — Tx + 12 Ha MHOKHUTENH
TAK, KAK 3TO CAEJNAHO B npuMepe 4:
¥-Tx+12=(x-3)(x—4).
Toraa 3ajaHHOE YpPABHEHME MOMHO IIepPenucaTh B BHIE

(x — 3) (x — 4) = 0. Teneps ACHO, YTO UCXOAHOE YPABHEHHE MMEET ABA
KOpHA: x =3, x =4.

6) Pasnosxkum MHOrouwnreH x° — 2x° + 3x — 6 Ha MHOMKHUTENTH:
¥ -2 +38x-6=(x*-2x)+Bx-6)=2x%(x-2)+3(x - 2) =
=(x—2)(x%+ 3).
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IlepenunieM Teneps 3aaHHOE YPaBHEHVE B BHE
(x—2)(x®*+3)=0.
Tak Kax NPOM3BeJeHNEe PABHO HYJIIO, TO PABEH HYJIO OTUH U3 MHOMU-
reneit. Ho x° + 3 npu mo06BIx 3HAYEHUAX X ABIAETCH NOJIOMKUTETLHEIM
YHUCJIOM, T. €. B HYJIb 0OOPaTUTHECA HE MOXKET. 3HAYMT, MOXKET BBHINOJI-
HATBLCSA TOJBKO PaBeHcTBo x — 2 = 0, OTKYyJa noayyaem x = 2.

OrBerT:a)3,4; 6)2.

§ 33. PA3NOMEHUE MHOTOYNEHOB

HA MHOXMUTEJIM C MNOMOLLBIO DOPMYN
COKPALWEHHOIO YMHOMEHMA

B § 28 MBI monyuynau OATE GOPMYJ COKPAIIEHHOI0 YMHOMKe-
Husa. TaM ke MBI OTMETHJIH, YTO JII000# M3 3TMX GOPMYJ MOXKHO
IIOJIb30BATHCS KaK [JIf COKPAIEeHHOr0 YMHOYKEHMS MHOIO4YJIeHa Ha
MHOIo4ieH (ecii NpUMeHATL GOPMYJIEI B TOM BHZe, B KOTOPOM OHH
O6pL1u 3anucaHs B § 28), Tak M 1A pasyIOdKEeHNA MHOrOYJIeHa Ha MHO-
JKUTENH, €CJIH UX IePelHcaTh CJIegyIOmKUM 06pasom:

a?—b%=(a—b)(a +b); 1)
a® —b® = (a — b) (a® + ab + b?); ()
a® + b® = (a + b) (a® — ab + b2); 3)

a®+ 2ab + b% = (a + b)%; (4)

a® — 2ab + b% = (a — b)% (5)

ITepBy0 U3 3THX GOPMYJI MOXKHO IPHMEHATH K BEIPAXKEHHUIO, IIpe/-
crasaswmeMy coboil pazHocme keadpamos (6e3pasIMYHO Yero — 4u-
ceJl, OJHOYJIEHOB, MHOTOYJIEHOB), BTOPYIO ¥ TPETHI0 — K BHIPAXKEHUIO,
OpejcTaBisoLeMy coboit pasnocme (cymmy) kybos; MOCEeNHUE [BE
GopMysIEl NPUMEHSIOTCH K TpeXdieHy, npecTasisaomemMy coboit no-
Hblil Kgadpam, T.e. COAEPKAaMEeMy CYMMYy KBaApaTOB OBYX BBIpaXKe-
HH# ¥ YABOEHHOe NIPOU3BeJeHHEe TeX YK€ BhIPAIKeHH.

IIpumep 1. PasnoxuTs HA MHOXKUTEIH:

a) 64x% - 9; B) (2x — 1)% - 25;
6) x° — 4a*; r)(a+3)° - (b-2)>~
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Peme s ue. Bo Bcex ueThipex mpuMepax BOCHONb3yeMcA ¢Gop-
mynoii (1) (pasHOCTE KBapaTOB):
a) 64x2 -9 =(8x)°— 3%2=(8x — 3) (8x + 3);
6) x° — 4a* = (2®)? - (2a?)? = (x® - 2a?) (x® + 2a?);
B)(2x - 1P -25=02x - 12 -52=(2x-1) -5 ((2x - 1) + 5) =
=(2x-6)(2x+4)=2(x-3)-2(x+2)=4(x-3)(x + 2).
3zxech, KpoMe GOPMYJIEI PASHOCTH KBAAPATOB, MBI HCHOJIb30BAIH
pyeM BHIHECEHUS O0Iero MHOMUTEJSA 3a CKOOKM — AJIA ABYYJIEHOB
2x—6mu2x+4.
N@+3’-G-2=@(a+3)-®-2)(a+3)+®-2)=
=(a+3-b+2)(a+3+b-2)=(a-b+5)(a+b+1). (m]
Mlpumep 2.PasnoKuTh Ha MHOKHUTENH:
a) 1254 - 8b%  6) a® + 27b% B) x5 — a®.
Pem e H ue. 3aecs Bocnonbayemcs opmynamu (2) u (3) (pas-
HOCTB ¥ cyMMa KyGoB).
a) 125a° — 8b® = (5a)® — (2b)® = (5a — 2b) ((5a)’ + 5a*2b + (2b))) =
= (5a — 2b) (25a% + 10ab + 4b?).
6) a® + 278% = (a®?® + (3b)® = (a® + 3b) ((@®)? — a®+3b + (3b)®) =
= (a® + 3b) (a® — 3a%b + 9b%).
B) IlepBriii ciocob:
xs =i aﬁ s (x2)3 = (32)3 = (xz e (1-2) ((x2)2 + x?. _a2 + (az)z) =
=(x—a)(x +a) (x* + x%a® + a%).
Bropoii cIn -
xﬁ —-af= (x3)2 - (03)2 - (x3 - aa) (xs 4 aa) -
=(x —a) (¥* + xa + a®) (x + a) (x* — xa + a?). =
3ameyaHme. B npumepe 28) npu ogHom cnocobe
pelueHus NONY4YMNOCh PasnoXeHHe
(x - a) (x+ a) (x* + Ka’ + a%),
a npu gpyrom cnocobe — pasnoxenve
(x—a) (x + a) (12 + xa + &%) (¥ — xa + &°).
Pasymeetcs, 3T0 OgHO M TO Xe: B CreaytoLem naparpa-
che Mbl NOKaXKEM, KaK oT MHorouneHa x* + x2a’ + a* ne-
petith k npouseepenmio (x> + xa + a%) (X — xa + &).
Bnpouem, u ceiluac bl moere ybegurbcs, 4to
X+ x%a’ + &' = (2 + xa + 3%) (X - xa + &%).
Lnsa 3Toro poOCTaroyHo pacKpbiTb CKOBKK B NPaBOH 4acTH
paseHcTBa (cpenaiite 310).
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IIpumep 3.PasnoXuTh HA MHOXKUTEJIH:

a) a® — 4ab + 4b%; B) 4x* - 12x%y + 9y%;

6) x*+2x%+1; r) 25a% + 10ab + 4b2.

Pem e Hue. B atux npuMepax JaHb! TPEXUJIEHB, AJIA UX PASJIO-
JKeHHA Ha MHOMXHTeau OyZeM monb3oBaTecd (opmynamu (4) u (5),
€CJIM, KOHEYHO, y0eAuMCA B TOM, YTO TPEXYIeH ABJAETCH MOJHBIM
KBaJgpaToM.

a)a®—4ab+ 4b®>=a’+ (2b) - 2-a - 2b = (a — 2b)°.

Mz! ybegunuce, 4TO TPEXWIEH COAEPIKUT CYMMY KBANPATOE OXHO-
4IeHOB a ¥ 2b, a TaKKe yABOEHHOE NPOUBBEJEHNE 3TUX OJHOYWICHOB.
3HauYUT, 3TO NOJHEIH KBaApaT, IpUYeM KBaJpaT PASHOCTH.

) x* +2x2+1=(x22+12+2 22 1=(x2+ 1)%

B) 4x* — 12¢%y + 9y = (2°F + (By)’ -2+ 22° - By=(2x*-3y)’;

r) 25a% + 10ab + 4b% = (5a)® + (2b)? + 5a * 2b.

Tax kax 10ab — 3170 He YABOEHHOE IPOMU3BEAEHHE OTHOWIEHOB H5a U
2b, To naHHEIA TPeXYJIeH He ABJIIAETCH MOJMHBIM KBaJpaToM. PasinoxuTs
€ro Ha MHOKHUTEJIM ¢ IOMOIIbI0 opmy (4) mim (5) MEI He MOxkem.  (H]

TloguepKHEM ele pas: ecJIM XOTHTe BOCIIOJbL30-
BaThcH hopmynamu (4) unu (5), To cHauana ybeguTecs,
YTO 3aIaHHLIHM TPEXWIEH eCTh IIOJIHEI KBajgpaT. B mpo-
TUBHOM cJay4dae cdopmynasl (4) u (5) npuMeHATH
HeJIb3A — MMEHHO TaK 00cTosIO Aeio B mpuMepe 3r).

§ 34. PA3NOYKEHME MHOTO4JIEHOB
HA MHOMTENM
C NOMOLLBIO KOMEMHALMM
PA3MIMYHBIX MPUEMOB

B maTemaTuke He Tax 4acTo OniBaeT, yToORI IPH pellIeHNH
IpuUMepa NPUMEHSJICA TOJILKO OJMH IIpHeM, Yalle BCTPEe4YalTCH KOM-
OGMHHMPOBAHHEIE NPHUMEPH], IIe CHAuYajla HCHOJIb3yeTcsa OJMH IpHueM,
saTeM Apyroi u T. A. YToOH yCIeIIHO peniaTh TAKHE NPUMEDEI, MAJIO
3HATH CAMHM IpPHEMBI, Hafo eije yMeTh BhIpaboraTh
nJaH KX NOClefO0BATeNbLHOr0 npuMeHeHus. MHBIMM
CJIOBAMH, 3[leCh HY’KHEI HE TOJIBKO 3HAHMA, HO U OIBIT.
Bor Takme KOMOMHMpPOBAHHBIE NMPHUMEPE! MEL M pac-
CMOTpPHM B JaHHOM naparpadge.
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IIpumep 1.PasioxuTs Ha MHOMKHTEIN MHOIOWIEH

36a%® — 96a'b* + 64a°b°.

Peme s ue. 1) CHauana 3aiiMeMcA BEIHECEHHEM 00IEro MHOMKH-
TeJig 3a cKoOKu. PaccMorpuM Koaddunuentr: 36, 96, 64. Bee oHM
JensaTcs Ha 4, npuyeM 370 — Hambonbmui 00MmIMIT JenTelNb, BHIHE-
ceM ero 3a ckobku. Bo Bce WwieHBE MHOTOWIEHA BXOAHUT IIEPpEMEHHAA a
(» nepssiit a®, Bo BTOPOIA a?, B TpeTnii a?), moaToMy 3a CKOGKU MOMKHO
BBIHECTH ﬂ.z. TO‘-IHO TaK e BO BCe YWJIeHBl MHOI'O4YJIeHa BXOOHUT Iiepe-
menHas b (B mepemiit b?, Bo BrOpO¥ b%, B Tperwit b%) — 3a ckOBOKM
MOXKHO BEIHeCTH b3,

Hrax, 3a cko6xu BriHeceM 4a?b®. Torza nonyunm:

36a°b® — 96a'b? + 64a%b® = 42 (9a* — 244 + 16b%).

2) Paccmorpum Tpexuien 9a! — 24a%b + 16b%. BrisicHuM, He ABIA-

€TCH JIM OH IIONIHBIM KBagpaToMm. Hmeem:
9a* — 24a%b + 16b? = (3a?)? + (4b)®> — 2 - 3a? - 4b.

Bce ycaoBHSA IOJIHOTO KBaApaTa coOMI0OAEHEl, CJIeA0BaATEBHO,

9a* — 24a’ + 16b* = (3a® - 4b)°.

3) Kom6usupysa ABa npueMa (BhIHECEHHE OGIIET0 MHOMKHTENSA 34
CKOOKH ¥ HMCIONB30BaHHE (GOPMYJIBI COKPAIIEHHOIO YMHOMKEHHA), 110~
JIyuaeM OKOHYATeJIbHELIH Pe3yJIbTaT:

36a%® — 96a’b* + 64a%b°® = 4a%b®(3a® - 4b)°. ()

IMpumep 2. PasioxkuTs Ha MEOXKUATE M MEOrOWIeH a’— ¢ + b + 2ab.

Pemnienue. 1) CHauana nonpobyeM BOCHOJBL30OBATHCA CIIOCOGOM
rpynnupoBKH. JIo cuX mop YeTkIpe ciaraeMblX MBI pasbUBanu HA rpym-
nel o napam (cM. § 32). IlonelTaeMcs U 38eCh CAENATH TAK JKe:

a?—c%+ b+ 2ab = (a® - c®) + (b® + 2ab) =
=(a—-c)(a+c)+b(b+ 2a).
9Ta rpynnupoBKa HeyJayHa, HeT 001ero MHOXKHTENA.
ITonpo6GyeM mo-ApyroMy:
a?—c%+ b% + 2ab = (a? + b?) + (—c® + 2ab) —
3/leCh TAKKe HIU4Yero XopoIlero Her.
TpeTbsa NONBITKA:
a?—c?+ b% + 2ab = (a® + 2ab) + (—c + b%) =
=a(a+2b)+(b-c)(b+c)—
M 3Jleck HeT 00II[ero MHOXKHTEJIH.
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7 OzHaKOo BCe-TAKM criocol rpyNnnupoBKY B 3TOM NIpH-
Ny Mepe cpaboraer. Beb HUOTKY/Ia HE ClIeAyeT, YTO Ipym-
' = IMPOBaTh CJAraeMbleé MOXXHO TOJBKO IO IapaM, 3TO

MOKHO CHEJIaTh H TaK:
a’—c?+b%+ 2ab = (a®+ 2ab + b®) — = (a + b)* - 2.

Teneps Bl OTYETJIMBO BHAMTE CTPYKTYPY AAHHOI'O MHOTOWIEHAa:
PasHOCTEL KBaJpaTOB.

2) K mony4yeHHOMY BLIDa)K€HHIO MPHUMEHHMM (GopMyJIy pPasHOCTH
KBaJpaTOB:

@+bP-c=((a+b)-c)((a+b)+c)=(a+b-c)(a+b+c).

Hrak, koMOMHUDPYA ABa npueMa (IPYNNHMPOBKY M MCIOJL30BAHUE
¢opMyJI COKpaIeHHOTO YMHOMKEHUS — KBAJAPAT CYMMBI M PA3HOCTH
KBaJIpaTOB), MBI IOJIYYHIA OKOHYATEJILHEIN Pe3yJIbTaT:

a®-c?+b?>+2ab=(a+b-c)(a+b+c). (]

IDpumep 3.Pasnokurs Ha MHOXKUTENM ABywieH x* + 4y,

PemeH ue. [IpoananusupyeM CTPYKTYPY AAHHOIO ABYYJIEHA.
Yro taxoe x*? Bro (x?)?% Yro Takoe 4y*? Bro (2y%)?. Buauut, uMeeM
cymmy kBazpaToB (x2)? + (24%)%. O6bIuHO, YBHIEB CYMMY KBaJDATOB ABYX
BEIpaXXeHuii (4rcesi, OMHOWIEHOB, MHOIOWIEHOB), MATEMATHK HIIET VA-
BOEHHOE NPOM3BEJIEHHE 3THX BHIPAMKEHWH IS TOro, YTOOHB MOJMYYHUTH
TIONHBIA KBAApaT. B JaHHOM ciIyuae TAKUM YABOEHHBEIM IPOU3BENeHHEM
Gyzer 2 - x2- 212, 1. e. 4x*y%. Ho ero B npumMepe met. YTo ke AenaTs?

ITpubaBuM K 3aJaHHOMY MHOTOUWIEHY TO, YTO HAM HYXXKHO, HO, 4TO-
OBI HUYEro He HMBMEHUJIOCH, TYT 3KE ¥ BEIYTEM:

(%)% + (2y%)% + 4x%y? — ax¥y?.
9TO JaeT BOSMOXKHOCTH CTPYNIHPOBATE IEPBBIE TPH YJI€HA TAK, 4YTO
BBIZIEIUTCS MOJNHEIA KBajpaT. [lanbHeiilnee perieHue UAET MO ILIAHY
npumepa 2.
ITpuBeneM NOJIHOE PelIeHKUe IPUMEPa, Yxe 663 KOMMEHTapHEB:
2+ 4yt = (27 + (2 = (&) + 2y + 4ay?) — day® =
= (2% + 20%)% - 2xy)® = (* + 2y° - 2xy) (x® + 2y° + 2xy). =

B 3T0M npuMepe Mbl BllepBble IPUMEHHIIH MeTOn
BBIJIeJICHHMA NOJHOTO KBaapara. Ox OyieT moJie3eH HaM
¥ B JanbHeIeM, B YaCTHOCTH, IIPH PEIIEHUH CIIeIYIO-

MerTog Lero IpuMepa.
BelfjeneHus
nonHoro Keagpara
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IIpunmep 4. PasnoxuTs Ha MHOMKHUTEIH TPeX4ieH
x* + x%a® + a’.

Penre Hue. IIpuMmeEMM MeTOZ BBIIEJNEHHA IOJHOIO KBajpaTa.

Ilns sroro npencrasum x°a® B Buge 2x%a® — x%a?. Iomyunm:
2+ %0’ + at =2t + 2:%a% — K%a’ + at = (* + 2%a% + a¥) - PP =
= (2% + a?)? - (xa)® = (x* + a® - xa) (x® + a® + xa). Cl

A Tenepr BEPHHUTECH, MOXKAJNYIICTA, K 3aMEUYAHNIO, KOTOpPOe OBLIO
caenaso B § 33 (mocne npumepa 2). Kak BuiuTe, MBI BRITOMHWIH JaH-
HOe TaM o0eljaHuE,

II p u M e p 5. Pasnoxxurs Ha MEOKHUTEIH TpexuieH n® + 3n® + 2n.
P e m1 e H 1 e. CHAuaJa BOCIIOJIB3YEMCS TEM, YTO 71 MOXKHO BBIHEC-
i 3a ckobku: n(n? + 3n + 2). Teneps Kk Tpexwieny n? + 3n + 2
IPUMEHHM cI0cO0 IPYNIMPOBKH, IPEABAPUTENLHO IPEACTABUB 371 B
BHze 2n + n:
n’+3n+2=n*+2n+n+2=n%*+2n)+(n+2)=
=n(n+2)+(n+2)=n+2)(n+1).

Hrak, n®+3n?+2n=n(n+1)(n + 2). (m]
STHM pa3JIOIKEHHEM MBI YXK€ BOCIOJIb30BAJINCH B
§ 30. IlpaBpa, Tam aTo OwLIO cHenaHo Ge3 obocHOBA-

% HMIi, 3aTO Tenepk Bce CTAJIO Ha CBOM MecTa.

l_".' L2

abpann Mpumep 6. Bormcurs 38,82+ 83 15,4 — 44,22,
P e mi e 1 e. IlocaegoBaTeIbHO IPUMEHHUM T'PYII-
NMPOBKY, (JOPMYJIEI COKPAILIEHHOr0 YMHOMKEHHA, BEIHeCeHHe o0mero

MHOXKHUTEJNA 38 CKOOKHM. 3Ta COBOKYIHOCTh anrebpanyecKux IpueMoB
MO3BOJIMT NPOBECTH apHQJME‘TH'-IECRHB BBIYHMCJIEHHA JIETKO M H3AIHO:

38,82+ 83 - 15,4 — 44,22 = 83 - 15,4 — (44,2% — 38,8%) =
=83-15,4 — (44,2 - 38,8) (44,2 + 38,8) =83 - 15,4 - 5,4 - 83 =
=83(15,4 - 5,4) =83 - 10 = 830. @

3aKaH4YMBaA 3TOT naparpagd, BepHEeMCSH K TOMY, C Yero Mbl Ha4uHAa-
s raasy 7. B § 30 MBI rOBOPHIIM O TOM, UTO PasjIOKeHUe Ha MHOMKHUTE-
JIM — OJHMH U3 METOAOB PellleHus ypaBHeHHil. B cieayoineM npumepe
MBI ¥ BOCIOJIL3YEMCH 3THM METOOM.

IIpeaBapuTeasHO OTMETHM cliefyiomee. B maremaTuke M cMex-
HEIX HAYKAX YacTO BCTPEYaloTcA ypaBHeHus Buja ax’ + bx + ¢ =0, rae
a, b, c — He nepeMeHHEIE, a Yuciaa. Hanpumep, 2x2-38x+2=0, x* +
+4x - 8,5 = 0 u . n. Takue YpaBHEHUA HASLIBAIOT K6aOpaMmHbLMLU,
MEI CIeNUMaJbHO 3aiiMeMcd uX u3ydyeHueM B 8-Mm Kiacce. Ho HekoTo-
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phle KBajpaTHbIe YDABHEHUA MBI MOXKEM DeIllUTE yi3Ke Tenepsb. Onuo
KBaJIpaTHOe ypaBHeHUe MEI pemuiy Brile B § 32 (cM. npumep 5), ceii-
yac penruM eme ofHO, IpuYeM Aake ABYMA criocobaMu (npaszaa, o6uru-
HO JenaloT He TaK, a MOJIL3YITCHA rOTOBEIMU GOPMYJIAMU A pemle-
HUSA KBaJPaTHEIX YPABHEHWIl, HO BBl MX [IOKA He 3HaeTe).

Npumep 7.PemursypaBrenne x2—6x +5=0.

Pemenue.

Ilepsriit cnocob. IIpeacraBum —6x B BHAe cyMMEI —x — 5, a 3aTeM
MPUMEHHM CIOC00 IPYIIHUPOBKH:

2—-6x+5=x>-x-5x+5=(x>-x)+(-5x+5)=
=x(x—-1)-5(x—-1)=(x—-1)(x—5).
Torpa 3afaHHOe YPaBHEHHE IPUMET BUJ
(x-1)(x-5)=0,

OTKY/Ja HaX0AuM, uTo Jubo x = 1, n1ubo x = 5.

Bropoii cioco6. IlpuMeEHM MeTOA BHIZIeJIEHUS MOJHOTO KBaJpaTa,
JUIs Yero npeactaBsuM ciaaraemoe 5 B Buzie 9 — 4. Ilonyunm:

x*-6x+5=x-6x+9-4=(x*-6x+9)-4=
=(x-8)-22=(x-8-2)(x-3+2)=(x—-5)(x—-1).
CuoBa npunuim K ypasaeHumw (x — 1) (x — 5) = 0, umeromemy Kop-
Hu 1l ub5.
OrBerT: 1, 5.

§ 3 5. COKPALLEHME ANMEBPAMYECKMX
LPOBEMN

Hogoe moHATHE B MaTeMaTHKe DefKO BOSHMKAET «HM3 HH-

Yero», «HA ImycToM Mecte». OHO moABJIAETCA TOrAa, Korja B HEM

omyiaerca ofbeKTUBHAaA HeobxoaumocTh. UMeHHO Tak NOABUINCH B

MaTeMaTHKe OTPHLATENbHBIE YNCJa, TAK NOSBUJIMCH OOEIKHOBEHHEIE

M JecATHYHEIE Jpobu.

\ IIpeanoceLIKY AJA BBeJeHUA HOBOrO MOHATHA «al-
rebpavyeckas Apobb» y Hac mMeroTcs. JlaBaitTe Bep-
HeMmcsa K § 23. Obcy»xgaa Tam JiejieHHe OfHOYJIEHA Ha
OJJHOWJIEH, MBI PACCMOTpEM PAJ NPUMepOoB. Buiemum
IBa U3 HUX.
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7. || PA3NNOMEHUE MHOIMOYNEHOB HA MHOMMWTENM

1. Pasnenurs ofgHouwIeH 36a°b° Ha oxnounen 4ab? (cM. nmpumep 18)
us § 23).
Pemanu MeI ero Tak. Bmecto sanucu 36a°h® : 4ab® ucnonpsosanm

315

36a°b
yepTy Apodbu: 4o (BegpA:Bmn % — OJHO M TO 3Ke). 3TO NO3BOJIMIIO

BMecTo sanuceit 36 : 4, a® : a, b® : b’ TakKe MCIIONB30BATH YEPTY
Ipobu, 4TOo clesano pemeHue NpuMepa 0oJjiee HATVISIHBIM:
315 3 5
%=§.a_.b_g=ga2b3_
4ab 4 a b
2. PaazienuTs ogHOwIeH 4x° Ha oHOunen 2xy (cM. mpumep 111) us § 23).
JeiicTBYyA o TOMY e 00pasny, Mbl Oy UHJIH:

2xy T2 x Y y n y
B § 23 MbI oTMeTHIH, YTO OZHOUNEH 4x° He yAanoch pasgeNauTh Ha
OZHOWIEH 2xY TaK, 4ToOk! noyuwicsa oguowiedn. Ho Beas MaTeMaTuue-
CKMe MOJAEJM MOLYT COJAEDIKATH OIEpPalvIo AeJIeHUA JIOORIX OfHOWIe-
HOB, He 0053aTeJIbHO TAKHX, YTO OOHMH AeinuTcs Ha apyroii. Ilostomy

MATE€MATHKH BBEJIM HOBOE IIOHATHE — INOHATHE ajaredpandeckoii qpobu.
2

B wacTHOCTH, 2 = anrebpanuecKas ApoOk.

Y Tenepr BepHeMcHa K § 29. O6cykmasa TaM omnepa-
U0 JleJIeHUA MHOTOWIeHa HA ONHOUYJIEH, Mbl OTMETH-
JI¥, YTO OHA He Bcerja BeImonHuMa. Tak, B mpumepe 2
u3 § 29 peus muIa O AeNeHuM ApyuieHa 6x% — 24x? ma
onHouneH 6x2. DTa onepanusa 0Ka3anach BHITOJIHUMOM,
M B PE3YJILTATE MBI IOJYYHIK ABYYJEeH X — 4. 3HAYHUT,

625 — 24x7 ik
622 ?
6x% — 24x%
WHEIMU cIOBaMHM, aire6panyecKoe BhIpayKeHHe —eZ  VAe

JIOCh 3aMeHUTE 60JIee IPOCTHIM BEIpAXKEeHUeM — MHOIO4JIEHOM X — 4.
B T0 e Bpems B npumMepe 3 us § 29 se yAanock pasaesnTbh MHOTO-

8a® +6a%-b

unen 8a® + 6a’b — b Ha 2a?, T. e. BHIpaXKEHUE 5 He YHAJIOCh
a

3aMeHHTh GoJiee IPOCTHIM BHIPAKE€HHWEM, IMPHUILIOCHE TAK W OCTABUTH
€ro B Buje anrebpanuecKkoi Jpobu.



7. PA3JIOXEHWE MHOTOYJIEHOB HA MHOMMTENM

YTo e KacaeTcs omepanuy JeJIeHUs MHOTOYIEeHA Ha MHOTOYIeH,
TO €EIHMHCTBEHHOE, YTO MBI MOXKEeM cei‘mac CKa3aTh:. OOUH MHOI'O4YJileH
MOXXHO Pa3fie)IuTh Ha APYToi, ec/ii 3TOT APYroil MHOTOWIEH ABJIAETCH
OLHHMM H3 MHOXKHTEJIEeil B Pa3/ioyKeHHH [IEPBOI'0 MHOIOWIEHA Ha MHO-
HHUTEJIHA.

Hanpuwmep, x° — 1 = (x — 1) (%% + x + 1). Buaunr, x® — 1 MoxkHO
pasfienuTs Ha x° + x + 1, monyunres x — 1; x® — 1 MmoxHO pasgenuTs Ha
x - 1, monyuwres x% + x + 1.

Anzebpauyeckoii Opobbio HA3LIBAIOT OTHOLIEHHE JBYX

P
mHOrowieHoB P u Q. Ilpu 3TOM MCnoNb3yIOT 3alUCh  ,

rae P — yucaumens, @ — 3nHameHamenv anrzebpauye-
anrebpanyeckas 3
4pobs cKoii dpobu.

IIpumeps! anrebpanuecKux Apobeii:

2x* 8a®+6a’-b x+y
y '’ 24° P x-y'

HHorpa anrebpandecKkyio Apobb yAaeTcs 3aMeHUTh MHOTOYJIEHOM.
Hanpumep, KaK MEI Y3Ke YCTAHOBMJIH paHee,

6% — 242

gd 24

(Muorowren 6x® — 24x? ynanocs pasnenuts Ha 6x2, npu aTOM B YacT-

HOM IIOJIYYaeTcH X — 4); MBI TAK3Ke OTMEYaJIH, YTO

#1 X
4+l

=1,

Ho Tak GriBaeT cpaBHHUTENHHO PEAKO.
BnpoudeM, NOX03Kaf CUTyallus y»Ke BCTpe4anach BAM — IPH H3Y-

24
uyeHNUM 00BIKHOBeHHEIX Apobeii. Hanpumep, Apobs 5 MOKHO 3aMEHHUTH

40 32
HeJBIM YHCJIOM 4, a Apobb g — LeanM yucyioMm 5. OgHAaKO Apobh 21

LIeJILIM YHMCJIOM 3aMEeHMTH He yAaeTrcs, XOTH 3Ty Apobs MOMHO COKpa-
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7. u PA3NOMEHME MHOIO4JIEHOB HA MHOMMTENU

THUTb, Pas/ieJINB YUCINTeIb U 3HAMEHATe b Ha YKC/I0 8 — obmuii MHOXKH-

32

TEJb YHCIHUTEJIA 1 3SHaMeHAaTe . ﬁ = *3* . To4HO TaK 3Ke MOHCHO CcoKpa-

wamo anzebpauveckue Opobu, pa3fenué 00HOBPEMEHHO YUCIUMENb U

3Hamenamens Opobu Ha ux obwuil MHONCUMeENb. A ANA 3TOr0 HAHO

PAa3JIOKUTh ¥ YHCJIHTENb, ¥ 3HAMEHATENb APo6H Ha MHOXKHUTENH. 3AECh

HAM ¥ NOHAJO0UTCA BCE TO, UTO MBI TAK JOJIN0 00CYKAAIH B 3TOM IJIaBe.
II p 1 M e p. CokparuTs anrebpandecKy Apobsb:

12%y* a? +2ab+ b 22— xy
» By ® @rbxa-b’ g
Pemenue. a) HalijeM o0muii MHOMUTENb AJIS OLHOYJIECHOB
12x3y* u 8x%y°; ato 4x%y*. Toraa
12x%y* = 4x%y* - 3x; 8x%y° = 4x%y* - 2.
3HauuT,
12" 4x%*-3x 3

8%y - 4x*yt . 2y T2yt
YucauTens ¥ 3HaAMEHaTeNb 3aJaHHON anrebpandeckoi 1pobu co-
KpaTuiu Ha obuuit MEOXuTENS 412y,

PelreHue 3TOro npuMepa MOXKHO 3aKMCATE I0-APYIroMYy:

122 12 £y 3 x.1_3j
8%y 8 £ 4y 2 y 2y
6) Yrobb1 cOKpaTUTH Apobb, PA3JIOKHM ee YHCIHUTENb U 3HAMEeHa-
TeJb Ha MEHOMKUTeNH. IlomyunmMm:

a + 2ab + b? _ (a+ by _(a+bfa+d) _a+b
(@+bMa-b) (a+bla-b) (a+bla-b) a-b
(apobb cokpaThiIu Ha 001Ul MHOXKUTENE a + b).
A Teneps BepHuTECH K 3aMeuaHuio 2 us § 1. Bunu-

Te, JaHHOe TaM obemaHue MBI HAKOHEI-TO CMOTJIHA BhI-
TOJIHUTE.

X¥-xy  x(x-y) _ x(x-Y) _ 1
d-xp x(@P-y®) x(x-y)+ay+ ) FEray+ P

(coxpaTuau npobs Ha OGIUI MHOMKHTENb YHUCIHUTENA U 3HAMEeHATeIH,
T. €. Ha x (x — ¥)). (]
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PA3NIOXEHUE MHOTOYNEHOB HA MHOMMWTENU

Hrax, nia Toro 4ToObl COKPATUTE anrebpandyecKyo
Ipobb, claeayeT cHAUaIa PA3JIOKUTE HA MHOXKUTENH ee
YUCIAUTENb W 3HAMEeHATeNb (ecJIH OHH He COBIAAAIOT).
Tak 4yTO Bam ycmex B 3TOM HOBOM jJeJie (COKPAIeHNH
anrebpanyeckux Apobeil) B OCHOBHOM 3aBUCHT OT TOTO,

KakK BBl YCBOWIM MATEPHAJ NpeNuAyInuX rnaparpados
3TOM IJIaBHhI.

§ 36. ToxpecTBA

B sTom naparpade MBI TIO3BHAKOMHMCH elle ¢ OGHUM ares-
pavdecKMM TepMHHOM. MBI 3HaeM, HAIPUMED, YTO

TOMAECTBEHHO
pasHbie
BLIDAMEHHA

TOMAecTBeHHOe
npeobpasosaime

Yanaeme

a’—b*=(a-b)(a+b),
2-dx+4=(x-2)
(a +b)e=ac+ bc.

HanucanHble paBeHCTBA BePHEI IIPH JIIOGBIX 3HAYe-
HHUAX BXOOAINHX B HX COCTaB nepeMeHHEIX. Takue pa-
BEHCTBa B ayreOpe HaskIBAIOT moxdecmeamu. Jlesyio
M NPAaByI0 YACTH TOMKAECTBA HA3LIBAIOT BHIPAMKEHUAMH,
TOMKAECTBEHHO PABHBIMM APYT APYTY (MIH NPOCTO Mo
decmeernvimu). Hanpumep, a® — b® u (a — b) (@ + b) —
TOKAECTBEHHO PAaBHBEIE BHIPDAXKEHHUA. BCAKYI0 3aMeHy
OIHOI'O BBIPDAXKEHUS APYIUM, TOXKIAECTBEHHO PaBHBIM
€My, HA3HIBAIOT TOMNECTBEHHLIM NpeobpasoBamHeM
BHIDAXKEHHA.

Bce, ueM MBI 3aHMMANHKCE B riiaBax 4—7: geificTBUA
CO CTENeHAMM, C OSJHOYJIEeHAMH, ¢ MHOIO4YJIeHAMH, —
BCe 3TO OBLIIO M3yYEeHHMEM TOXKEeCTBEHHBIX npeobpaso-
BaHMIA.

B maTemaTuke yacTo GrIBaeT Tak, YTO, MCNONb3YH
HEKOTODHI TepMHH, BAPYr obOHapy»KMBAIOT, 4YTO K
HOBO# CHTYAIlUH OH CTAHOBUTCH HE OY€Hb IPHCIOCO6-
JIEHHBIM, TpebyeT yTOYHeHusA. ITO OTHOCUTCH U K Tep-
MHHY <«TOXAEecTBO», Il paGoThl ¢ MHOrO4JIeHAMM

JaHHOe BhImIEe onpefelieHue abconwoTHO TouHOe. ONHAKO yaxe N pa-
60TEI ¢ anrebpanyecKkuMu ApPoGAMK B MOHMMAHMM 3TOrO TEPMHMHA TOHA-
J06HuTCA KOPPEKTHPOBKA, IPHAETCA CAeNaTh HEKOTOPBIE YTOYHEHH .
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7. PA3NNOMEHWE MHOMOYJIEHOB HA MHOMMUTENAU

x(x-1

PaccmoTpuMm anrebpanyeckyro Apobb —(x—(2](x11) . Ee MoxxHO co-
KpaTuTh Ha X — 1 — Ha obIuii MHOXKUTEJb YHUCIIUTEIS ¥ 3HAMEHATeJI,
Taxum 06pasoM, MMeeT MeCTO PABEHCTBO

x(x-1) x
(x-2)(x-1) x-2° M

SBnserca nu 3TO paBeHCTBO TOXxJAecTBoM? BBens Bhlme 3TOT TEp-
MHH, MBI OTMETHJIM, YTO TOMKLECTBO — 3TO PABEHCTBO C NEPEeMEHHBI-
MH, BEPHOE IIpH Ji00blX 3HAYEHUAX NepeMeHHBX. Ho mpo paBeHCTBO
(1) aToro ckasaTh HeNb3A, OHO HE UMEeT CMEICHA Npu X = 1, mpu x = 2,
T. €. OHO BEepPHO y>Ke He NpH JOOBIX 3HAYEHUAX NepeMeHHOH X. YKa-
3aHHEIE 3HAYEHHUSA He ABJIAIOTCA AONMYCTUMEIMY AJS BHpaXXeHuii, BXo-
IAmux B coctas paseHcTBa (1). Eciu ke orpaEM4anTLECA TOJBKO Jony-
CMUuMbLMU 3HAYEHUAMH NEPEMEHHOM X, TO IIPH JIOOEIX TAKHX 3HAYE-
HUAX paBeHCTBO (1) oxakeTcsa BEPHBIM.

VuuTeiBag MOAOOHBIE CUTYANMH, MATEMATHKY YTOYUHMIN MOHATHE
TOXKAECTBA.

Onpeaenexue. TompecTso — 3TO PABEHCTEO,
BEPHOE npu J106bLx donycmumbix 3HAYEHUAX BXOASAIMX
B €70 COCTAB NEePEMEHHKIX.

B aT0oM cMuIcie paBeHCTBO (1) — ToxaecTso. Bor Ta
KOPPEKTHPOBKA IMOHATHA «TOXAECTBO», 0 KOTOPOH MBI
TOMAecTeo YIIOMHMHAJH BEIIIIE.

OCHOBHbBIE PE3YJIbTATbHI

B 27001 r1aBe MBI BBEJIM HOBHIE (JUIA BAC) HOHATHA MaTeMa-
THYEeCKOro A3LIKAa:

pasJioKeHre MHOTO4YJIeHa Ha MHOMHUTEIH;
anrebpanyeckas pobs, coKpalnenue ajredpandeckoil xpobu;
TOIKAECTBO, TOMKAECTBEHHO PABHBLIE BHIPAMKEHHA, TOMKJE-
CTBEHHOE NMpeoOpa30BaHUe BhIPAMKEHUHA.

BbI m03HAKOMMJINCH CO CJAEAVIOIMMH IPUEMAMH DAasJio-
JHEeHHA MHOIOWJIEeHa Ha MHOXHUTEJH:

BBIHECeHHe 00Imero MHOMKHTENA 3a CKOOKH;
rpynnupoBKa;

HMCIIOJIL30BaHUe (DOPMYJ COKPAIEHHOI0 YMHOMEHUA;
BhbIZleJleHHe MOJIHOI'0 KBaJpaTa.



TNABA

8 DYHKLUMUSA y = x?

§ 37. Dyrkuyma y = x* u ee rpagpmx
§ 38. Npaghuyeckoe pewerne ypasHeHus
§ 39. Yro o3zHauaer B maremaruke zanmce y = f(x)

§37. dYHKUMA y = x* U EE TPADMK

B riase 2 MBI BBEJIM TEPMHMH «JIMHeHAA QYHKIUA», MOHU-

Masd IOX 9THM JInHeHOe ypaBHeHMe BHAA i = kx + m ¢ AByMA IepeMeH-
HBIMH X, y. IIpaBna, nepeMeHHEIE X, Y, GUrypHUpyIOlNe B 3TOM ypaBHe-
HUM (B 9TOi MaTeMaTHYECKOR MOAENH), CYMTEINCH HEPABHOIIPABHEIMU
X — He3aBHCHMAaf [epeMeHHad (ApryMeHT), KOTOPO¥ MBI MOIJVIM HIpHAA-
BaTh JIOOBIE 3HAYEHHA, HE3aBACHMO HU OT Yero; y — 3aBHCHMAas mepe-
MEHHAas, IOCKOJIBKY ee 3HaYeHKe 3aBHCeJIO OT TOro, KaKkoe 3HaYeHue Ie-
peMeHHO# x OsLI0 BEIOpaHO. HO TOrZIa BOSHHKAET eCTECTBEHHEI BOIIPOC:
o a He BCTPEYAIOTCHA JIM MATEMETHYEeCKHEe MOJeNIH TAKOro
JKe IJIaHAa, HO TAKHe, Y KOTOPhIX I BRIPAXKAETCs yepes X

@ He 110 opmyJie y = kx + m, a KAKMM-TO HHEIM criocobom?
OTBeT AceH: KOHEYHO, BeTpevalorTced. Ecam, Hanpumep,

X — CTOpPOHA KBajgpaTa, a iy — eronnoma,nb,my==x2
Ecmu x — cTopoHa Kyba, a y — ero o6sem, 10 y = x°. Ecau x — ofHa
CTOpOHA MPAMOYTOJBHMKA, IUIOMaAb KoToporo pasHa 100cMm?, a y —

Apyras ero CTOpoHa, T0 y = ——. ITosroMy, eCTEeCTBEHHO, IMPHXOIUTCH

100
W3YYATH M MOeNs Y = X°, ¥ MOJeNb Y = X°, ¥ MOeNb y = —_— , ¥ MHOIHe

ApyTHe MOJEeNN, UMEIOIIHe TAKYIO e CTPYKTYPY: B JIEBOM YaCTU paBeH-
CTBa HAXOAMWTCH NEepPeMeHHas Y, a B IPaBOi -— KAKO0e-TO BEIpaXKeHHe C
nepemeHHOH x. JA Takux Mopesell COXpPAHAIOT TePMUH «DyHKIHA»,
OIlyCcKas MPHIaTraTe/IbHOe «JIMHEeNHAA» .
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8. “ DYHKUMS y = x2

3ameHaHue. Boilue Mbl yKe He pa3 roBOpMNM O TOM, Kak
06CTOUT AENO B MaremMaTHKe € HOBbIMM MOHATHAMM, HOBBIMH
TepmuHamu. Yacto GbisaeT Tak: sBBenu Hosoe nowstue, pabo-
TalOT C HMUM, HO 3aTeM, MO MEPE AANLHEHLLErO U3YHEHHS MaTe-
MaTHKM, Ha4MHaIOT OCO3HaBaTh, YTO BBEAEHHOE MOHATHE Tpe-
6yeT yTouHeHus, paseutia. MmeHHo Tak obcToano peno ¢ no-
HATHEM «TOMAECTBOR. TOHHO TaK 3e 0BCTOMT Aeno 1 C NOoHATH-
em «hyHKLMA». Mbi ewue posonbHO aonro Gyaem NpuBbIKaTL K
Hemy, Habuparbcsa onbiTa, paboTarth C 3THM NOHATHEM, NOKA HE
npuaem K crporomy onpegenenuto (3to Gyper B 9-m knacce).

B aTOM naparpade MuI pacCMOTPHM QYHKIMIO J = X° ¥ IOCTPOMM

ee rpaduk.

JaguM HesaBUCHMOH ITepeMeHHOH X HECKOJIBKO KOHKPETHEIX 3Ha-
YeHHUH ¥ BRIYHCIUM COOTBETCTBYIONIME 3HAYCHUA 3aBUCHMO NepeMeH-

Hoi y (o dopmyte y = x7):

ecmux =0, 1oy =0%=0;

ecmux=1,Toy=1%2=1;

ecmnx=2,T0y=2%2=4;

ecmx=3,Toy=23%2=09;
ecmux=—-1,Toy=(-1)7%*=1;
ecmux=-2,Toy=(-2)°>=4;
ecmux=-3,Toy=(—-3)>=9.

Kopoue roBops, MBI COCTABHJIH CJIEAYIOM[YIO TAOIHUIY:

0 1 2 3 -1 -2

-3

y 0 1 4 9 1 4

9

ITocTpouMm maitpernwie Toukm (0; 0), (1; 1), (2; 4), (3; 9),
(-1; 1), (-2; 4), (— 3; 9) Ha KoopauEaTHOM IOcKocTH X0y (puc. 56, a).
OTH TOYKH PACIIOJOXXE€HE HA HEKOTOPO# JHHUH, HAYEPTHM ee

(puc. 56, 6). 3Ty IMHMIO HA3LIBAIOT NapaGoioi.

KoneuHo, B uaeane Hajo OBLIO JaTh ApPryMeHTY X BCE BO3MOXKHEIE
SHAYEHMS, BEIYMCJIATH COOTBETCTBYIOIIHNE 3HAYEHHU S [IEPeMEeHHOM i 1 110~
CTPOMTE IONyYeHHEIE TOYKH (X; y). Toraa rpaduk OuL1 6B aGCONIOTHO
TOYHEIM, OesympeuHeIiM. OAHAKO 3TO HepeaJbHO, Bellb TAKUX TOYEK
GeckoHeyHO MHOTO. [I03TOMY MATEMATHKH IMOCTYIAlOT Tak: GepyT Ko-
HEeYHOEe MHOJKECTBO TOYEK, CTPOAT MX HA KOOPAMHATHOM ILIOCKOCTH K
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8- GOYHKUMS y = 2

YA JAY
9 \ i
\ [
3 s
\ )
\ L
\ x!
\ /
2 .
4 i F
1 Nyl V
[\
-3-2-100 1 2 3 |¥ -3-2-10] 1 2 3 =x
Puc. 56, a Puc. 56, 6

CMOTPAT, KAKaA JIMHHUA HAMEUYAETCS STUMH TOYKaMu. Eciu KOHTYpHI
9TOl JIMHUM IPOSIBJIAIOTCA JOCTATOYHO OTYETINBO (Kak 310 ObLIO Y HACc,
CcKa)xkeM, B nmpumMepe 1 ua § 7), TO aTy JIMHMIO TPOBOAAT. BO3MOXKHEI JIx
omnbxu? He 6e3 aroro. IToaTroMy 1 Hazo Bee ray0rke ¥ riry0ixe M3ydJaTh
MAaTEMATHKY, YTOOBI GBI BO3MOXXHOCTH M30eraTs OImboK.

ITonnpobyem, riiAaasa Ha pucyHOK 56, 6, omucaTh reoMeTpHUYecKHue
cBoiicTBa napaboJsl.

Bo-nepBrIX, oTMeyaeM, 4To mapabosia obiagaer
cumMeTtpueii. B camoM nene, ecii NpoBeCTH BHILE OCH X
no0yi0 NpAMYyI0, NapajielbHyI0 OCH X, TO 9Ta IIpA-
Masd nmepecedeT napaboJiy B ABYX TOYKAX, PACIOJIOMKEH-
HBIX HA PaBHBIX PACCTOAHMAX OT OCH I, HO IO PasHbIE

napabona CTOpPOHH! 0T Hee (puc. 57). Kerath, To e MOXKHO CKa-
oLk cR 3aTh ¥ 0 TOYKAaX, OTMEYEeHHLIX Ha pucyHKe 56, a: (1; 1)
napa6onsi u (-1; 1); (2; 4) u (=2; 4); (3; 9) u (=35 9). T'oso-

PAT, YTO OCh Y ABIAETCH OCHI0 CHMMETPHH apaboJisl
Y = X WM 4TO Napabona CUMMEmpPULHa OMHOCUMELbHO
BEpLUMHE ocu y.
napa6ons Bo-BTOpEIX, 3aMeYaeM, YTO OCh CHMMETPHM KaK Gbl
paspesaeT napabosly Ha aBe YaCTH, KOTOPhle OOBIYHO
Ha3BIBAIOT BeTBAMH NnapaGoJisl.
B-TpeTpHX, OTMeyaeM, uTO y napaboJisl ecTb 0Co-
fasi TOYKA, B KOTOPO# cMEIKaloTCA 00e BETBH U KOTO-
pas JeKuT Ha ocH cuMMeTpuy napaboasr — Touka (0; 0). YuurhBan
ee 0co0eHHOCTD, €l MPUCBOMJIIM CHenuajibHOe HAa3BaHHe — BepIHHA
nmapaGoJsl.

sereu napabosnsi
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8. u DOYHKUMS y = X2

B-ueTBepTHIX, KOrZa OJHA BeTBb NapaboJikl COeANHAETCA B BEPIIN-
HE C pyroi# BeTBBIO, 5TO IPOMCXOAMUT ILUIABHO, Oe3 manoma; napabosa
Kak Obl «npryxuMaeTca» K ocu aberuce. OGRIYHO rOBOpAT: napabona
Kacaemcsa ocu abcyucc.

Teneps nonpobyem, risaga Ha PUCYHOK 56, 6, onucaTs HEKOTOphIE
cBoiicTBa GyHKIUHA y = x2, :

Bo-nepBrIX, 3aMeuaeM, 40 ¥y = 0 npu x = 0, y > 0 npu
x>0unpnx<0.

Bo-BTOpEIX, OTMEYaEM, YTO Yo = 0, 8 Y. HE CYIIECTBYET.

B-TpeTbux, 3aMeuaeM, UTO YHKYUAL Y = Xx° ybvbieaem Ha Lyue
(—°0; 0] — OpHu 3THX 3HAYEHHAX X, ABHTaschk mo mapaboyie ciaeBa
HAIIPABO, MEI «CIYCKAeMCH C ropku». Pynryua y = x° eospacmaem
Ha ayue [0; +00) — mpu BTHX 3HAYEHHAX X, ABUTafAch Io nmapaboie
cJIeBa HANIPABO, MBI « IOAHUMAEMCH B l'OPKY».

IIpumep 1. Haiitu Haubonbllee 1 HAMMEHbIIEE 3HAYEHHUSA
byrknmn y = x%:

a) Ha orpeske [1; 3];

6) Ha oTpeske [— 3; — 1,5];

B) Ha oTpeske [— 3; 2].

Penie s ue. a) [loctpoum mapabony y = x° u BHAeNIUM Ty ee
4acTh, KOTOpPAsA COOTBETCTBYET 3HAYEHUAM IIEPEMEHHOM X U3 OTPe3Ka
[1; 3] (puc. 58). [ina BeleIeHHON YacTH rpaduKa HAXOAUM Y, .. = 1
(upn x = 1), Ypuus. = 9 (mpu x = 3).

6) ITocTponm napaGosny y = x® ¥ BEIIEJIUM Ty €e 4acTb, KOTOpas
COOTBETCTBYET 3HaueHHUAM NEePEeMeHHOH x u3 orpeska [-3; —1,5]

Y y y y
A H 9 -I ! L9 1 g
I o ) o
D il \ ¥ hE
- 4 ‘J
4 42,25
1 L E
i / > vl ".‘ K, _g__ ] > i \ i x
o o 1 | 83-3-1,50 -3| |0 2
Pue. 57 Puc. 58 Puc. 59 Puc. 60
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8. DYHKUMSA y = X

(puc. 59). [Ina BBIAENEHHON yacTH rpaduKa HAXOAUM VY., = 2,25
(npu x = —1,5), Ypp. = 9 (mpu x = -3).

B) IToctpoum napabosty y = x? ¥ BEIIEJIUM Ty €€ 4acThb, KOTOpas
COOTBETCTBYET 3HAYEHHUSAM ITIepeMeHHOM X U3 oTpeska [—3; 2] (puc. 60).
Ina BeIieJIeHHOHM YacTH rpadmka HaxoiuM y. .. =0 (npu x = 0),
Ypans. = 9 (mpm x = -3). (m]

CoBer. Y4robbl Kamabii pas He CTPOUTL rpacuK hyHKLMM
y = X% 1o TOuKaMm, BbIpEMbTE U3 NNOTHOH Bymaru Wwabnox na-
pabonbl. C ero nomouusto ebl Gypete ouerb BbicTpo YepTUTL
napabony.

3ameyaHme. Mpepnaras Bam 3arotosuts WabnoH napabons!,
MbI Kak 6bl ypaBHMBaeMm B NpaBax yHKLMIO y = X’ U NMHEIHYIO
dyHkumo ¥y = kx + m. Bepp rpacdmkom nuHeHHOH hyHKLMM
SBNAETCA Npaman, a ans usobpareHus NpAMoOi Mcnonb3ayercs
obbIuHan NMHENHKa — 3TO M ecTb WabnoH rpaduKa yHKLUMK
y = kx + m. Tak nycre y Bac 6yaer u wabnoH rpacmka
byHKummn y = x%

Ipumep 2. HaliTu Toukm nepeceueHua mnapabonul y = x2 u
npsamMoit y = x + 2.

Pemenue. IlocTpouM B ORHOM cucTeMe KOODPAMHAT mapaboiy
y = x° u npamyio y = x + 2 (puc. 61). Oru nepecekatorcs B Toukax A u B,
IpHYEM IIO YEPTEIKY HETPYAHO HANTH KOODAHMHATHI 9THX TO4eK A u B:
A Toukn A umeeM x =— 1, y =1, a anda Touxku B umeem x = 2, y = 4.

OTtBeT: mapabosa y = x% u mpsAMas y = x + 2 NmepeceKalTCA B
nByx Toukax: A (-1; 1) u B(2; 4).

YA y
\ 1, A 1 L |
\ 1<% \[A T ALY
\ 313 \ |
\ [ \ rl
3 B \
\ / \ /
A, \
N/
-1 10| 2 x 0 x
Puc. 61 Puc. 62
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DYHKLUMSA y = X

Ba)xHoe 3ameyaHme. [o cux Nop Mbl C BamMM AOBONBHO
CMENo penanu BbIBOAbLI C Nomoupio uveptema. OpHako
MaTEMaTHKM HE CIMLLKOM A0BepstoT yeptexmam. ObHapymue
Ha pucyHKe 61 pBe TOuUKM NepeceyeHus napabonst U NPAMON M
ONMPEeNEenHB C MOMOLLLIO PHUCYHKA KOOPAMHATbI 3TUX TOuEK,
maremarik obbiuHO NpoBepseT cebs: Ha CaMoMm Ni Aene TouKa
(=1; 1) nexur Kak Ha npamol, Tak M Ha napabone; pelcT-
BMTENLHO Nu TouKa (2; 4) neuT 1 Ha NpsMoM, u Ha napabone?
Lna 3TOro Hy»HO MOACTaBMTL KOOPAMHATLI Touyek A u B B
yPaBHeHue nNpsmMoii M B ypasHeHue napabonel, a 3arem
y6egutbes, HTO M B TOM, M B APYFOM CNyYae Nony4MTCs BepHoe
paeeHcTBO. B npumepe 2 B 06oux cny4asx nony4aTca BepHbie
paeexcrea. OcobeHHO 4acTo NPOBOASAT TaKylo NPOBEPKY, Koraa
COMHEBAIOTCA B TOYHOCTH YepTeiKa.

INpumep 3.Ilocrpouts rpaduk GyHKIUY y = —x2

PemeH ue. CpaBEEM QYHKINH Y = x*u y= — x°. IIpn oHOM H
TOM K€ 3HAYeHUH apryMeHTa, HAIpyMep IIpH X = g, nepBas QyHKUUA
OpMHUMaeT 3Ha4YeHue a’, a Bropasd — sHadyeHue —a’. BHauuT, Ha Tpa-
(uKe mepBoii GyHKIMM ecTh TouKa (a; a?), a Ha rpaduKe BTOpOit HYHK-
o — Touka (a; —a?). 3T TOYKM pACIONOMKEeHB! Ha KOOPAMHATHOM
mwiockoctu xOy cMMMETPHYHO OTHOCHUTENBLHO ocH abcnuce (puc. 63).

YA Y) ll
a® ‘1 __ﬂ I;
\ E-Y
A [ |
\ T
\ )
L] /
h Fi
(0] al ix N\ [x
A 1\
/ \
,. \
- 32 i } ‘1
/ .
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8. OYHKUMS y = X

e e === gy

3HauuT, rpad®uK QyHKIUK y= —x? cHMMMeTpHUYeH rpaduKy QYHKIHNI
y = x* oTHOCHTENBHO Ocu abemuce (puc. 64). 3o Ta ke napabona ¢ Toi
JKe BEPIIMHOM U ¢ TOif 3Ke 0ChI0 CHMMETPHH, HO TOJILKO BETBH napabo-
JIBI HAIIPABJIEHH HE BBEPX, 4 BHU3. (m

B saxioueHne oTMeTHMM OAHO JIIOOONBITHOE CBOMCTBO NMapaboJikl.

Ecnu paccMaTpuBaTh napabony y = x° Kaxk 3KpaH, KaK OTPAKAIIYIO
[IOBEPXHOCTD, 4 B TOUKE (0; i] IIOMECTHUThL MCTOYHMK CBETa, TO JIY4H,
oTpakasich OT NapaboJbI-dKpaHa, 06pasyOT NapajulesIbHEIA My40K
csera (puc. 62). Touxky (0; %) HA3BIBAIOT QoKycom napabonbt. Dta

ues UCIOJIB3YETCSH B ABTOMOOUIIAX: OTPAYKAIOIIAS IOBEPXHOCTH aphl

umMeeT napabonudecKyio GopMy, a JaMIIOYKY IIOMEIanT B GoKyce —
TOTZIa CBET OT (haphl PACIIPOCTPAHAETCA AOCTATOYHO AAJIEKO.

§ 38. rPA®MYECKOE PELLEHME YPABHEHMM

IToArITOXMM Hamu 3HAHUA O rpadmkax ¢pyHKumii. Mu1 ¢

BAMH HAYYHJIUCh CTPOUTE IPadUKH CIeAYVIOIMNX QYHKITNH:

y = b (npamyo, napauieILHYIO OCH X);

Y = kx (IpAMYI0, IPOXOAAIIIYIO Yepes Hauaio KOOPANHAT);

Yy = kx + m (upaAMy10);

y = x%, y = —x* (napaGouy).

3uanue 3TUX rpa@UKOB MO3BOJHUT HAM B CIy4ae HeoOXOIHMMOCTH
3aMEHHUTh AHAJIATUYECKYIO MOJIENh reOMeTpHUYecKoil (rpaduveckoir),
HanpuMep, BMeCTO Mofieniu y = x2 (KoTopas nmpeacTasisier coboit paseH-
CTBO C IByMS NIEPEMEHHLIMH X ¥ J) paccMaTpUBaThL napabosy B KOOpAU-
HaATHOM ILIOCKOCTH. B 4yacTHOCTH, 2TO MHOIA IIOJE3HO HJIf PeleHuA
ypasuennii. Kak aTo nenaercs, ob6cyinM Ha HECKONIBKUX NMPUMEPax.

Hpumep 1.Pemursypasnenue x°=x + 2.

P e m e u u e. Paccmorpum dysxnun y = x% u y = x + 2; nocrpoum
X rpadMKM ¥ HaiifleM TOYKM nepecedyeHus rpaduKoB, OTY 3aa4y MhI
¢ BaM¥ yixe pemtany (cM. npumep 2 ua § 37 u cOOTBETCTBEHHO puc. 61).
IMapabona y = x* u npaMas y = x + 2 nmepecekaioTcs B Toukax A (—1; 1)
u B (2; 4).
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8. ” OYHKLUMSA y = »*

Kax e HaliTH KODHM ypaBHeHMSA x> = x + 2, T. €. Te 3HAYCHMA X,
IIPM KOTOPHIX BHIPAXKEHUS X U X + 2 MPUHNUMAIOT OJUHAKOBbIE YHCJIO-
BhIe 3HaueHHA? OueHb NIPOCTO, 3TH 3HAYEHMA YiKe HaiifieHl: x; = —1,
x, = 2. 3ro abcuuccel ToyeK A u B, B KOTOPHIX IIePeceKaloTCsA NOCTpo-
eHHbIe rpaduKu.

OrBeT: x;,=-1, x,=2.

DaKTHYECKU MEI HCIIONL3OBAMH CIEAYIOLIH aJIrOPUTM:

1. Beesu B pacemoTpenve GyEKmuu y = x2, y=x + 2
20Pe (ana pgpyroro ypaBHeHHs OymyT, pasyMeeTcs, MHEIE
‘; dyHKIHH).

2. IlocTpounau B ONHO#M cHCTeMe KOOPAHUHAT rpadu-
ku byaknuit y = x4, y=x+ 2.

3. Haniu ToYKH nepeceyeHus rpaduKoB.

4. Hamuin abcnyccsl TOYEK mepecedyeHus — 3TO M
€CTh KOPHM YPABHEHUS.

z

|

Hpumep 2.PemursypaBrenue x’—x+4=0.

P e 11 e H u e. 3/leck IPUJETCH JONOJHUTE BRIpAOOTAHHEINA AITOPUTM
eme OHUM mAaroM (MOArOTOBUTEJILHBIM IIATOM): HAJAO NEPenucaTh
ypaBHEHUE B BUJE, IJI KOTOPOr0 MMEETCA AJITOPUTM. DTOT BUJ TAKOB:

x%=x — 4. Tenepb Bce B MIOPAAKE, AeHCTBY-
€M B COOTBETCTBHH C aJIr'OPHTMOM.
YA 1) Beeaem aBe dymknmum: y = x2,
y=x-—4.

2) ITocTpouM B OAHOIT cHcTEME KOOpPAH-
HaT rpaduky GyEKIMA Yy =’ uy =x — 4
(puc. 65).

\‘ 4 3) Touex mepeceyeHUs y NOCTPOEHHBIX
] | Tapabosisl ¥ NpPSMOii HerT.
\ /"/ = Kak Bl AymaeTe, 4TO 03HA4YA€T 3TOT
reoMeTpu4YecKHni GaKT AA SaHHOMN anred-
7o) 5 4 (x| Paudeckol sajaum (I JAHHOTO ypaBHe-
/ Hua)? Horaganuce? A Tenepb COOCTABLTE
/ CBOIO IOTAJIKY C T€M, YTO HHMMKE 3AIUCAHO B
-4 A oTBere.

B e
o
=
_\"“-"--.-___
ot

’/"_

4t
P
=

1 O T BeT: ypaBHEHME HE HMEET KOp-
Puc. 65 Heil.
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8. | DYHKUMSA y = x?

3ameyaHme. B § 34 mbi yme rosopunu o TOM, uTO Cy-
LLECTBYIOT TaK Ha3blBa€Mbl€ KBAfpPaTHble YPABHEHWS —
ypaBHeHus Bupna ax’ + bx + ¢ =0, rpe a, b, ¢ — umcna,
sHUMAHIE a # 0. Onu pewarorcs No cneumanbHbim thopmynam ans
OTBICKaHWA KOPHEe, HO 3THX (hOPMYN Mbl MOKA HE 3HaeMm.
Tem He meHee HEKOTOpPbIE KBaAPaTHLIE YPAaBHEHWA Mbl
ye pewunu. Tak, 8 § 34 mbl peumnu ypasteHue x° — 6x +
+ 5 =0 meToaoMm paznoKeH1s Ha MHOMHUTENM. A B HacTO-
filem naparpace mbl pelumny eLLe ABa KBaapaTHbIX ypasHe-
HYR — rPacMHECKM METOROM. IT0 ypasHenue XX —x—2= 0
(cm. npumep 1; npaepa, Tam ypaeHeHue Beino 3anucaHo
no-ppyromy: x> = x + 2 — HO Bbl )K€ NOHMMaEeTe, YTO 3TO
T0 e camoe) u ypasHerue X° — x + 4 =0 (cm. npumep 2).

§ 39 YTO O3HAYAET B MATEMATHUKE
3ATMUCB y = f(x)

HMsyuas Kaxoi-mub0 peanbHEIH nporece, 06sIYHO obpaina-
0T BHUMaHHe Ha JIBe BeJIMYHMHEI, YYACTBYIOIIHE B npouecce (B Gosee
CJIOKHBIX IPOIECCAX YYACTBYIOT He ABE BEJIMYMHEI, 4 TPH, YeTHIpe
M T. ., HO MBI [IOKa TAKKE IIPOLECCH HE PACCMATPHMEAEM): OLHA U3 HUX
MeHseTcA Kak Obl cama co0oii, HesaBMCHMO HHM OT 4ero (Taxkyio mepe-
MEeHHYVIO yalle Bcero o6osHauaT OYKBOi X), a Apyras BeJIMYUHA IIPH-
HUMAaeT 3HAYEHWs, KOTOPEIe 3aBUCAT OT BHIOPAHHBIX 3HAYEHHI mepe-
MEeHHO#i X (TAKYI0 3aBUCHMYK IePeMEeHHYI0 4aie Bcero 0003HAYAIOT
OyxBoii ). MaTemaTHuecKOi MOAENBIO PeaIbHOIO Nponecca KaK pas u
SIBJIETCA 3alMCh HA MATEMATHMYECKOM S3hIKe 3aBHCHMMOCTH Y OT X,
T. €. CBASH MeX Y NepeMeHHEIMH X U . '

Emje pas HanOMHMM, YTO K HACTOSIIEMY MOMEHTY MBI H3Y4WIN
cJeAyiollue MaTeMaTH4YecKue Mmonenu: y = b, y=kx, y=kx + m,
y = x%, y =—x EcTb I y 5TMX MaTEMATHYECKHUX MOJE-
Jiet utTo-1ubo obmee? Ecte! Ux cTpykTypa oquHakoBa:

y = f(x).
9Ty sanuch cjaeAyeT NOHUMATEL TAK: UMEETCH BhIpaxe-
Hue f(x) ¢ mepemeHHOM X, ¢ IOMOIIBI0 KOTOPOTO MEI
HaXOAHM 3HAYEHUA NepeMeHHOM V.

MaremaTukn npeanounTaioT sanuck y = f (x) He cnyuaiino. ITycts,
Hanpumep, f(x) = x%, T.e. peus uner 0 GQYHKIHUK Y = x2. Tlycts mam
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8~ u DYHKUMSA y =

HAJI0 BHIZIEJIATh HECKOJIBKO 3HAYEHHUN apryMeHTa U COOTBETCTBYIOLMX
sHAYeHU pyHKIMH. [0 CHX Op MBI IHCAJH TAK:
ecmx=1,Toy=1%=1;

ectu x=-3,Toy=(-82=9ur.a.

Ecau ke MCIoJb3oBaTh obosHauenue f(x) = x%, To sanuch craHoO-
BUTCA 00JIee SKOHOMHOIM:

fa)y=1=1;
f(-3)=(-8)*=09.

WTak, MBI MO3HAKOMILIMCE €IIle ¢ OAHUM GparMeHToM MaTeMaTuye-
CKOIo f3bIKa: ¢pasa «sHavYeHne QyHKIMH Y = x° B TouKe x = 2 paBHO 4»
3anmMchIBaeTCs Kopoue: «ecau f(x)=x%, 1o f(2)=4».

A BoT 00paser 00paTHOrO NepeBoja:

Ecnu f(x) = x2, 1o f(—3) = 9. ITo-npyromy — sHaueHue GyHKIUU
y = x° B TouKe x = —3 paBHO 9.

MDpumep 1. Jana byaxnusa y = f(x), rae f(x) = x°. BeraucauTs:

a)f(1); n) f(a-1);

6) f(—4); e) f(3x);
B) f (a); ®) f(-x).
r) f(2a);

Pem e u ue. Bo Bcex ciayyadax ILIaH JeMcTBHIl OOWH M TOT Ke:
HYKHO B BRIpAXKEHWH [(X) DOACTABMTE BMECTO X TO 3HAYEHWE apry-
MEHTa, KOTOPOe YKasaHO B CKOOKaX, ¥ BRIIOJHUTH COOTBETCTBYIOIINE
BBIYMCJIEHHA ¥ npeobpasoBaHuA.

a) f(1)=13=1;
6) f(—4)=(-4)*=-64;
B) f(a)=a%

r) f(2a)=(2a)®=8a%
m fa-1)=(a-1)%
e) f(3x)=(3x)°= 27«3
#) 1(=x)=(-x)°=—a (m]
3ameyaHue. Pazymeercs, smecto Byksbl f MOXHO MCnONb-
3osare mobyro ppyryo 6ykey (B OCHOBHOM W3 NaTMHCKOro
ancpaeuta): g(x), h(x), s(x)m 1. a.
Npumep 2. [daun nse oyaxnum: y = f(x), rae f(x) = x%, u
y = g(x), rae g (x) = x°. JlokazaTs, 4TO:
a) f(—x) = f(x); 6) g (—x) = —g ().
Pemeuue. a) Tak kax f(x) = x%, 10 f(—x) = (-x)® = x%. Uraxk,
f(x) =% f(~x) = x*, smaun, f (- x) = f (x).
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8. DOYHKUUS y = x*

6) Tax KaKk g(x) = x*, 10 g(-x) = (—x)® = —x®. Urax, g(x) = £,
g(-x)=-x% 1. e. g(-x) = —g(x). (m

HcnonbaoBaHue MaTeMaTH4YecKOH Mojeau Buaa y = f(x) oka-
3BIBaeTCA yAOOHBEIM BO MHOTMX CJIV4asAX, B YACTHOCTH TOIfa, KOTZa pe-
anbHBIHA NPOLECC ONMUCHIBAETCA PasIMYHBIMKU (GOPMyNaMu Ha PasHEIX
NPOMEXKYTKAX USMEHEHHS HE3aBHUCUMOM NEepeMEeHHOM.

IHpumep 3.anadysxnusa y = f(x), rae

2x, ecxmt x < 0;
f(x)= x?, ecim x>0.

a) Berumcnuts: f(-5), f (- 2), f(1,5), f(4), f(0).

6) ITocTpouTs rpaduk QyEKOHE Y = f(x).

Pemenue. a) Yro Takoe f(—5)? 310 sHauenue 3agaHHON QYHK-
ouu B Touke x = —5. Ho QpyHKIMA 3agaHa He OAHUM BEIpAXKEHHEM, a
nByma: 2x u x°. KakuM m3 HUX BOCIIONB30BATHCA? 3TO 3aBUCHT OT
BEIODAHHOrO 3HAYEHWA aprymMeHTa. Mel BuiOpanm x = —5, a 4ucio
—5 ymosiyieTBOpAeT HepaBeHCTBY X < 0; B 3TOM ciyyae GyHKOUA 3a7a-
eTCcA BRIpAXKeHHeM, CTOAIINM B IIepBOil CTPOKe, T. e. f(x) = 2x. Torma
f(-5)=2-(-5)=-10.

Aranoruuso BeiyucaseM f(—2): ecau x = -2, To x < 0 1, 3HA4YHUT,
f(x)=2x,T.e. f(-2)=2-(-2)=-4.

Buiuncaum f(1,5), T.e. sHauenune pyHKuum y = f(x) B TOUY-
Ke x = 1,5. 9T0 3HaUEeHHE X YAOBJIETBOPAET ycjioBuio x = 0, u, ciiegosa-
TEeJILHO, (PYHKIUASA 3a/jaeTcAd BhIpa’KeHHeM, CTOSIINM BO BTOPOM CTpO-
Ke, T. e. f (x) = x2. Iloaromy f(1,5) = 1,52 = 2,25.

vA | 11 | [ luk vh [ [/]
o ' !! [
& \ .
N ET"I! e 3
/ "'1 :n‘
_2 T ' _L’;
01 3 / 14 T 1
/ Y oA T 1%
7] o T = 7
o o X
| /
Puc. 66 Puc. 67 Puc. 68
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8. DOYHKLUMS y = £

Axnanorudso Haxoxum f (4): ecmu x = 4, 1o x > 0 u, sEavwnT, f(x) = x%,
T. e. f(4)=4%=186.

Ocranoce Beruucautsk f(0). 3ravenue x = 0 ynoBJIeTBOPAET yCJIO-
BuIo x > 0, cemoBaTeNbHo, f(x) = x2, . e. f(0) = 02=0.

6) Mu: ymeeMm cTpouTh rpaduky dysxnuit y = 2x (puc. 66) u y = x?
(puc. 67). BaganHasa dyHKOuA y = f(x) coBnagaer ¢ QyKouei y = 2x
npu x < 0 — ara yacTh rpaduka BrijieJieHa Ha pucyHKe 66. 3agannas
dbyuxnusa y = f (x) coBnagaer ¢ dyaknueir y = x> npu x >0 — s1a yacTs
rpaduka BeZeneHa Ha pucyHKe 67. Ecoim MBI Tenephk n3obpasum obe
BbIJleJIEHHEIE YaCTH B OJHO CHCTeMe KOOPAWHAT, TO MOJy4YuM Tpebye-
Meiit rpaduk dyaxkoun y = f(x) (puc. 68). L]

Koneuno, MaTeMaTHKH He CTPOAT oZo0HEIe rpadu-
KH Tax goiaro. OGEIMHO Bee JeJIaeTcs cpasy B OGHOI cH-
creMe KoopauHaT. TOoNbKO, eCTECTBEHHO, NMpAMAadn
y = 2x GepeTcs He LIEIUKOM, a JIMIIb IPH yeJioBun x < 0,
T. €. Ha nnpoMesxyTKe (—oo; 0), m napabona y = x2 Geper-
CcHA He LEJHKOM, a JIMMIb npu yciaoBuu x = 0, T.e. Ha
npomMexyTKe [0; + ). Bor Tak, «mo Kyco4kaM» H BOC-

Kyco4Has mpousBoAuTcH Bech rpaduk. Ilosromy pyrKImM Takoro
yHKUMA THIIA, KAK B IIpUMepe 3, HA3bIBAIOT KYCOYHbIMU (PYHK-
YyuamiL.

IIpumep 4.[dasadyaxnousay = f(x), rae
x+2, ecom —4<x<-1;
f(x)=1{x*, ecnm -1<x<0;

4, ecin 0<x<4.

y yh I 1 1]y y
y=x°
\ y . =4
e
*F-X% ‘\ i<
I
\)& ! X \\ 1 t!
4 -1 lo :\‘_h v . X +
o -110| |x [) 4 ~2 4
& _1 O :rr
=2
|
Puc. 69 Puc. 70 Pue. 71 Puc. 72
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8. H DOYHKUMSA y = x?

a) Berancaurs: f(-4), f(-2), f(=0,5), (0), £ (1), f(5);

6) noctpouts rpadpuk dyurmun y = f(x).

Pemenue. a)3Hauenne x = —4 yIOBIETBOPAET YCJIOBMIO —4 < x< -1,
a B 3ToM cay4yae f(x) = x + 2. [Toatomy f(—4)=—-4+ 2 =-2,

3HaueHue x = —2 yznoeiersopser yciosuo —4 < x < -1, a B aToM
cayuae f(x) = x + 2. 3gauwur, f(-2)=-2+2=0.

3nauenmne x = —0,5 yaoBnersopser ycaosuio —1 < x <0, a B aTOM
cry4ae f (x) = 2% CneposarensHo, f (—0,5) = (-0,5)% =0,25.

SHaueHue x = 0 yzosierBopser ycioeuio —1 < x < 0, a B aToM
cayuae f (x) = x2. Torga f (0) = 02= 0.

SHaueHue x = 1 yposiersopser yciaosuio 0 < x € 4, a B 3TOM clIy-
yae f (x) = 4; B yacTHOCTH, U (1) = 4.

3HaueHHe x = 5 He YIOBJIETBOPAET HU OJHOMY M3 MMEIOIIHXCH YCJIO-
BHI: HE nepBoMy —4 < x < —1, Hu Bropomy —1 < x< 0, 5z Tpetremy 0 < x <4.
IloaroMy BeIUMCIHTE f(5) MBI HE MOXKeM, amo 3adaHue HeKOpPeKmHO.

0) 'padpux dpysxuuu y = f (x) MOCTPOMM «II0 KyCOd-
kam». Ha pucynke 69 msobpakeH rpaduy GyHKIMH
y=x+2,rpe x * [-4; —1]. Ha pucyrke 70 npexncrasien
rpaduk dpyaxnvum y = x%, rae x * (—1; 0]. Ha pucyake 71
usobpakeH rpaduk ¢yHxnuu y = 4, rge x * (0; 4].

yrenHe HaxoHen, Ha pucyHKe 72 Bce «KYCOUKH» BOCCOETHHEHEI
rpachuia B OJ{HO [lesioe — B rpaduk dyaxmuw y = f (x). (]
S BoT TakK ¢ IOMOIIBIO U3BECTHBIX M'PaQHUKOB «I10 K-
onpesenenms COYKAM» MOKHO CTPOMTE rpadMKH Ha KOOPAMHATHOMN
PyHHLMM IIJIOCKOCTH.

OnumeM ¢ NOMOIIBIO IIOCTPOEHHOI'O HA PHCYHKeE 72
rpaduka HeKOTOpHIe CBOicTBa pyHKIMU Yy = f(x) — Takoe onmucaHue
CBO#CTB OOBIYHO HA3EIBAIOT YMmeHueM zpaguka. YreHue rpaduka — 310
cBoeoOpasHBI# mepexoj, OT reoMeTpu4ecKoil Mojenu (or rpaduyeckoit
MOZIeJIN) K CJIOBECHOH Mozenu (K OMMCAHMIO CBOMCTB GyHKIUM). A no-
cTpoeHue rpaduka — 9TO IEPexOof OT aHAJIMTHUYECKOW Mofenu (OHa
IpeACTABJIEHA B YCJIOBUM IPHUMepa 4) K reOMETPHYECKON MOAENH.

Hrak, npuctynaeM K ureHuio rpadpuxa byHrnoum y = f(x) (cM.
puc. 72).

1. HesaBucumas nmepeMeHHas X «mnpoberaeT» BCe 3HAYEHHA OT —4
Z0 4. UupiMu cioBaMmu, OJisl Ka)KJAOro 3Ha4YeHUA X U3 oTpeska [—4; 4]
MOKHO BBIYMCJIUTh 3HauYeHue GyHknuu f(x). FosopaT Tak: [—4; 4] —
obnacme onpedenenus QYHKYUL.
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8. DOYHKUMS y =

Ilouemy npu pemieHn# npumepa 4 MeI cKasaam, 4To Haitu f(5)
Henbana? Jla moroMy, YTO 3HAYEHME X = 5 HE NPHHAMJIEXKHUT 00JIacTH
ompefieneHNA QYHKIUHA.

2. Ypoun. = —2 (9TOTO 3HAUEHUA GQYHKIUA JOCTUraeT NPH X = —4);
Ypaws. — 4 (3TOTO 3HAYEHHA QYHKIMA JOCTUTaeT B JII060H TOUKe MONY-
uHTepBaua (0; 4]).

3.y=0, ecnu x = -2 u ecyiu x = 0; B 3THX TOYKax rpaduk QyHK-
nun y = f (x) nepecexaer och X.

4.y > 0, ecan x € (—2; 0) uiu ecau x € (0; 4]; Ha 3TUX TPOMEKYT-
Kax rpadpuk pyHKnum y = f(x) pacmosoxKeH sviwle ocu X.

5.y <0, ecnu x € [-4; —2); Ha 3TOM NpoMesxkyTKe rpaduk QyBKIUM
y = f (x) pacmonoxeH Huice ocu x.

6. dysKIHNA BOo3pacTaeT Ha oTpe3ke [—4; —1], yOrIBaeT Ha oTpeske
[-1; 0] » mocToAHHA (HM BO3pacTaeT, HU YOLIBAET) Ha MOJYWHTEDBAJE
(0; 4].

ITo Mepe TOro Kax MuI ¢ Bamu OyieM M3ydaTh HOBBIE CBOMCTBA (QYHK-
[ouil, npomecc YTeHudA rpaduka GyneT cTaHOBHUThCA Oosiee HACHIIIEH-

HEIM, COJIEPKATENLHBIM ¥ MHTEPECHBIM.

O6cyauM OBHO M3 TAKMX HOBHBIX CcBOicTB. I'padmk

%@ ¢yHKOMH, pacCMOTDEHHO# B mpuMepe 4, COCTOMT U3
5, Tpex BeTBei (M3 Tpex «KycoukoB»). IlepBas u BrOpas
st BeTBH (OTpe3OK HpAMOH y = x + 2 ¥ yacTh napaboJibr)

«COCTBIKOBAHEI» YIAYHO: OTPE30K 3aKAHYMBAETCHA B
Touke (— 1; 1), a yuacTox napaboJibl HAYHHAETCHA B TOH
JKe TOYKe. A BOT BTOPafA M TPETbA BETBH MeHee yaad-
HO «COCTHIKOBAHEI»: TPEThS BETBB («KYCOYEK» IOpH-
30HTANBHOM NpaAMOit) HaunHaeTca He B Touke (0; 0), a
B Touke (0; 4). MaTeMaTHK¥ rOBOPAT Tak: «(PyHK-

HenpepeisHan nus y = f (x) npemepneeaem paspwié npu x = 0 (11u B
By Touke x = 0)». Ecnu dyHKIMA He UMeeT TOYEK Pa3phIBa,
TouKa TO ee HA3KIBAIOT HenpepuisHoil. Tak, Bce GYHKIMH, C KO-
paspeisa TOPBIMKM MEI NIO3HAKOMMIJINCH B NPELIAYIOHNX Iaparpa-
bax (y=0b, y=kx, y=kx+m, y=x2,y=‘x2),—
HENpEepHIBHEIE.
x®—2x%

IIpumep 5. Jasa pysxknus y = . IlocTpouTs 1 npoyn-

TaTh ee rpadpukx.

x-2
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8. DYHKLUMS y =

Pem e nue. Kak Bugure, ageck pyHk- y
oA 3a7aHa JOCTATOYHO CJIOKHEIM BhIPaXKeHH- a
em. Ho maTemaTnKa — efuHas u nenbHas Ha- | || ]
VK&, ee pasfesahl TECHO CBA3AHEI APYT C APY- \ A If
roM. BocnoneayeMcs TeM, YTO MBI M3YYaJIH B \ ! ;
\ =l
1 i
riase 7, ¥ coKkpaTuM anreGpanmueckyio Apobb B /
x*- 2.7 5 5
<_p - Ameem: /
0 )_xa—zxz C Px-2) T
Va2 x-g = o ol 123 |
Hrax, Ha caMOM Jeje = x% II a,
T, nexne f(x) pasB; Puc. 73
HaJI0 YIECTD, YTO TOM/IECTBO —— — = x? cripa-
BeJUIMBO JIMILL NpH orpaEmyeHun x ¥ 2. ClefoBaTenbHO, MBI MOMEM
3 2
x"—-2x
nepeopMyJIHNpPOBATh 38184y TaK: BMECTO GYHKIUH | = == oymem

paccMaTpUBaTL QYHKIOHIO Y = x%, roe x # 2.

ITocTpouM Ha KOODAMHATHOHM miockoctu xOy mapabony y = x2.
Ilpamasa x = 2 nepecexaet ee B Touke (2; 4). Ho nmo yenosuio x # 2,
3HAYMT, TOYKY (2; 4) mapaboisl MBI JOJKHBE UCKJIIOYUTL U3 PACCMOT-
PeHus, AJS Yero Ha YepTex e OTMETHM 3TY TOYKY CBETJIBIM KDPYKKOM.
TaxkuMm o6pasoM, rpaduk GYHKIMH IOCTPOEH — 3TO mapabona y = x2
C «BBIKOJIOTOM» TO4YKOI (2; 4) (puc. 73).

IlepeiifzeM K OnUcaHUIO CBOMCTB QYHKIMH ¥ = f(x), T. €. K YTEHHIO
ee rpaduka.

1. HezaBucumas nepeMeHHAA X IPUHUMAET JII00bIe 3HAUEHUA, KPO-
Me x = 2. 3HaYuT, 00JIACThL ONpeAesieHUA QPYHKIOHUU COCTOMT U3 ABYX
OTKPBITHIX JIy4ei (—oo; 2) u (2; +o0).

2. Ypoun. = 0 (mocTHTaeTcs npu x = 0), Y,.,... HE CYIIECTBYET.

3. ®dyHKNMA npeTeprneBaeT pasphiB Npu x = 2 (B TOuKe X = 2);
Ha (—0; 2) u Ha (2; +) OHa HenpepLIBHA.

4.y=0,ectmx=0.

5.y >0, ecau x € (—; 0), ecom x € (0; 2) u ecamt x € (2; +0).

6. ®yuxknusa yoriBaeT Ha Jgyue (—oo; 0], BO3pacTaeT Ha NOJYUHTED-
paJie [0; 2) u Ha OTKPHITOM Jyue (2; +o). (m
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B.JI

DOYHKLMS y = X

OCHOBHbBIE PE3YIbTATHI

Ms! NONOJIHMIYM Hall CJIOBAPHEINM 3808C MATEeMaTHYECKOro
A3BIKa CJeAYIOMUMN TEPMUHAMU:

napabona, ock (ock cuMMeTpuu) napaGoJikl, BETBH
napabosisl, BepImuHa Napadosisl;

HenpepbiBHAA QYHKIUSA, PasphlB QYHKIHH;

KycOouHaA QyHKOHA;

obnacTe onpegesieHus GyHKIUM;

4yTeHue rpaduka.

MEI D03HAKOMMJIIHCE C ABYyMA MATEMATHYECKHMMM MOne-
JIAMM:

=
y=x,

y =1 (x).

MBI MONYYMIN CIHEAYIONMI PE3YIILTAT:
rpad@uKoM QyHKIHH Yy = x? apnaerca napaboJa.

M=zl paspaGoTaiu ANrOPUTM IpadHYecKOoro perleHus ypas-
HeHHudA BHUAa f (x) = g (x).

Haxogern, BBl MOSHAKOMUJIHNCE C TEM, K&K CTPOUTEL rpadUKu
KYCOYHBIX (QYHKIIHIA,
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